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Preface 



In this book we give a detailed exposition of the relativistic theory of gravitation, 
or RTG, developed in Logunov, 1986, Logunov and Mestvirishvili, 1984, 1985a, 
1985b, 1986b, Vlasov and Logunov, 1984, and Vlasov, Logunov, and Mestviri- 
shvili, 1984. In these works RTG has been built unambiguously, using as a basis 
the relativity principle, the gauge principle, and the geometrization principle. 
The gravitational field is constructed as a physical field in the spirit of Faraday 
and Maxwell, and this field has energy, momentum, and spins 2 and 0. RTG re- 
vives the concept of a classical gravitational field that no choice of reference frame 
can destroy since it is a material substratum. The gauge principle is formulated 
on the basis of the local infinite dimensional noncommutative group of super- 
coordinate transformations. 

The system of RTG equations (8.28) and (8.29), is general-covariant and de- 
pends explicitly on the metric tensor of theMinkowski space-time. This unambig- 
uously separates the forces of inertia from the gravitational field. All field vari- 
ables in the RTG equations are functions of space-time coordinates of the Min- 
kowski space-lime. 

The theory considered here rigorously obeys the laws of conservation of energy- 
momentum and angular momentum for matter and gravitational field taken 
together. It also describes the entire body of gravitational experiments. We show 
that Einstein's formula for gravitational waves, (15.56), follows directly from the 
theory. In analyzing the evolution of the universe, RTG concludes that the uni- 
verse is infinite and "flat" and predicts a large "latent” mass in it. This "latent” 
mass oxcoeds the observable mass of the universe by a factor of 40. 

RTG predicts that gravitational collapse, which for the comoving observor 
occurs over a finite proper time interval, does not lead to the infinite contraction 
of matter; rather, it terminates when the object achieves a certain finite density, 
and the physical processes associated with the object slowdown indefinitely as the 
object approaches the radius equal to GM. This means that in RTG there can be 
no static or nonstatic spherically symmetric objects with a radius equal to or loss 
than GM. From the standpoint of an external observer the luminosity of a collaps- 
ing object decreases exponentially (it blackens), but nothing unusual happens to 
it. Hence, according to this approach, there can bo no objects in nature in which 
the gravitational contraction of matter results in infinite density (black holes). 
However, objects can exist that have an extremely large mass and an inner struc- 
ture. 

We also show that in general relativity, GR, there are no fundamental laws of 
conservation of energy-momentum and angular' momentum of matter and grav- 
itational field taken together, with the result that the inertial mass defined in 
GR is not equal to the active gravitational mass. We have established that GR 
gives no definite predictions concerning gravitational eflects. Finally, in GR the 
gravitational field is not a physical field possessing an energy-momentum density. 
Consequently, Einstein's formula (15.56) for gravitational waves does not follow 
from GR. 

Our colleagues A. A. Vlasov, Yu. M. Loskutov, and Yu. V. Chugreev contrib- 
uted considerably to the development of some aspects of RTG incorporated in 
this book, and Chapter 20 was written with the aid of Yu. V. Chugreev. To all 
of them our sincere thanks. 

A. A. Logunov 

M. A. Mestvirishvili 
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Before presenting the basics of the relativistic theory of gravitation (RTG) pro- 
posed here, we will touch briefly on some important aspects of the general relativity 
(GR) theory. 

In creating his general relativity theory, Einstein proceeded from the principle 
of equivalence of the forces of inertia and gravity. The equivalence principle was 
formulated in the following manner (Einstein, 1925): 

...for any infinilely small world-region the coordinates can always be chosen in such n way 
that the gravitational field in that world-region vanishes. 

In formulating the equivalence principle Einstein already departed from the idea 
of a gravitational field as being a Faraday-Maxwell field. Subsequently this fact 
found reflection in the pseudotensor characteristic of a gravitational field, t|,, 
introduced by Einstein. Later Schrddinger. 1918, demonstrated that if the coor- 
dinate system is chosen appropriately, all the components of the gravitational- 
field energy-momentum pseudotensor, tj,, outside a ball vanish. In this connection 
Einstein, 1918a, noted: 

As for the ideas of SchrBdlngcr. their persuasiveness lies in the analogy with electrodynamics, 
where the stresses and energy density of any field are nonzero. However, I cannot find any 
reason why the situation must bo the same for gravitational fields. A gravitational field 
cun be specified without introducing stresses and an energy density. 

This clearly shows that Einstein consciously departed from the concept of a grav- 
itational field as being a Faraday- Maxwell physical field, a material substratum: 
that can never be destroyed by the choice of reference frame. 

Since in GR there is no concept of a gravitational-field energy-momentum ten- 
sor density, there is no way of introducing in GR the law of conservation of energy- 
momentum of matter and gravitational field taken together. It was Hilbert, 1917, 
who first underlined this fact: 

I declare that ... for the general theory of relativity, that is. in the case of general Invariance 
of tho Hamiltonian function, there are generally no energy equations that ... correspond 
to energy equations in orthogonal-invariant theories. I could even note this fact as being 
a characteristic feature of the theory. 

Unfortunately, this statement of Hilbert's was, apparently, not understood by 
his contemporaries, since neither Einstein nor other physicists realized at the time 
that GR in principle cannot have laws of conservation of energy-momentum and 
angular momentum of matter and gravitational field taken togother. Even today 
there are scientists who do not understand this, while others do understand it but 
interpret it as the most important step made by GR, a step that overthrew the 
concept of energy. Rejection of the concept of the gravitational-field energy- 
momentum density leads to a situation in GR in which the gravitational-field 
energy cannot be localized. But the absence of any localization of field energy and 
the absence of conservation laws lead to the absence of the concepts of gravitational 
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waves and gravitational-wave flux, which means that the propagation of gravi- 
tational energy in space from one object to another is impossible in GR. 

Another important aspect of GR is the fact that Einstein identified the metric 
of the Riemann space-time with the gravitational field. This too deprives the 
gravitational field within the GR framework of all the properties that a Faraday- 
, Maxwell physical field has. The energy-momentum tensor of a physical field gener- 
ated by a source cannot drop off, as we move away from the source, more slowly 
than 1/r*, since otherwise, if we took the integral of the law of energy-momentum 
conservation over the volume of a sphere surrounding the source and sent the 
radius of the sphere to infinity, we would arrive at a physically meaningless result, 
namely, that a source of finite dimensions carries an infinite amount of energy. 

It has been established that the asymptotic behavior of metric coefficients 
depends on the choice of the three-dimensional spatial coordinates, and, conse- 
quently, this behavior can be made arbitrary. But this means that the metric of 
the Riemann space-time is not the physical gravitational field. Hence, to retain 
the concept of a gravitational field as being a Faraday-Maxwell physical field we 
must completely renounce its identity with the metric tensor. 

In constructing the relativistic theory of gravitation, RTG, we will base our 
reasoning entirely on the special theory of relativity, which we call simply the 
relativity theory because physically there can be no other relativity. Although 
the name "general theory of relativity" does exist, it refers only to gravitation 
and not to some sort of general relativity. Long ago Fock, 1939, 1959, clarified 
this. 

Now we briefly discuss the essence of the theory of relativity, touching espe- 
cially on how Einstein interpreted the theory. This will not only bo of historical 
interest; chiefly, it will give the reader a deeper understanding of the starting point 
of Einstein's reasoning which led to the creation of GR. Minkowski, following 
Poincari’s reasoning, developed the idea of the pseudo-Euclidean geometry of 
four-dimensional space-time. The line element in this geometry has the form 

ds* = c" dl" — dx* — dy 1 — dz*. 

Poincare was the first to introduce such a quantity; he demonstrated that ds 1 
is invariant under Lorentz transformations. He was also the first to introduce the 
concept of a Lorentz group and the idea of a four-dimensional space. 

Even to this day many scientists believe that Minkowski provided a mathe- 
matical interpretation for the theory of relativity that formally simplified the 
theory. But there is more to it than this. In Logunov, 1985, it is demonstrated 
that the concept of a four-dimensional space-time developed by Poincare and Min- 
kowski makes it possible to extend the theory of relativity from inertial reference 
frames to accelerated frames. In an arbitrary accelerated reference frame the line 
element ds 1 has the form 

ds* = via (z) dx'dx h , 

where yu (z) is the metric tensor of the Minkowski space-time. 

For the Minkowski space-time, in view of the existence of ten Killing vectors, 
there are always transformations 

z* = /' (z-) 

that do not change the metric coefficients, that is, 
ds* = y,» (z') dx'‘dz'\ 
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It is this that enables us to generalize the Poincare relativity principle (Poincare, 
1904, 1905) and formulate the generalized relativity principle thus (Logunov, 
1985): 

No mailer what physical reference frame we take (inertial or noninertial), there always 
exists an infinite number of other reference frames in which all physical phenomena (in- 
cluding gravitational phenomena) occur in the same manner as in the initial reference frame, 
so that we do not have and cannot have any experimental means to distinguish in which 
of this intinite number of reference frames we are positioned. 

Thus, noninertial reference frames occupy an equal status with inertial reference 
frames in the theory of relativity. It is this fundamental fact that was not clear 
to Einstein (see Einstein and Grossmann, 1913): 

In the ordinary theory of relativity only linear orthogonal transformations are admitted. 

Also (see Einstein, 1913), 

In the initial thoory of relativity, the independence of the physical equations of the special 
choice of reference frame is based on the postulation of the fundamental invariant quantity 

dr’- 2 (dx ()*, 

whereas now we are speaking of constructing a theory (GR — Tht author!) in' which a lin- 
ear element of a more general nature plays the role of the fundamental invariant quantity 

dr' - L Hi! dr, de,. 

I. h 

These passages show that at that time Einstein had yet to penetrate deep into the 
essence of the theory of relativity. In the special theory of relativity we are speak- 
ing not of the postulation of the line element in the form 

rfs’= 2 (dx,)\ 

t 

contrary to Einstein's belief, but of the pseudo-Euclidean geometry of space-time 
defined by the line element 

ds 2 ■=y, k dx' dx 1 ' 

with a metric tensor y,», for which the Riemann-Cristoffel curvature tensor W,„, m 
vanishes. Hence, in the special theory of relativity the law of energy-momentum 
conservation can be written in the general covariant form, but this fact was not 
understood by Einstein. What has been said found its reflection in GR, in the con- 
struction of which Einstein was guided to a great extent by the elegant formal 
apparatus of Riemannian geometry and his idea of the equivalence of forces of 
inertia and gravity (the principle of equivalence). 

According to the ideology of GR, the relativity principle cannot be applied to 
gravitational phenomena. It was on this central idea that Einstein and Hilbert, 
in creating GR almost 70 years ago, departed basically from the special theory of 
relativity, which in turn led to a rejection of the laws of conservation of energy- 
momentum and angular momentum, to the emergence of nonphysical ideas con- 
cerning the nonlocalization of gravitational energy, and to many other aspects not 
related to gravitation. These two great scientists abandoned the wonderfully 
simple world of the Minkowski space-time, which possesses the maximum possible 
(ten-parameter) group of motions on the space-time, and entered the jungle of Rie- 
mannian geometry, which bogged down subsequent generations of physicists 
studying gravitation. 
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Thus, il we assume that GR is a meaningful theory, we must reject both the 
fundamental laws of conservation of energy-momentum of matter and gravitational 
field and the concept of a classical field. This, however, is too great a loss, and it 
would be very thoughtless to agree to this without proper experimental proof. 
So far there is not a single experimental fact that, directly or indirectly, challenges 
the validity of conservation laws in the macro- and micro-worlds. Thoro is only 
one conclusion then: we must discard GR, giving it credit as a stage in the develop- 
ment of our ideas of gravitation. 

In Denisov and Logunov, 1980a, 1980b, 1982b, 1982d, Logunov and Folomesh- 
kin, 1977b, and Vlasov and Denisov, 1982, it is demonstrated that since GR does 
not, and cannot, have laws of conservation of the energy-momentum of matter and 
gravitational field taken together, the inertial mass as dofined in Einstein's theory 
has no physical meaning, the gravitational-wave flux as defined in GR can always 
bo destroyed by the proper selection of reference frame, and, hence, Einstein’s 
quadrupole formula for gravitational waves is not a corollary of GR. Basically 
it does not follow from GR that a binary system loses energy in the form of grav- 
itational waves. GR has no classical Newtonian limit and, consequently, does 
not satisfy one of the most fundamental principles of physics, the correspondence 
principle. This is what the absence in GR of energy-momentum conservation laws 
leads to if one rejocts dogmatism and ponders on the essence of the problem and 
makes a detailed analysis. 

All this points to the fact that GR is not a satisfactory physical theory. Hence, it 
is urgent to construct a classical theory of gravitation that will satisfy all the demands 
made of a physical theory. 

At the base of the suggested relativistic theory of gravitation (see Logunov, 
1986, Logunov and Meslvirishvili, 1984, 1985a, 1985b, 1986b, Vlasov and Logu- 
nov, 1984, and Vlasov, Logunov, and Meslvirishvili, 1984), which completes the 
development of the ideas proposed in Denisov and Logunov, 1982d, we place the 
following physical requirements (see Logunov, 1986): 

__ (a) The Minkowski space-time (z”), that is, space-time equipped with pseudo- 
Euclidean geometry, is a fundamental space that incorporates all physical fields, 
including the gravitational. This statement is general because it is necossary and 
sufficient for the validity of the laws of conservation of energy-momentum and 
angular momentum for matter and gravitational field taken together. In other 
words, the Minkowski space-time reflects the dynamical properties common for 
all types of matter. This guarantees the existence of universal characteristics for 
all forms of matter and gravitational field. Discussing the structure of the geometry 
of real space-time, Einstein, 1921, noted: 

...the question whether this continuum has a Euclidean. Riemanniao, or aoy other structure 
is a question of physics proper which must be answered by experience, and not a question 
of a convention to be chosen on grounds of mere expediency. 

Basically, of course, this statement of Einstein's is completely correct. But the 
essence of the matter is much deeper. The main thing here is to understand what 
physical properties of matter determine the geometry of space-time. Indeed, let 
us assume that if we determine the physical geometry on the basis of studies of 
the propagation of light and the movements of test bodies, we will establish the 
Riemannian structure of the geometry of space-time. But does this mean that this 
geometry must be placed at the base of the theory? No, it does not, because assum- 
ing thi3 would mean rejecting automatically the fundamental laws of conservation 
of energy-momentum and angular momentum, since this geometry does not possess 
the maximum group of motions on space-time. And all this happened in GR. 
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Thus, once we have discovered on the basis of experiments involving the prop- 
agation of light and tho movements of test bodies that Riemannian geometry is 
valid, we must not hasten to draw conclusions about the structure of the geometry 
of space-time that must be laid at the base of physics. We must first establish 
whether these experimental facts are primary and universal or of secondary origin 
and partial interest. In establishing the structure of the geometry of the physical 
space-time we must proceed not from the nature oj light propagation and test-body 
movements but from the most general dynamical properties of matter, the conservation 
laws, since it is not the particular physical manifestations of the motion of matter 
that determine the structure of the physical geometry lying at the base of physics but 
the general universal dynamical properties of matter. 

In our theory, RTG, the physical geometry of space-time is determined not on 
the basis of studies of the propagation of light and the movements of test bodies 
but on the basis of general dynamical properties of matter, the conservation laws, 
which are not only of fundamental importance but can be verified experimentally. 
Requirement (a) sets RTG entirely apart from the general theory of relativity. 

(b) A gravitational field is described via a symmetric second-rank tensor <t> mrl 
and constitutes a real physical field characterized by an energy-momentum den- 
sity, a zero rest mass, and spin states 2 and 0. This aspect also basically distin- 
guishes RTG from GR. 

(c) We introduce tho geometrization principle, according to which tho interaction 
of a gravitational field with matter is achieved, in view of the universality of this 
interaction, by "adding" the gravitational field <t>" n to the metric tensor y mn 
of tho Minkowski space-time in the Lagrangian density of matter according to the 
following rule: 

<f„) - /-M <g"". QJ, 

where 

g m " ™ y g g mn = Y Y V"" 1 + Y y'J 1 " 1 " ™ Y”" 1 + 5*""\ 

and <I» A are the material fields. By matter we mean all of its forms except grav- 
itational fields. According to the geometrization principle, motion of matter 
under the action of a gravitational field in the Minkowski space-time with 
a metric y mn is equivalent to motion in an effective Riemann space-time with 
a metric g mn . The metric tensor Y mn of the Minkowski space-time and the grav- 
itational-field tensor <l> m ” in this space-time are primary concepts, while the 
Riemann space-time and its metric g m " are secondary concepts, owing their origin 
to the gravitational field and its universal action on matter through <I> A . The 
effective Riemann space-time is literally of field origin, thanks to the presence of 
the gravitational field. Einstein was the first to suggest that the space-lime is 
Riemannian rather than pseudo-Euclidean. He identified gravitation with the 
metric tensor of the Riemann space-lime. But this line of reasoning as much as led 
to rejection of the gravitational field as a physical field possessing an energy- 
momentum density and to the loss of fundamental conservation laws. The goo- 
mclrization principle, based on the notions of tho Minkowski space-time and a 
physical gravitational field, introduces the concept of an effective Riemann space- 
time, and in this Einstein's idea of a Riemannian geometry finds its indirect re- 
flection. 

According to the RTG ideology, since tho Minkowski space-lime (z") forms its 
base, there are standard temporal and spatial scales that do not explicitly depend 
on the gravitational interaction. In view of the geometrization principle, the entire 
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dependence of the line element in the effective Riemann space-time, 
ds* = g, t ( x ) dx'dx *, 

on the gravitational field lies in the metric coefficients g ((t (x). Transition to any 
other coordinates in RTG, say, to the proper coordinates, will result in a situation 
in which the proper space-time variables will depend both on the coordinates x m 
in the Minkowski space-time and on the gravitational constant G. Hence, proper 
time and spatial characteristics will depend on the gravitational field. It is only 
in RTG that one can completely determine the effect of a gravitational field on the 
passage of proper time and on the variation of the distance between points. 

(d) The scalar Lagrangian density of a gravitational field is a bilinear form of 
the first covariant derivatives, D,g“", with respect to the Minkowski metric. 
Basically there is no way to construct a scalar Lagrangian density of such a form 
in GR. 

Using the concept of the Minkowski space-time and the geometrization prin- 
ciple as a basis, we can write the Lagrangian density in the following form: 

£■=£,,6“. (B“) + £.„<?*, 4>„). (0.1) 

In our theory the gravitational-field Lagrangian density L. depends on the 
metric tensor y' n and the gravitational field <t>'\ Hence, this theory differs fun- 
damentally from GR, where the Lagrangian density depends only on the metric 
tensor g'* of the Riemann space-time. Thus, the gravitational-field Lagrangian 
density in our theory is not fully geometrized, whereas in GR it is. As will be 
demonstrated later, the notion of a gravitational field possessing an enorgy-mo- 
mentum density and spin states 2 and 0 combined with the geometrization prin- 
ciple provides the possibility of constructing an unambiguous relativistic theory of 
gravitation. Such a theory changes the stereotype of space-time developed under 
the influence of GR and in spirit agrees with the modern theories in elementary 
particlo physics. It implies that Einstein's general relativity principle is devoid 
of any physical meaning or content (Fock, 1939, 1959). In the exposition of a 
number of problems we follow Denisov and Logunov, 1982d. 




Chapter 1. Critical Remarks Concerning the Equivalence 
Principle 



In llio introduction we specified the logical prerequisites that must necessarily lead 
(and, indeed, do) to a number of difficulties in GR. Earlier these aspects were dis- 
cussed in detail in Denisov and Logunov, 1980a, 1980b, 1982b, 1982d, Kook, 
1939, 1959, Hilbert, 1917, Logunov and Folomeshkin, 1977b, Schrodiuger, 1918, 
and Vlasov and Denisov, 1982. In this chapter we intend to consider some of those 
aspects, following Denisov and Logunov, 1980a, 1980b, 1982b, 1982d, Logunov and 
Folomeshkin, 1977b, and Vlasov and Denisov, 1982, and show that GR is inca- 
pable of resolving these difficulties. 

We start with a discussion of the equivalence principle. To the present day in 
the literature there is no unity of opinion concerning the meaning of the equiv- 
alence principle and its role in the general theory of relativity. Some consider 
it central to the structure of GR, while others note its limited nature. In the First 
stage of creating his theory, Einstein used as a leading idea the formal analogy 
between a field of forces of inertia and a gravitational field. Indeed, these fields 
demonstrate much in common in their action on the mechanical motion of objects; 
the motion of objocts under the action of a gravitational field is indistinguishable 
from their motion in an appropriately chosen noninertial reference frame; in both 
fields the acceleration of objects does not depend on their mass or composition. 
This gave Einstein the grounds to stale that the gravitational mass of an object 
is exactly equal to the object's inertial mass and led him to the formulation of the 
equivalence principle (Einstein and Grossmann, 1913): 

The theory described here originates from die conviction that the proportionality between 
the iiierli.il and tile gravitational mass of a body is an exact law of nature that must be 
ex pressed us a foundation principle ol theoretical physics. We tried lo reflect this conviction 
in a number of earlier papers, in which an attempt was made to reduce the grai-ilaliaiial 
mass lo Ihe martial mass; this aspiration led us to the hypothesis Hint physically a grav- 
itational field (homogeneous in an infinitely small volume) ean be completely replaced 
with an in-eelcruled reference frame. Graphically this hypothesis can be formulated as fol- 
lows: An observer enclosed in an elevator has no way to decide whether the elevator is at 
rest in a static gravitational field or whether the elevator is located in gravitation-free space 
in an accelerated motion that is maintained by forces acting on the elevator (nqtlivtihmco 
hypothesis). 

Thus, from Einstein's point of view, the only difference between fields of forces 
of inertia and gravitational fields consists in the different external sources gener- 
ating these fields: the first are due Ui the tioniiterlialily of the reference frame 
used by the observer and the second are generated by material objects. However, 
as Einstein believed, these fields have an equivalent effect on all physical pro- 
cesses and, therefore, in other respects are indistinguishable. This statcinont, in 
turn, created the illusion of the possibility of excluding the effect of a gravitational 
field on all physical phenomena via an appropriate transformation of the space- 
time coordinates, by analogy with the destruction of fields of forces of inertia. 

In Ibis respect the following passage from Pauli, 1958 (p. 145). is characteristic: 
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Originally, the principle of equivalence had only been postulated for homogeneous grav- 
itational fields. For the general case, it can be formulated in the following way: For every 
infinitely small world region fi.e. a world region which is so small that the spacc-and- 
ti me- variation of gravity can be neglected in it) there always exists a coordinate system 
K, (X„ X„ X„ A,) in which gravitation has no influence either on the motion of particles 
or any other physical processes. In short, in an infinitely small world region every gravi- 
tational field can be transformed away ... . 

A similar statement can also be found in Einstein, 1925: 

...for any infinitely small world-region the coordinates can always ba chosen in such a way 
that the gravitational field in that world-region vanishes. Then we may assume that in such 
on infinitely small world-region the special theory of relativity is valid. In this way the 
general theory of relativity is related to the special theory of relativity and the results of 
the latter are transformed to the former. 

Later these erroneous statements found their way into a number of textbooks 
practically without alterations. However, forces of inertia and gravitational forces 
are entirely different in their origin, since for the first the curvature tensor is iden- 
tically zero while for the second it is nonzero. Consequently, the effect of the first 
on all physical phenomena can be nullified in the entire space (globally) by trans- 
ferring to an inertial reference frame, while the effect of gravitational forces can 
be destroyed only in local regions of space and not for all physical processes but 
only for the simplest, those in whose equations the space-time curvature is not 
present. 

Hence, on the one hand, the principle of equivalence is invalid for processes 
involving particles with higher spins because the equations for the particles contain 
tho curvature tensor explicitly; on the other, the principle cannot be applied to 
extended objects (of sufficiently large dimensions) since in this case the deviation 
of the geodesics corresponding to the edge points of the object manifests itself. 
Since the curvature tensor enters into the deviation equation, forces of inertia and 
gravitational forces are nonequivalent for mechanical movements of an extonded 
object, too. 

The main credit for elucidating these aspects must be given to Eddington, 1923 
(pp. 40 and 41), who pointed out: 

The Principle of Equivalence has played a great part as a guide ia the original building 
up of the generalized relativity theory; but now that we have reached the new view of the 
nature of the world it has becomo less necessary .... It is essentially an hypothesis to be 
tested by experiment as opportuuity offers. Moreover it is to be regarded as a suggestion, 
rather than a dogma admitting of no exceptions. It is likely that some of the phenomena 
will he determined by the comparatively simple equations in which the components of cur- 
vature of the world do not appear; such equations will be the same for a curved region as for 
a fiat region. It is to these that the Principle of Equivalence applies. 

One cannot, however, assert that descriptions of physical phenomena in a grav- 
itational field and in a noninertial reference frame of the pseudo-Euclidean space- 
time are fully equivalent, since (as put by Eddington): 

...there are more complex phenomena governed by equations in which the curvatures of 
tho world are involved; terms containing these curvatures will vanish in the equations sum- 
marising experiments made in a flat region, and would have to be reinstated in passing 
to the general equations. Clearly there must be some phenomena of this kind which discrim- 
inate between a flat world and a curved world: otherwise we could have no knowledge of 
world-curvature. For these the Principle of Equivalence breaks down. 

Thus, the equivalence principle, if understood as the possibility of excluding 
the gravitational field in an infinitesimal region, is not correct since there is no 
way in which we can exclude the curvature of space (if it is nonzero) by selecting 
an appropriate reference frame, even within a given accuracy. Moreover, grav- 
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itational fields and fields of forces of inertia do not have a similar effect on all 
physical processes. 

True, it must be noted that subsequently Einstein reconsiderod his viewpoint 
on the principle of equivalence and did not insist on the complete equivalence of 
fields of forces of inertia and gravitational fields, pointing out that the former (non- 
inertial reference frames) constitute a particular case of gravitational fields satisfy- 
ing the Riemann condition Rl, m i = 0. He wrote (see Einstein, 1949): 

There is a special kind of space whoso physical structure (field) can be presumed as pre- 
cisely known on tho basis of the special theory of relativity. This is empty space without 
electromagnetic field and without matter. It is completely determined by its metric prop- 
erty: Let di„, dy., dr,, and dl 0 be the coordinate differences of two infinitesimally near 
points (events); then 

(1) *> = dxj + dy% + dxj - c> dl'. 

is a measurable quantity that is independent of the special choico of the inertial system. 
If one introduces in this space the new coordinates x t , x 3 , x Jt and x, through a general 
transformation of coordinates, then the quantity di : for the same pair of points has un ex- 
pression of the form 

( 2 ) dl' = 2glkdx‘dxk 

(summed (or i and k from 1 to 4). where tlk = Ski- The g, h that form a symmetric tensor 
and are continuous functions of i, x, then describe according to the principle of equiv- 

alence a gravitational field of a special kind, namely, one that can bo retransformod to the 
form (1). 

From Hiomanu's investigations on metric spaces the mathematical properties of this g lk 
field con bo given exactly (Riemann condition). What is sought, however, is tho equations 
satisfied by general gravitational fields. It Is natural to assume that they, too, con be de- 
scribed as tensor fields of tho typo gig. which in general do not admit o transformation to 
tho form (1), that is, which do not satisfy the Riemann condition, but are woaker conditions, 
which, just os tho Riemann condition, ore independent of the choico of coonlinates (that 
Is, ore generally invariant). A simple formal consideration leads to weaker conditions that 
are closely connected with the Riemann condition. These conditions are the very equations 
of the pure gravitational field (on tho outside of matter and in tho absence of an electro- 
magnetic field). 

Thus, Einstein altered the physical meaning of the equivalence principle, although 
this fact apparently remained unnoticed by many. 

While creating the general theory of relativity, Einstoin was totally guided by 
the principle of equivalence in its initial wording, which therefore played a heurist- 
ic role in constructing the theory (Einstein and Grossmann, 1914): 

The entire theory originated on the basis of tho conviction that in a gravitational field all 
physical processes occur in the same manner as in the absonco o( gravitational field but in 
an appropriately accelerated (three-dimensional) system of coordinates (equivalence hy- 
pothesis). 

Since in those days, thanks to Minkowski's discovery, it was known that to 
different reference frames there correspond different (generally off-diagonal) met- 
rics of space-time, Einstein and Grossmann, 1913, concluded that the metric tensor 
of the Riemann space-time must be taken as the field variable for the gravitational field 
and that this tensor is determined by the distribution and motion of matter. In 
this way there emerged the idea of a link between matter and the geometry of 
space-time. 

Proceeding from these assumptions, Einstein and Grossmann purely intuitively 
tried to establish the form of the equations linking the components of the metric 
tensor of the Riemann space-time with the energy-momentum tensor for matter. 
After numerous unsuccessful attempts such equations were found by Einstein at 
the end of 1915. Since somewhat earlier Hilbert, 1915, arrived at the same equations 
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(his reasoning was based on variational principles), we will call these equations 
the Hilbert-Einstein equations. 

It must be noted that the metric tensor of the Riemann space-time cannot serve 
as a characteristic of the gravitational held because its asymptotic behavior de- 
pends on the choice of the throe-dimensional (spatial) system of coordinates. 



Chapter 2. Energy-Momentum Pseudotensors of the 
Gravitational Field in GR 



Einstein believed that in GR the gravitational field together with matter must 
obey a conservation law of some kind (Einstein, 1914): 

...it goes without saying that we must require that matter and gravitational field taken 
together satisly energy and momentum conservation laws. 

In his opinion, this problem had been fully solved on the basis of "conservation 
laws" that used the energy-momentum pseudotensor as the energy-momentum 
characteristic of the gravitational field. The common line of reasoning that leads 
to such “conservation laws" goes as follows (Landau and Lifshitz, 1975). If the 
Hilbert-Einstein equations are written as 

f 2 - 1 ) 

where g = det g ih , R lk is the Ricci tensor, and T ,k the energy-momentum tensor 
for matter, then the left-hand side can be represented as a sum of two noncovariant 
quantities: 

-TO-»C J, “-T*“ l, ]-Er*"+^“ < 2 - 2 > 



where t 1 * = T* f is the gravitational-field energy-momentum pseudotensor, and 
h ,k ‘ = —h l,k the spin pseudotensor. This transforms the Hilbert-Einstein equa- 
tions (2.1) into an equivalent form 



-gir“+T“)=-±-**»'. 



(2.3) 



In view of the obvious fact that 



dr* Hz' 



= 0, 



(2.4) 



tho Hilbert-Einstein equations (2.3) yield the following differential conservation 
law: 



■ET I -*(f “+■*“)! -0, 



(2.5) 



which formally is similar to the conservation law for energy-momentum in electro- 
dynamics. According to GR. this law is valid for any choice of coordinates x k , 
for one thing, spherical coordinates (/, r, 0, q>). But in the latter caso (2.5) will 
always lead to physically meaningless results. Thus, Eqs. (2.1) in arbitrary coor- 
dinates always lead to (2.5), which has no physical meaning. 

In accordance with this analogy, the gravitational energy “flux" through the 
elemental surface area dS a is defined in GR thus: 
rf/ = e(-g)x“dS a . 
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Taking a sphere of radius r as the surface of integration ( dS a = — r ! n a d£i), we 
arrive at the formula for the “intensity" of gravitational energy per unit solid 
angle: 

"- = _cr*(_g)T<*« na . (2.6) 

Formula (2.5) is also used in GR to derive integral "conservation laws for the 
energy-momentum" of matter and gravitational field taken together. Here usually 
(see Einstein, 1918b, and Landau and Lifshitz, 1975) (2.5) is integrated over 
a definite volume and then it is assumed that the matter fluxes through the surface 
confining the volume of integration are zero. The result is 

^$<-*)l^' + ^dV.= -§(-g)T«‘ciS a . (2.7) 

Einstein, 1918b, assumed that the right-hand side of (2.7) at i = 0 is “for certain 
the loss of energy by the material system" and, hence, 

-Tr=§<-*> TOo<w «- (28) 

In the absence of gravitational-field “energy-momentum fluxes" through the surface 
confining the integration volume, Eq. (2.7) yields the following law of “energy- 
momentum” conservation in the system: 

= jj (— g)(P‘ + t»‘ldV = const. (2.9) 

By means of tho Hilbert-Einstein equations (2.3), the law (2.9) can be rewritten 
as follows: 

p'~±.§h 0,a dS a = const. (2.10) 

Einstein, 1918c, believed that the four quantities P‘ constitute the energy (i = 0) 
and the momentum (f = 1, 2, 3) of a physical system. It is usually stated in this 
connection (see Landau and Lifshitz, 1975, pp. 283-284) that 

The quantities P ‘ (the four-momentum of field plus matter) have a completely definite 
meaning and arc independent of the choice of reference system to just the extent that is 
necessary on the basis of physical considerations. 

We will show, however, that this statement is erroneous (sec Chapter 3). 

On the basis of such a definition of the “energy-momontum” of a system con- 
sisting of matter and gravitational field, the following concept of inertial mass m t 
of the system is introduced in GR: 

= = J(-g)|r» + t«)dV=>-i-§h ooa dS Q . (2.H) 

Expressions similar to (2.5)-(2.11) can also be obtained if the Hilbert-Einstein 
equations are written in terms of mixed components: 

The choice of the gravitational-field energy-momentum pseudotensors depended 
to a great extent on the preference of the different authors and, as a rule, was carried 
out on the basis of secondary properties. For instance, if we take in the form 

A “' = lic (2.12) 
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we arrive at the Landau-Lifshitz symmetric pseudotensor, which contains only the 
first derivatives of the metric tensor: 

t“ - -{^g- <( 2 r",n P - r; p r^„ - r;,r' p ) <*“«"* - *“«”") 

+ * V“ (iV- + it-rf, - r!,rt, - r^,r; p ) 

+ g kl g mn (r‘ ,rL. + rLr?, - rj p r' , - ri,,rj p ) 

(ri,r* mP -rl. 1 rJ p )}. ( 2 - ,3 > 

where 

f'mn — & kp pn~i~ dpgpm &pgmn)- 

If we assume that 

o;‘ ~ -V i - * (fV - «"Y')]. (2-i4) 

oner V —g ox 1 

we arrive at Einstein's pseudotensor 

x\ = -^p- { - 2 r:,ri p g-» + ri.,rr P g" + r!„ru m ' + ri.r^” 

- ri, i), (2.15) 

which coincides with the canonical energy-momentum (pseudo) tensor obtained 
from the noncovariant gravitational-field Lagrangian density 

L t = V =r ig‘ i irj.rs. — rT.rSpi- 

At 

o!'— £ ^^ i rV'ia,g 4n -d m g,„i (2.i6) 

we havo Lorentz’s pseudotensor 

T * =-^6^ (217) 

which coincides with the canonical energy-momentum (pseudo) tensor obtained 
via the noncovariant infinitesimal-displacement method from the covariant grav- 
itational-field Lagrangian density L, = Y —gR. 

Let us now investigate the “energy-momentum" quantities introduced in Ein- 
stein's theory using the definition of “inertial mass” of a spherically symmetric 
source. For the sake of definiteness we carry out all calculations within the frame- 
work of the Landau-Lifshitz symmetric pseudotensor. 



Chapter 3. Inertial Mass in GR 

Einstein considered the equality of inertial and gravitational mass of an object 
as an exact law of nature, a law that must find its reflection in his theory. At pres- 
ent it is taken for granted in GR that the gravitational mass of a system con- 
sisting of matter and gravitational field is equal to the inertial mass of the system. 
Such statements are contained in the works of Einstein, 1918c, Tolman, 1934, 
and Weyl, 1923. Subsequently, the “proof” of this statement with various altera- 
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tions was carried out by other authors (see Landau and Lifshitz, 1975, Misner, 
Thorne, and Wheeler, 1973, and Metier, 1952). However, the statement is errone- 
ous. Following Denisov and Logunov, 1982b, we will now prove this. 

The gravitational mass M of an arbitrary physical system that is as a whole at 
rest with respect to a Galilean (at infinity) Schwarzschild system of coordinates was 
defined by Einstein, 1918c, as the quantity that is the factor of the term — 2G/c s r 
in the asymptotic expression (as r -*■ oo) for the component g M of the metric ten- 
sor of the Riemann space-time: 

A somewhat different definition was given by Tolman, 1934: 

(3.1) 

These definitions imply directly that gravitational mass is invariant under 
transformations of three-dimensional coordinates, since both the component 
of the Ricci tensor and the component g M of the metric tensor are transformed like 
a scalar. 

For the case of a static spherically symmetric source these definitions are equiv- 
alent. We wish to demonstrate that they remain so for any static system. To this 
end we write in the form 

~ «" [-£- ril —or Kr + rs,r.%- 1 W] . . 

Identity transformations yield 

-T^-^+-J7=-l?-lV' 3 ?? 4 " r §»]- (3-2) 

Since for static systems the last three terms on the right-hand side of (3.2) can be 
Ignored, (3.1) yields 

A/ = -47TC § (3.3) 

Since quite far from the static system its metric can be described, with a given 
accuracy, by the Schwarzschild metric, (3.3) assumes the form 

M - - THT (3.4) 

The integrand in (3.1) is a scalar for all transformations of the three-dimensional 
coordinate system, which means that the gravitational mass M is independent 
of the choice of coordinates. In Schwarzschild coordinates, (3.4) assumes the form 




Thus, the gravitational mass of any static system, according to Tolman’s defi- 
nition, is the factor of —2 G/cV in the asymptotic expression for the component 
goo of the metric tensor of the Riemann space-time. Hence, for static systems the 
definitions of gravitational mass given by Einstein and Tolman coincide. 
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Einstein closely linked the concept of the inertial mass of a physical system in 
GR with the idea of the energy of the system (Einstein, 1918c): 

...the quantity that we have interpreted as energy plays the role of inertial mass, in accor- 
dance with the special theory of relativity. 

Since Einstein suggested calculating the energy of a system within the GR frame- 
work with the aid of energy-momentum pseudotensors, the inertial mass is cal- 
culated on the basis of (2.11). 

We now define in accordance with (2.11) the inertial mass of a spherically sym- 
metric source of gravitational field and study how inertial mass transforms under 
coordinate transformations. In isotropic Cartesian coordinates the metric of the 
Riemann space-time has the form 

(1 — r,/4r)« 

too — (l+r,/4r)* ' taB ~ VaO (* + r t' /ir Y' (3-5) 

where r g — 2GMIc". These coordinates are asymptotically Galilean, since the 
following estimates hold true as r -*■ oo: 

ft.“l + 0(l/r), « aB = Yop(‘ + 0(l/r)]. (3.6) 

If we employ the covariant components of metric (3.5), then (2.12) yields 

‘"“--WIT- 

Substituting this into (2.10), allowing for the fact that 

dS a — — Zj- r* sin 6 <16 dip, (3.7) 

and integrating over an infinitely distant surface, we obtain 

^ = TJHc - 1-1 J "T" ~jT 1 —g,itnt*g*\ sin 0 dO dip. (3.8) 

Thus, the component P° is independent of the component g 00 of the metric tensor 
of the Riemann space-time. Combining (3.5), (3.8), and 

TJ-lto-ySrlM. (3-9) 

where r a = — x a .t“, we arrive at the following expression for the component P° 
of "energy-momentum": 

(3.10) 

ft was the fact that ‘‘inertial mass" coincides with gravitational mass that gave 
grounds for asserting that they are equal in GR, too. Landau and Lifshitz, 1975 
(p. 334), wrote: 

— pa ' — 0, P' = Me, a result which was naturally to be expected. It is an expression of the 
equality of "gravitational" and "inertial" mass ("gravitational" mass is tho mass that deter- 
mines the gravitational field produced by the body, the same mass that appears in the metric 
tensor in a gravitational field, or, in particular, in Newton's law; ‘‘inertial" mass is tho mass 
that determines the ratio of energy and momentum of the body; in particular, the rest 
energy of tho body is equal to this mass multiplied by c 5 ). 

However, this statement and similar statements made by Einstein, 1918c, and 
other authors (see Eddington, 1923, Misner, Thorne, and Wheeler, 1973, Mailer, 
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1952, and Tolrnan, 1934) are erroneous. As can easily be demonstrated, the “energy" 
of a system and, hence, the "inertial mass” of the same system, (2.11), have no 
physical meaning because their magnitude depends on the choice of the three- 
dimensional coordinate system. Indeed, a basic requirement that any definition 
of inertial mass must satisfy is the independence of this quantity from the choice 
of the three-dimensional system of coordinates; this holds true for any physical 
theory. But in GR the definition (2.11) of "inertial mass” does not meet this re- 
quirement. 

We will demonstrate, for instance, that in the case of a Schwarzschild solution 
the “inertial mass” (2.11) assumes an arbitrary value depending on the choice of 
the three-dimensional coordinate system. To this end we transfer from three- 
dimensional Cartesian coordinates i“ to other coordinates x“ linked to the previous 
coordinates by the following formula: 

*g . *8lt +/(r*)]. (3.11) 

where r N = (xfc + yfc + Zk) 1/i , and / (r N ) is an arbitrary nonsingular function 
obeying the conditions 

/(cn)> 0, lim/(r N )-=0, lim r N -jp— /(r N ) =0. (3.12) 

r N-» ■»— ' N 



It is easy to see that transformation (3.11) corresponds to a change in the arithme- 
tization of the points of the three-dimensional space along the radius, rc = 
r N (l + / (r M )J. For transformation (3.11) to have an inverse and be one-to-one, 
it is necessary and sufficient that 

-£5-l+/ + r M /'>0. 



whore 






Then the Jacobian of this transformation will also be nonzero: 

Specifically, the function 

/(r n) = * j (■^-) ,/ “ (1— exp(— e*r N )l, (3.13) 

with a and e arbitrary numbers not equal to zero, satisfies every one of the above 
requirements. If we allow for (3.13), we get 

which shows that r c is a monotone function of r„. It is easy to verify that / (r N ) 
is a nonnegative nonsingular function in the entire space. The Jacobian of the 
transformation in this case is strictly greater than unity: 

Therefore, transformation (3.11) with function / (r N ) defined via (3.13) has an 
inverse transformation and is one-to-one. 
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Obviously, transformation (3.11) does not change the value of the gravitational 
mass (3.1). We will now calculate the value of the “inertial mass" (2.11) in terms 
of the new coordinates a*. Applying the tensor transformation law to the metric 
tensor, 

we can find the components of the Schwarzschild metric (3.5) in terms of the new 
coordinates. The result is 

«o»=[ 1 - 4r N (1 + /) ] [ 1+ 4r* (*+/)'] • (315) 

- 0 + tsott] 1 {v- <• +«*— W [ur+^-r o +«]} . 

The determinant of the metric tensor (3.15) is 

K = - «oo [ 1+ ir^t+n ) ' 1 (1 + /)‘ Id + /)* + rV (/•)* + 2 r„r (1 + f) I- (3. 16) 

It must be especially notod that metric (3.15) is asymptotically Galilean: 
lim lim g al -y at . 

T n~~ r N— 

In the particular case where function / is specified by (3.13) and r N is sent to in- 
finity, the metric of the Riemnnn space-time has the following asymptotic behavior: 

g 00 ~ 1+ 0 (l/r„), g a , = Vall (1 + 0 (l/ltf*)l. (3.17) 

For the covariant components of metric (3.15) we have 

*“ = «>'. « a, =*V , ^ + *S*fefi. (3.18) 

where we have introduced the notation 



-l = (l + /)-*[l + 1 ^ nr ]'*, 



'ttW+V' (I +1) 



[‘ + - 4, 7- ( f +/) ]* + A* 10 +«’+'*! (/')*+2 r N /' (f +l)\ 

Substituting (3.16) and (3.18) into (3.8), we obtain 

'"-TO “i 1 * i + V^TFTr]' 

X[(l+/)*+r* N (/')*+2r N /'(l + /)J 

+■=¥•»+»•[' +TS?nrr 

X|rf ( (/') s +2r () /'(l + /)]}dF. 
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In view of the validity of (3.9) this yields 

P ° = -&~ r '*“_ fa UT(i + w[ i + tpjtt+tjT 

+ r,(l+/)»(t + /+r N /-)[M- ]’}. (3.19) 

Allowing for the asvmptotic expression (3.12) for /, we finally obtain (see Mpller, 
1965) 

= lim {r, + rj!, (/')*}. (3.20) 

r N““ 

Thus, the “inertial mass" depends essentially on the rate at which /’ tends to 
zero as r N — ► oo. Specifically, if we take function / (r N ) in tho form (3.13), from 
(3.20) we get 

m, = Af (1 + <x 4 ). (3.21) 

Hence for the "inertial mass" (2.11) of a system consisting of matter and grav- 
itational field we can obtain in GR any fixed number m, > M depending on the 
choice of the spatial coordinate system (because of the arbitrariness of a), whereas 
the gravitational mass M (3.1) of this system and, consequently, all three effects 
of GR remain unaltered. Note also that in the event of more complex transfor- 
mations of the spatial coordinates that leave the metric asymptotically Galilean, 
the “inertial mass” (2.11) of the system can assume any fixed values, positive as 
well as negative. 

Thus, we see that in GR the value of the "inertial mass", a concept introduced 
by Einstein and later used by many authors (e.g. see Eddington, 1923, Landau and 
Lifshltz, 1975, Misner, Thorne, and Wheeler, 1973, Mailer, 1952, and Tolman, 
1934), depends on the choice of the three-dimensional system of coordinates and, 
therefore, carries no physical meaning. Hence, the statement that “ Inertial mass" 
is equal to gravitational mass in Einstein’s theory has no physical meaning either. 
The equality takes place in a narrow class of three-dimonsional systems of coordi- 
nates, and since the “inertial mass” (2.11) and the gravitational mass (3.1) obey 
different transformation laws, a transition to other three-dimensional systems of 
coordinates results in a violation of this equality. 

More than that, such a definition of “inertial mass” in GR does not obey the 
principle of correspondence to Newton’s theory. Indeed, since the "inertial mass" 
mi in Einstein's theory depends on the choice of the three-dimensional system 
of coordinates, its expression in the general case of an arbitrary three-dimensional 
coordinate system does not transform into the appropriate expression in Newton’s 
theory, in which the “inertial mass" does not depend on such a choice. Thus, GR 
contains no classical Newtonian limit and , hence , does not satisfy the correspondence 
principle. This implies that GR is not only logically contradictory from the viewpoint 
of physics but also directly contradicts the experimental data on the equality of the 
inertial and the active gravitational mass. 

Then why were the aforesaid and the necessary conclusions not arrived at ear- 
lier? Apparently the answer is that Einstein focused on the problem of energy- 
momentum in GR and after studying it assumed he had succeeded in finding a solu- 
tion that was definite to the same extent as in classical mechanics. Somewhat later 
Klein, 1918, mathematically substantiated Einstein's ideas. Einstein's conclusions 
concerning the energy-momentum of a system are repeated almost without vari- 
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ation to this day (e.g. see Landau and Lifshitz, 1975). The studies of these out- 
standing scientists created the belief that in GR the problem of energy-momentum 
had been solved. All this, of course, hindered carrying out a detailed analysis and 
arriving at basic conclusions. But our findings disagree completely with those of 
Einstein and Klein. Why? Because the work of Einstein and Klein contains a mis- 
take. The two failed to notice that the quantity J „ with which they operated is 
simply an identical zero. This very simple mistake is highly important, because 
it completely destroys Einstein’s conclusions. 

Let us analyze this question in greater detail. To this end we present Einstein’s 
reasoning and analyze its essence. Einstein, 1918c, wrote: 

...I wish to demonstrate here that with the help of Eq. (1)* tho concepts of energy and 
momentum can be established as clearly as in classical mechanics. The energy and momentum 
ol o closed system are fully defined independently from the choice of a system of coordi- 
nates, provided that the motion of the system (as a whole) with respect to the system of 
coordinates is fired: for instance, the "rest energy" of any closed system does not depend 
on the choice of the system of coordinates. 

...Let us select a system of coordinates such that all linear elements (0, 0. 0, dx,) arc 
limelike and all linear elements (dx,, dx t , dx,, 0) are spacclike; then the fourth coordinate 
can in a certain sense be called the "time". 

For us to be able to speak of the energy and momentum of a system, the energy and 
momentum densities must vanish outsido a definite region B. This will happen only if 
outside B the components g uv are constants, that is. when the system in question is, so to 
say, immersod in a "Galilean space” end we employ "Galilean coordinates" to describe the 
surroundings of the system. Region B has infinite dimensions In tho direction of tho time 
axis, that is. it Intersects any hyperplane x 4 <■ const. The section of B by a hyperplane 
x, — const is bounded on all sides. Inside B there can be no “Galilean system of coordinates”; 
the choice of coordinates insido B is limited by a natural condition, namely, that tho coor- 
dinates must continuously pass into the coordinates outside B. Below 1 consider some sys- 
tems of coordinates of this kind, that is, systems coinciding outside B. 

The Integral laws of conservation of energy and momentum are obtainable from Eq. (1) 
by Integration with respect to x„ x t . x, over region B. Since at the boundaries of this 
region all tho vanish, we have 

<3) [ $ U ° dZl ‘k* = °- 



These four equations express, l believe, tho laws of conservation of momentum (o — 1 , 2, 3) 
and energy (c — 4). Lot us denote the integral in Eq. (3) by Now 1 slate that the J„ 
do not depend on the choice of coordinates for any system of coordinates that outside B 
coincides with one and tho samo Galilean system. 



Further lie noted: 

Thus, notwithstanding the free choice of coordinates insido B, the rest energy or mass of 
tho system constitutes a precisely defined quantity that does not depend on the choice of 
the system of coordinates. This is even more remarkable because thanks to the nontensor 
nature of U% no invariant interpretation of the components of the energy density can be 
given. 

This reasoning of Einstein contains a simple but fundamental mistake. To verify 
this, we write the Hilbert-Einstein equation in the form 



^ = rj+^ = d M oi; v . (3.22) 

where oS v = — o? 11 is the density of an antisymmetric pseudotensor. Substituting 
Eq. (3.22) into the expression for the 4-momentum of an isolated system, we obtain 

/, = $ dV t/‘ •= ^ dV d u o?‘ = | dS k oJ‘. (3.23) 



Formula (1) in Einstein's paper corresponds to Eq. (2.5) in this book. 
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Since the surface of integration 5 lies outside B, that is, in a region where all the 
components of tensor g BV are constants, the o* 1 vanish everywhere on S. This 
follows directly from the expression (2.14) for oj 4 . Thus, (3.23) implies that 
y, = 0. It is this that neither Einstein nor Klein (nor others) noticed. Nor did 
they understand the correct and profound idea of Hilbert, 1917, (see the Intro- 
duction) that in GR there ore simply no ordinary conservation laws for energy and 
momentum. All that followed was completed by the dogmatism and faith that for 
more than half a century canonized GR, elevating it to an indisputable truth. 

Lately Faddeev. 1982, has stated that in GR the Hamiltonian formalism enables 
solving the problem of the energy-momentum of the gravitational field. But De- 
nisov and Logunov, 1982d, and Denisov and Solov'ev, 1983, have shown that this 
statement is erroneous and indicates that the author does not understand the 
essence of the problem. 

It is sometimes said that within the framework of GR the gravitational-hold 
energy-momentum tonsor con be constructed by replacing the ordinary derivatives 
in the expression for the pseudotensor with covariant derivatives with respect to 
"the Minkowski metric" These statements, however, are erroneous. In GR, in 
contrast to RTG where the Minkowski space-timo occupies the center of stage, 
there can be no global Cartesian coordinates and, hence, wo cannot in principle 
say what form the Minkowski metric y'* has in GR for a given solution to the 
Hilbert-Einstoin equations. Two solutions of the Hilbert-Einstein equations, say, 
(3.5) and (3.15), whore one is obtained from tho other by transforming only the 
spatial coordinates, have equal status and can, at our choice, bo referred to one 
and tho same metric y 1 *. But this directly suggests that for each of theso solutions 
we will have different values of the energy of the system. This means that the 
energy of n system depends on the selection of the spatial coordinates, which is 
physically meaningless. Such erroneous statements can still be encountered in the 
literature (e.g. see Ponomarev, 1985). 



Chaplcr 4. Energy-Momentum Conservation in GR 

The definition of inertial mass that in Chapter 3 exemplified the groundlessness 
of a definition based on the energy-momentum pseudoteusor does not exhaust all 
the deficiencies in GR. These deficiencies and the resulting consequences have 
been discussed in detail in Denisov and Logunov. 1982d, Without going into tech- 
nical details, we discuss some of them here. 

In all physical theories describing the various forms of matter one of the most 
important field characteristics is the energy-momentum tensor donsity, which is 
usually obtained by varying the Lagrangian field density L over the components 
g„„ of tho space-time metric tensor. 

This characteristic reflects the existence of the field: a physical field exists in 
a certain region of space-timo if and only if the energy-momentum tensor density 
is nonzero in the region. The energy-momentum of any physical field contributes 
to the total energy-momentum tonsor of tho system and does not vanish completely 
outside the source of field. This enables considering energy transport in the form 
of waves in the sense of Faraday and Maxwell, that is, we aro able to study tho 
distribution of the field's strength in space, determine the energy fluxes through 
surfaces, calculate the change in energy-momentum in emission and absorption 
processes, and carry out other energy calculations. 

In GR, however, the gravitational field does not possess the properties inherent 
in other physical fields since it lacks such a characteristic. Indeed, in Einstein’s 
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theory the Lagrangian density consists of two parts: the gravitational-field Lag- 
rangian density L g — y — g R. which depends only on the metric tensor g mn , 
and the material Lagrangian density /-m = A.w (gmn- & a )■ which depends on the 
metric tensor g m „ and the other material fields <D A . Thus, in Einstein's general 
theory of relativity the g„„ have a two-fold meaning: they are field variables and 
at the same time components of the metric tensor of space-time. 

As a result of such physico-geometrical dualism the density of the total sym- 
metric energy-momentum tensor (the variation of the Lagrangian density over the 
components of the metric tensor) proves to coincide with the field variables (the 
variation of the Lagrangian density over the components of the gravitational 
field). The result is that the density of the total symmetric energy-momentum 
tensor of the system (field plus matter) is exactly zero: 

7"‘-t-r&”0. (4-0) 



where T " 1 = — 26L M /6g„ ( is the density of the symmetric energy-momentum 
tensor of matter (here by matter we mean all material fields except the gravita- 
tional), and 

SL t e*V-t rnn, t _» lD 1 
Jm" SHG-l* ~T g fl J' 



rpni 

'(«>= 



- 2 - 



Equatioil (4.0) also implies that all the components of the density of the symmetric 

gravitational-field energy-momentum tensor Tjg, vanish everywhere outside mat- 
ter. 

Thus, these results alone imply that the gravitational Bold in Einstein's genoral 
theory of relativity does not possess the properties inherent in other physical fields, 
since outside its source the gravitational field lacks the main physical character- 
istic, the energy-momentum tensor. 

A physical characteristic of a gravitational field in Einstein's theory is the 
Riemann curvature tensor Ri, m . That we have a clear understanding of this we 
owe to Synge, 1960 (p. viii): 

If we accept the idea that space-time is a Hicmanoian four-spaco (and if we arc relativists 
wo must), then suroty our first task ia to gel the feel of it just as early navigators had to 
gel the feel of a spherical ocean. And the first thing we havo to get the feel of is the Rie- 
mann tensor, for it it the gravitational field — if it vanishes, and only then, thcro Is no field. 
Yet, strangely enough, this most important element has been pushed into the background. 



And further he notes (p. ix): 

In Einstein's theory, either there is a gravitational field or there is none, according as the 
Riemann tensor does not or does vanish. This is an absolute property; it has nothing to do 
with any observer's world-line. 



The absence of such an understanding leads to incomprehension of the essence of 
Einstein's theory. 

Thus, since the gravitational field is characterized solely by the curvature ten- 
sor, we cannot introduce in GR a simpler physical characteristic of this field, say, 
the energy-momentum pseudotensor, with the result that in Einstein's theory 
energy-momentum pseudotensors are not, in principle, related to the existence 
of a gravitational field. This assertion has the status of a theorem whose corollary 
is the possibility of such situations in GR when the curvature tensor is nonzero, 
that is, a field exists, and yet the energy-momentum pseudotensor vanishes, and 
vice versa, the curvature tensor vanishes but the energy-momentum pseudotensor 
is nonzero. Therefore, calculations involving energy-momentum pseudotensors 
lack all meaning. 
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Einstein’s general theory of relativity links matter and gravitational field into 
a single entity; while the first is characterized, as in other theories, by an energy- 
momentum tensor, that is, a second-rank tensor, the second is characterized by the 
curvature tensor, which is a fourth-rank tensor. Owing to the different dimensions 
of the physical characteristics of gravitational field and matter in Einstein’s theory, 
it follows directly that there cannot be (in OR) any conservation laws linking 
matter and gravitational field. This fundamental fact, established in Denisov and 
Logunov, 1980b, and Hilbert, 1917, means that Einstein's theory was constructed 
at the expense of repudiating the laws of conservation of matter and gravitational 
field taken together. 

Another physical characteristic of a gravitational field in GR, the Ricci tensor, 
reflects more the ability of a gravitational field to change the energy-momentum 
of matter, that is, reflects the action that a gravitational field has on matter, but 
provides no information on the energy fiux carried by a wave. As a result there is 
no possibility in Einstein's theory of studying the distribution of the strength 
of a gravitational field in space, of determining the energy fluxes carried by grav- 
itational waves through a surface, etc. That scientists operating within the GR 
framework can, by employing the idea of pseudotensors, find conserved quantities 
for matter and gravitational field taken together constitutes a profound delusion. 

Indeed, in GR the initial relationship for obtaining conservation laws is the 
identity 

d, (T7 + t7)-0. (4.1> 

If matter is concentrated only in a volume V, Eq. (4.1) implies that 

■s’- 5 (T? + T?)dK = -§T?d5 B . (4.2) 

At present there exists a whole series of exact solutions to the vacuum Hilbort- 
Einstein equations for which the stresses to are everywhere nil (see Brdicka, 
1951, Rudakova, 1971, Shirokov, 1970, and Shirokov and Budko, 1967). Conse- 
quently, for exact wave solutions to Hilbert-Einstein equations that nullify the 
components of the energy-momentum pseudotensor, Eq. (4.2) yields 

that is, the energy of matter and gravitational field inside V is conserved. This 
means that there is no flow of energy from V outward and, therefore, there can be 
no action on test bodies placed outside V. This conclusion follows from Einstein's 
theory. 

However, the exact wave solutions to the Hilbert-Einstein equations that nullify 
the components of thB energy-momentum pseudotensor result in a nonzero curva- 
ture tensor H'kim, hence, in view of the equation 

-Sg-+ Hi, ,u*uV -0, (4.3) 

where n' is an infinitesimal geodesic deviation vector, and u' = dx’ids is the 
4-vector of velocity, curvature waves act on test bodies lying outside V and change 
the energy of these bodies. Thus, starting from two different but exact relation- 
ships of Einstein's general theory of relativity, we arrive at mutually exclusive 
physical conclusions. 

To understand the reason for these contradictory conclusions let us analyze in 
more detail the formalism of energy-momentum pseudotensors in Einstein’s theory. 
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Since T ni is a pseudotensor, by selecting an appropriate system of coordinates we 
can nullify all the components of T n< at every point In space. This fact alone raises 
doubts about interpreting the x" 1 as stresses and energy-momentum density of the 
gravitational Held. 

It is usually said in this connection (see Mailer, 1952) that the gravitational- 
field energy in GR cannot in principle be localized, that is, that a local distri- 
bution of the energy of a gravitational field has no physical meaning since it de- 
pends on the choice of the system of coordinates and that only the total energy of 
closed systems can be well-defined. But such an assertion does not stand up to 
criticism either. 

Indeed, a local distribution of the gravitational-field “energy" defined via any 
energy-momentum pseudotensor depends on the choice of the system of coordinates 
and can be nullified at any point in apace, which is usually interpreted as the 
absence of a gravitational-field “energy density" at this point. But a gravitational 
field described by the curvature tensor cannot be nullified by passing to any admis- 
sible system of coordinates. Hence, because curvaturo waves act on physical pro- 
cesses we cannot state either that in a certain system of coordinates the gravitation- 
al field is nil. 

This is most clearly seen if we take the example of the exact wave solutions for 
which the components of the energy-momentum pseudotensor vanish everywhere 
while the curvature waves do not. And vice versa, in the case of flat space-time, 
when the metric tensor g„i of the Riemann space-time is equal to the metric tensor 
Ini lt >e pseudo-Euclidean space-time, the components of energy-momentum 
pseudotensors may not vanish although thero is no gravitational field and all the 
components of the curvature tensor are zero in any system of coordinates. 

For example, in the spherical system of coordinates in the pseudo-Euclidean 
space-time where H[,„ = 0 g„ ~ 1, g„ = -1, g„„ = _ r », Jjf = _ r > sin * 0i 
■we have the following formula for the component if of Einstein’s pseudotonsor 
(see Bauer, 1918): 

T « = — ET sine - 

It is clear that tj < 0 and that the total gravitational-field “energy" in this system 
of coordinates is infinite. 

The Landau-Lifshitz pseudotensor in this case demonstrates a different “energy" 
distribution in space: 

( — g)x n = — (1 + 4 sin* 0). 

The examples just discussed show that energy-momentum pseudotensors in Ein- 
stein s theory do not servo as physical characteristics of the gravitational field 
and, hence, carry no physical meaning. 

1 hus, in GR there do not (and cannot) exist any energy-momentum conservation 
laws for matter and gravitational field taken together. On the other hand, in theo- 
ries involving other physical fields we have a universal law of energy-momentum 
conservation and there are no experimental indications of this law being violated. 
Therefore, we have no reason to reject this law. 

So what is the way out of this situation? What can we retain of Einstein’s mag- 
nificent creation and what must we reject so that in the new theory of gravitation 
the fundamental law of physics, the law of conservation of en?rgy-momentum of 
gravitational field and matter taken together, holds true? To answer these questions, 
we must carefully analyze the deep relationship between energy-momentum con- 
servation laws and the geometry of space-time. 
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Chapter 5. Energy-Momentum and Angular Momentum 
Conservation as Related to Geometry of Space-Time 



The geometry of space-time largely determines the possibility of obtaining con- 
servation laws for a closed system of interacting fields. As is well known (see Bogo- 
liubov and Shirkov, 1979, and Novozhilov, 1975), a theory for any physical field 
can be constructed on the basis of the Lagrangian formalism, in this case the physic- 
al field is described by a function of coordinates and time, known as the field 
function, and the equations for determining this function can be found by employing 
the variational principle of least action. Besides producing field equations, the 
Lagrangian approach to constructing a classical theory of wave fields makes it 
possible to derive a number of differential relationships known as differential con- 
servation laws (see Noether, 1918). These relationships follow from the invariance 
of the action integral under transformations of the space-time coordinates and 
link the local dynamical characteristics of the field with the respective covariant 
derivatives in a geometry that is natural in relation to these characteristics. 

At present in the literature two types of differential conservation laws aro dis- 
tinguished: strong and weak. Usually a strong conservation law is a differential 
relationship that holds true solely owing to the invariance of the action integral 
under coordinate transformations and does not require the existence of equations 
of motion for the field. A weak conservation law can be obtained from a strong con- 
servation law by allowing for the equations of motion for a system of interacting 

It must be stressed that notwithstanding their name, differential conservation 
laws do not require conservation of some quantity either locally or globally. They 
are simply differential identities linking the different characteristics of a field and 
are valid because the action integral does not change under coordinate transforma- 
tion (i.e. is a scalar). Their name was given by analogy with the differential con- 
servation laws in psoudo-Euclidean space-time, in which differential conservation 
laws may lead to integral laws. For example, writing the law of conservation for 
the total energy-momentum tensor of a system of interacting fields in a Cartesian 
system of coordinates of the pseudo-Euclidcan space-time, we get 



9s° dl° 



0 . 



Integrating over a certain volume and employing the divergence theorem, we gel. 

This relationship means that the variation in the energy-momentum of a system 
of interacting fields inside a certain volume is equal to tliff energy-momentum flux 

through the surface enclosing the volume. If this flux is zero, or §t a ’dS a = 0, we 
arrive at the conservation law for the total 4-momentura of an isolated system, 

where 

p‘ = -L j f ‘ dv. 

Similar integral relationships in the pseudo-Euclidean space-time can be obtained 
for angular momentum as well. 
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However, in an arbitrary Riemann space-time the presence of a differential 
covariant conservation equation does not guarantee the possibility of obtaining 
a respective integral conservation equation. The possibility of obtaining integral 
conservation laws in an arbitrary Riemann space-time is totally dependent on the 
geometry of the space-time and is closely linked with the existence of Killing 
vectors in the given space-time or, as is sometimes said, with the existence of 
a group of motions in the Riemann space-time. Let us dwell on this in more detail, 
since the formalism developed here can be used to obtain integral conservation 
laws in arbitrary curvilinear systems of coordinates of the pseudo-Euclidean space- 
time as well. 

In an arbitrary Riemann space-time we have the following covariant conserva- 
tion equation for the total energy-momentum tensor of the system: 

ViT"' - 9,T ml + rar" + r^r-* ~ o. <5.i> 

Let us multiply this equation by the Killing vector, that is, a vector q m that satis- 
fies Killing's equation 

V„q„ + V„n» = 0. (5.2) 

In view of the symmetry of the tensor, T "" = T" m , the equation Vi T ml = 0 
can be written thus: 

ffmV.r-'-v.ih-r-'i-o. 

If we employ the properties of a covariant derivative, we get 

T=T-sr | v , =5i- r “]-o- _ 

Since the left-hand side of this equation is a scalar, we can multiply it by ]/ —g dV 
and integrate over a certain volume. We then arrive at the following integral con- 
servation law in the Riemann space-lime: 

^\V~gT<‘ m r) m dV=-§V—gr‘'"T ]m dS a . (5.3) 

If the flux of the 3-vector through the surface surrounding the volume is nil, then 

J V — g m dV = const. (5.3') 

Thus, if Killing vectors exist, then from the differential conservation equation 
(5.1) we can obtain the integral conservation laws (5.3) and (5.3'). 

Let us now establish what restrictions must be imposed on the Riemann space- 
time metric so that Killing's equation (5.2) will have a solution, that is, the con- 
ditions that vector q„ must meet so that Eq. (5.2) is satisfied. We note, first, that 
Killing's equation (5.2) follows from the requirement that the Lie variations of 
the metric tensor of the Riemann space-time under the infinitesimal coordinate 
transformations 

x'" = X* + q» (x) (5.4) 

vanish (here q" (x) is an infinitesimal 4-vector). Indeed, under such a transfor- 
mation of the coordinates the Lie variation of the metric tensor gt„ assumes the 
form 

8l*ib = — Viq» — V.qj. 
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Comparing this with (5.2), we see that Killing's equation requires that the Lie 
variation of the metric tensor g,„ vanish: 

6 L «i» = 0. 

Thus, Killing vectors describe infinitesimal coordinate transformations that leave 
the metric form-invariant. 

Killing's equation (5.2) constitutes a system of first-order partial differential 
equations. According to the general theory (see Eisenhart, 1933, Petrov, 1960, 
and Pontryagin, 1966), to establish the solvability conditions for a system of 
partial differential equations, we must reduce this system to the form 

— =>«r?(fl\ i"), (5.5) 

dx l 

where 0° arc the unknown functions; i, n = 1, 2, . . ., N; and a, 6 = 1, 2, . . ., 
M. Then the solvability conditions for system (5.5) can be obtained from the 
relationship 

a’9° _ 

»I> Ox" ~ 8x n dx‘ 



by replacing the first-order partial derivatives with the right-hand side of Eqs. 
(5.5): 



»K , V h_ *K OK 



(5.6) 



If the solvability condition (5.6) is met identically in view of the validity of 
Eqs. (5.5), the system (5.5) is said to he completely integrable and its solution will 
contain M parameters, the greatest possible number of arbitrary constants for the 
given system. But if (5.5) is not completely integrable, its solution will contain 
a smaller number of arbitrary constants. Let us establish the conditions in which 
the solution to Killing's equations (5.2) in the Riemann space-time V ft - contains 
the greatest possible number of parameters and find this number. 

All calculations will be carried out in an explicitly covariant form, which is 
a generalization of the above scheme for finding the solvability conditions for the 
system of Killing's equations. We differentiate covarianlly Killing's equations 
(5.2) with respect to parameter x". The result is 

’Ini* + ’!>;« = 0. 

In view of this we have 

’ll*. + 'W:i« + + *Kt> — ’Uinl — 9n:ji = 6- 



Regrouping the terms in this expression, we get 

’ll*. + + (9/:l» — + (V.W — ( 5 - 7 ) 

On the other hand, in view of the commutation relation for covariant derivatives 
we have 

’li; ni — lli/n = ( 5 - 8 > 

If wo substitute this into (5.7), we get 

2*1 1; In + + 'IftSjln + ’lsflnii = o. 



(5.9) 
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Using Ricci'9 identity 
we get 



fltnl + Rnii + flfln = 0, 



(5.10) 



tuflinj + - Ifcfinlj. 

which means that we can write (5.9) in the following form: 

We have, therefore, arrived at the following covariant equations: 
T l<:»+ T l»;i" , ®> %;jn = — 



(5.11) 



Let us transform this system of covariant differential equations into a system con- 
taining only first covariant derivatives. To this end, in addition to the N unknown 
components of vector i|„, we introduce an unknown tensor that obeys the 
equation 

Rilm — Lm- (5.12) 

This tensor contains (V s unknown components, but only N (N — l)/2 of these are 
independent since this tensor is antisymmetric in view of Eqs. (5.2) and (5.12): 

>-»i + >•/„ = 0. (5.13) 

If we allow for all this, the sought system of covariant differential equations as- 
sumes the form 

*lniii“^ml» (5-14) 



Wo have, therefore, reduced Killing's equations (5.2) to a system of a special type 
consisting of linear differential equations in first-order covariant derivatives. 

This system is a covariant generalization of system (5.5), with the unknown 
functions Q" being the N {N + l)/2 components of tensors q„ and K mt : 

0’ = {1m. *««>• 

The solvability condition for system (5.14) can be obtained from the commuta- 
tion relation for covariant derivatives, which follows from the independence of 
the order in which derivatives are taken in partial differentiation. On the basis of 
this rule we get 

>)i; jm = *U flew, ^ )5) 

*lm: II — m: II = hkRmll + ■ 



Replacing the first covariant derivatives on the left-hand sides of (5.15) with their 
expressions (5.14) and employing (5.13), which reflects the fact that i lm is anti- 
symmetric, we arrive at the solvability conditions for system (5.14) in the form 

hm'.l — (5.16) 

(q»Rjnil;|— + (5-17) 

It is easily verified that (5.16) is satisfied identically because of the validity of 
Eqs. (5.14) and the properties of the curvature tensor. Thus, if condition (5.17) 
is satisfied identically solely because of the symmetry properties of the Riemann 
space-time, then system (5.14) will be completely integrable and, hence, the solu- 
tion to Killing's equations (5.2) will contain the greatest possible number M= 

3—0297 




The Relativistic Theory of Gravitation 



34 

N (N + l)/2 of arbitrary constants. Since the unknown functions t] m and X ml = 
— \ lm entering into system (5.14) must be independent in this case, the left-hand 
side of (5.17) vanishes identically only if 

flU,-* fw;„ = 0, (5.18) 

- 6? /??„, - + 61 Bin - 61(11,1 - 6" fifii + = 0. (5.19) 

If we contract (5.19) on l and n and allow for the relationships B" m „ = R, m and 
R1,„, = 0 and for Ricci's identity (5.10), we get 

From this it follows that 

Rlmil= N l_ i {gjl^m! —Sll^lm)- (5.20) 

Multiplying this equation into g" 1 , we get 

= g„B. 

If we now substitute this into (5.20), we arrive at a condition in view of which 
(5.19) is satisfied identically: 

[gjlgml'~‘ Stlgjn^' (5.21) 

Combining (5.21) and Eq. (5.18) results in a requirement that the scalar curvature 
must satisfy: 

|8jg lm - 6lg/J -jj- A —ifoii ~ 6 }g,jl -jpr «-0. 

If we multiply this by 6» g ml . we get 

Since in the case considered JV > 1, the above condition is met if and only if 
Acs const. Hence, the solvability conditions (5.18) and (5.19) for Killing's equa- 
tions (5.2) will be satisfied identically if and only if the Riemann space-time cur- 
vature tensor has the form 

~ JV {/V 1 ) ^Hgml 8ll8lm]' 

with R = const. 

Thus, Killing’s equations have solutions containing the greatest possible num- 
ber M = N (N -r l)/2 of arbitrary constants (parameters) if and only if the Rie- 
mann space-time V K is a constant-curvature space, and if is not a constant- 
curvature space, the number of parameters will be smaller than M. 

Hence, mathematically speaking, the presence of integral conservation laws for 
energy-momentum and angular momentum reflects the existence of certain prop- 
erties inherent in space-time— its homogeneity and isotropy. There are three 
types of four-dimensional spaces that possess the properties of homogeneity and 
isotropy to an extent that allows for introducing ten integrals of motion for a 
closed system. These are the space with constant negative curvature (Lobachev- 
skii’s space, or hyperbolic space), the zero-curvature space (pseudo-Euclidean 
space), and the space with constant positive curvature (Riemann space). The 
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first two spaces are infinite, with an infinite volume, while the third is closed, with 
a finite volume, but has no boundaries. 

Let us now find the Killing vector in an arbitrary curvilinear system ol coor- 
dinates of the pseudo-Euclidean space-time. To this end we first write Killing’s 
equations in the Cartesian system of coordinates: 

d|*l» + d„ti, = 0. 

Hence, to determine a Killing vector we have a system of ten first-order partial 
linear differential equations. Solving this system according to general rules, we 
obtain 

i)i «= a, + e> (m x m , (5.22) 

where a, is an arbitrary constant infinitesimal vector, and o>, m is an arbitrary con- 
stant infinitesimal tensor satisfying the condition 

<At„ = —©ml- 

Thus, solution (5.22), as expected, contains all ten arbitrary parameters. Since 
(5.22) contains ten independent parameters, we actually have ten independent 
Killing vectors, and (5.22) constitutes a linear combination of the ten indepen- 
dent vectors. 

Let us establish the moaning of these parameters. Substituting (5.22) into (5.4), 
we get 

x' n = x n + o" + ©Si". (5.23) 

We seo that the four parameters a" are components of the 4-vector of infinitesimal 
translations of the reference frame. The three parameters u aB are the components 
of the tensor of rotation through an infinitesimal angle about a certain axis (the 
so-called proper rotation). The three parameters <o 0B describe infinitesimal rota- 
tions in the(* 0 , x»)-plane, known as Lorentzian rotations. Since the metric tensor 
Vmn is form-invariant under translations, the pseudo-Euclidean space-time is 
homogeneous; its properties do not depend on the position of the origin in the 
space. Similarly, the form-invariance of the metric tensor y mn under four-dimen- 
sional rotations leads to the isotropy of this space, which means that all directions 
in the pseudo-Euclidean space-time have equal status. 

Thus, the pseudo-Euclidean space-time admits of a ten-parameter group of 
motions consisting of a four-parameter translation subgroup and a six-parameter 
rotation subgroup. The existence of this group of motions and the corresponding 
Killing vectors guarantees ten integral laws of conservation of energy- 
momentum and angular momentum in a system of interacting fields. Indeed, 
allowing for the fact that in the Cartesian system of coordinates V~! = 1 and 
for the general relationship (5.3), we find that in the case of the translation sub- 
group (q, = a,) 

-± r \T*'a m dV = -§dS'T''°a m . 

Since a m is an arbitrary constant vector, this relationship yields 

-± r \T*'dV=-§dSJ™. 

For an isolated system of interacting fields, the expression on the right-hand side 
of this relationship vanishes, as a result of which the total 4-momentum of the 
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system is conserved: 

P n = \ T’o"' dV = const. (5.24) 

Similarly, at we get 

-ST \ -§ds a r-x%„„. 

Since the constant tensor oj m „ is antisymmetric, the above leads us to the follow- 
ing integral conservation law for angular momentum 

( dv [ r-’x" - = - $ ds a [ t®v - T a ’‘x m \. ( 5 . 25 ) 

For an isolated system the total angular momentum is conserved because the 
right-hand side of (5.25) vanishes: 

/Vf""= j rfV|P'V’- T°"x") = const. (5.26) 

Only in the pseudo-Euclidean space-time are there separate laws of conservation 
for energy-momentum and angular momentum of a closed system. 

Note that wo can obtain the solution to Killing's equations (5.2) in arbitrary 
curvilinear coordinates of the pseudo-Euclidean space-time in view of the tensor 
nature of x 1 and t) 1 from the solution (5.23) to these equations in the Cartesian 
coordinate system. To this end we transfer in (5.23) from Cartesian coordinates x‘ 
to arbitrary curvilinear coordinates 4f thus: 

*' - /' <r N ). 

This yields 

Thus, in an arbitrary curvilinear coordinate system of the pseudo-Euclidean space- 
time, the Killing vectors have the form 

r£ = J!^ ttl + J!gl± Ul .r(x N ). (5.27) 

It is not very difficult to generalize Eqs. (5.24)-(5.26) so that they incorporate the 
case of arbitrary curvilinear coordinates. Proceeding in the same manner as we 
did above, we arrive at the following expression for the 4-momentum of an iso- 
lated system: 

P' = \ 1^ — Y(*n) dx' N <trfc dxfc * f ‘ ( * w) P" (*„). 

J dx N 

The antisymmetric tensor of angular momentum in this case has the form 

M"" = [ Y — y (x N j dxU dxi; difi T°" (x N ) [ /"• (*n) - f <*n) -^—l . 

J L dt„ dz N J 

Thus, the geometry of space-time determines the possibility of obtaining integral 
conservation laws. In the case of four dimensions (the physical space-time) only 
spaces with constant curvature possess all ten integral conservation laws; in other 
spaces the number of these laws is less. 
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Our analysis demonstrates that if we wish to have the greatest number of con- 
served quantities, we must reject Riemannian geometry in its general form, and 
for all fields, including the gravitational, we must select one of the above-men- 
tioned geometries of constant curvature as the natural one. Since the existing 
experimental data on strong, weak, and electromagnetic interactions suggests 
that for the fields related to these interactions the natural geometry of space-time 
is pseudo-Euclidean, we can assume at least at the present level of our knowledge 
that this geometry is the universal natural geometry for all physical processes, 
including those involving gravitation. 

This assertion constitutes one of the main theses of our approach to the theory 
of gravitational interaction. It obviously leads to the observance of all laws of 
conservation of energy-momentum and angular momentum and ensures the exis- 
tence of all ten integrals of motion for a system consisting of a gravitational field 
and other material fields. 

As we will shortly show, the gravitational field in our framework, as all other 
physical fields, is characterized by an energy-momentum tensor that contributes 
to the total tensor of energy-momentum of the system. This constitutes the main 
difference between our approach and Einstein's. It must also be noted that in the 
pseudo-Euclidean space-time the integration of tensor quantities, in addition to 
its general simplicity, has a well-defined meaning. 

Another key issue that emerges in constructing a theory of the gravitational 
held is the question of the way in which the field interacts with matter. In acting 
on matter, a gravitational field changes the geometry of matter if it enters into 
terms in the highest-order derivatives in the equations of motion of the matter. 
Then the motion of material bodies and other physical fields in the pscudo-Euclid- 
ean space-time under the action of the gravitational field esn in no way be dis- 
tinguished from their motion in an effective Riemann space-time. 

Experimental data suggests that the action of a gravitational field on matter 
is universal. This led us to formulate the geometrization principle (see the Intro- 
duction). Hence, the effective Riemann space-lime will be universal for all forms 
of matter (see Appendix 5). 

The geometrization principle was formulated in Denisov and Logunov, 1982a, 
1982c, Denisov, Logunov, and Mestvirishvili, 1981a, and Logunov, Denisov, 
Vlasov, Mestvirishvili, and Folomeshkin, 1979, but actually the idea was first 
put forward in Logunov and Folomeshkin, 1977. The principle means that the 
description of the motion of matter under the action of a gravitational field in 
a pseudo-Euclidean space-time is physically identical to the description of the 
motion of matter in the appropriate effective Riemann space-time. In this approach 
the gravitational field (as a physical field) is excluded, so to say, from the de- 
scription of the motion of matter, and the field's energy, figuratively speaking, is 
spent on forming the effective Riemsnn space-time. 

Thus, the eHective Riemann space-time is a peculiar carrier of energy-momentum. 
The amount of energy used for creating this space-time is exactly equal to the 
amount contained in the gravitational field; hence, the propagation of curvature 
waves in the Riemann space-time reflects common energy transfer via gravitational 
waves in the pseudo-Euclidean space-time. This means that in our approach the 
existence of curvature waves in the Riemann space-time follows directly from the 
existence of gravitational waves in the sense of Faraday and Maxwell, waves that 
carry an energy-momentum density. 

We note also that when we introduce the geometrization principle, we thereby 
retain Einstein's idea of the Riemannian geometry of space-time for matter. This 
does not mean, however, that we must inevitably return to GR. The general theory 
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of relativity constitutes a partial realization of this idea, rather than the other 
way round. Hence, the idea of a gravitational field as a physical field that can 
carry energy changes our conceptions about space-time and gravity. The relati- 
vistic theory of gravitation, which realizes this idea, makes it possible to describe 
the entire body of data on gravitational experiments, satisfies the correspondence 
principle, and leads to a number of fundamental corollaries. 



Chapter 6. The Geometrization Principle and General 
RTG Relations 



Without loss of generality, let us assume that the tensor density g 1 * of the metric 
tensor of the Riemann space-time is a local function that depends on the density 
V 1 * of the metric tensor of the Minkowski space-time and the density <P‘ k of the 
gravitational-field tensor. We assume that the material Lagrangian density L u 
is dependent only on the fiolds <D X , on their first-order covariant derivatives, and, 
in view of the geometrization principle, on g‘*. We also assume that the gravi- 
tational-field Lagrangian density depends on y‘ k . on the first-order partial deriv- 
atives of v 1 ". on <5'*. and on the first-order covariant derivatives of <t*'* with 
respect to the Minkowski metric. To derive conservation laws we employ the in- 
variance of the action integral under infinitesimal translations of the coordinates. 
Since for every given Lagrangian density L the action integral J = \ L d'x is 
a scalar, under an arbitrary infinitesimal coordinate transformation the variation 
fi J vanishes. Let us start by calculating the variation of tho material action 
integral / M = ^ Lyt d l x brought on by the transformation 

*'• - z* + V (x). (0.1) 

where £' (x) is an infinitesimal 4-vector of displacement: 

“ 5 d ' x [-j=5r 6l *"" + 4*7 ^ + di v ] ” °- < 6 ' 2 > 

Hero div stands for the divergence terms, which in the present chapter play no 
rolo in our discussion. 

The Eulerian variation is defined in the usual way: 

f>L dL q dL . a *> dL 

6<f ~ 39 " 9 («n<P) * " k 9 Ww) 

The variations 6 L g m " and 6 L <J) A generated by the coordinate transformation (6.1) 
can easily be calculated if we employ the transformation laws: 

tJb- +?"o»r-o» «*?•"). < 6 - 3 ) 

6 L ®„ = -?D t U> A + Fa] i<t> a Dn?. ( 6 . 4 ) 

Here and in what follows the D» are the covariant derivatives with respect to the 
Minkowski metric. Substituting (6.3) and (6.4) into (6.2) and integrating by parts, 
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we get 






+ °‘ ( w K if . ) + O m O A ] + div} = 0. 



Since tlie vector l m is arbitrary, the condition 6 /„ = 0 yields the following 
strong idontity: 







(6.5) 



which is valid irrespective of whether or not the equations of motion of the fields 

are valid. 

Let us introduce the following notation: 



r «- 2 -£&' r '"=- 2 -& = «"V^ap. (6.6a) 

2 Sr- f-= (6.6b) 

6 f m 5|mn 



where T mn is the material energy-momentum tensor density in the Riemann space- 
time and is known as the Hilbert-tensor density. 

If we allow for (6.6b), we can represent the left-hand side of (6.5) in the follow- 
ing form: 

o k ifJh-ilFDAp-dt 

The right-hand side of this equation can easily be reduced to 

d,(f m J')-^?”d m f kp = g an Vs (f*»— i.?"?), (6.7) 

where T = g«,, 2 n, ’\ and V* is the symbol of covariant differentiation with respect 
to the metric of the Riemann space-time. 

On the basis of (6.7) we can now write the strong identity (6.5) in the following 
form: 

SLVa(f“-i?-r) = -D k (6.8) 

In view of the principle of least action the equations of motion for tho material 
fields have the form 

J£=0- (6.9) 

Combining this with (6.8) results in the weak identity 

V m (r"" -!?“?)= 0. (6,10) 

Note that the energy-momentum tensor density for matter, T in the Riemann 

space-time is related to T"’“ in the following manner: 
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Hence, (6.10) results in the following covariant equation of conservation of matter 
in the Riemann space-time: 

V m r“ = 0. (6.12) 

Only if the number of equations for a material field is four can we use instead of 
the equations (6.9) for this field the equivalent equations (6.12). The variation of 
the action integral (6.2) can be written in the equivalent form 

6y M =Jd*i{-^6 L ®”'"+-^-6 L ?'" + -^-6 L ^ + div} = 0, (6.13) 

where the variations 6 L $ mn and 6 L v m " generated by the coordinate transforma- 
tion (6.1) are 

6 L a> mn - 3 J* n 0»S" + O km D k r - D t (S*<P'" n ), (6.14) 

«l?" = V*"0»E" +?~D k r - v""D»s*. (6.15) 



Substituting the expressions for the variations 6 L Y mr \ and 6 L cD A into 

(6.13) and integrating by parts, we arrive, in view of the arbitrariness of at 
the following strong identity: 

' §d)mn / \ §(j)kp / ' fly mn > 

- D - (fr^) - F * >*) (6,6) 

which, like (6.5), is valid irrespective of whether or not the equations of the motion 
of matter and gravitational field are valid. 

For an arbitrary Lagrangian we introduce several notations and relationships 
that will be used later: 



I"" = — 2 —xr~ 
&Ymn 



f "— Her* 



'--fe • 



Since L a depends, in view of the geometrization principle, on y mrt only through 
g'" n , we can easily find the relationship linking T mn and 

= = (6.18a) 

6y"" ay"" 

where we have allowed for definition (6.6b). Taking into account the identity 

j£l= _y»ywj£!l 
aym* iy'* 

and combining it with (6.17a), we get 



! (M) = — r P 6- 



(6.18b) 
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Allowing in (6.18b) lor identity (6.6b) and for the fact that 

<*7mn ^Vmn 

we find that (6.18b) yields 

(6.18c) 

d Y mn 

Now, if we compare the identities (6.8) and (6.16) and allow for (6.17a), we obtain 

?*T)=y m ,D„ (rfia >-yY*%.«>)+ 0 * (2-gL-O*”) 

-D m (6.19) 

' 6a>»r 1 

Similarly, from the invariance of the gravitational-field action integral J „ «= 
J L g d‘x under coordinate transformationa (6.1) it follows that 

V m „0» (rS5-4 ?%«») + D„ (2 (6.20) 

' ' ' 60 mn ' ' to>AP ' 

Adding (6.19) to (6.20), we get 

?„«v» (f*»— !■?"?) = y M D h (?"- i ?"T) + Dg [2-^- ®‘") 

• * 

-D m (6.21) 

' 8®»e ' 

Here and in what follows 

r*-= r^+r,*;,. ( 6 .22) 

Owing to the principle of least action, the equations for the gravitational field 
assume the form 




M> m " 5<J>mr. 



(6.23) 



Allowing for these equations, we see that (6.21) yields the most important equality: 

(f*» --j-g*"?) = Ym nDg (?“-■ j-r*"T) . (6.24) 

Since the density of the total energy-momentum tensor in the Minkowski space- 
time is given by the formula 

j-Y*"f. (6.25) 

combining this expression with (6.11) we find that (6.24) can be written in the 
following form: 

= V m r?_ (6.26) 

This formula represents the geometrization principle, namely, that the covariant 
divergence in the pseudo-Euclidean space of the sum of the tensor densities of 
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energy-momentum of matter and gravitational field taken together is exactly 
equal to the covariant divergence in the effective Riemann space-time of only the 
energy-momentum tensor density of matter. If the equations of motion of matter 
hold true, we have 

4^r-v m r?=o. (6.27) 

In our discussion we have assumed that the equations of motion of matter are 
not corollaries of the equations (6.23) for the gravitational field, since only in this 
case will the system of equations (6.23), (6.27) be complete for determining the 
material and gravitational-field variables. The covariant equation of matter 
conservation in the Riemann space-time does not provide a clear picture of which 
quantity is conserved, while the law of conservation of the total energy-momentum 
tensor t” in the Minkowski space-time clearly states that the energy-momentum 
of matter and gravitational field taken together is conserved. Thus, in the present 
theory the Riemann space-time emerges as a result of the action of the gravitational 
field on all forms of matter, hence this space-time is the effective Riemann space- 
time of field origin. The Minkowski space-time finds its precise physical reflection 
in the laws of conservation of the tensors of energy-momentum and angular 
momentum of matter and gravitational field taken together. 

Since in flat space-time there aro ten Killing vectors, there must be ton con- 
served integral quantities for a closed system of fields. Also, since the equation 
that reflects the conservation of the total energy-momentum tensor in the Minkow- 
ski space-time, 

0 m C = Or.(C,„ + C ( M,)~O. (6.28) 

is equivalent to the covariant equation representing matter conservation in the 
Riemann space-time, and the latter is equivalent to the equations of motion of 
matter, we can use Eq. (6.28) instead of the equation of motion of matter. 

It must be especially noted that both matter and gravitational field are charac- 
terized in the given theory by energy-momentum tensors and, therefore, in con- 
trast to GR, there cannot in principle emerge any pseudotensors, with the result 
that all nonphysical conceptions about the impossibility of localizing the grav- 
itational field are absent from our theory. 

if we were to take, following Hilbert and Einstein, the gravitational-field Lag- 
rangian density in a completely geometrized form, that is, depending only on t he 
metric tensor g‘* of the Riemann space-time and its derivatives, soy L, = V —g ft , 
with ft the scalar curvature of the Riemann space-time, then the energy-momentum 
tensor density of a free gravitational field in the Minkowski space-time would, in 
view of the field equations, vanish everywhere: 

?* n -Q. (6.29) 

&T" ay"” ' ' 

Thus, if we take the Minkowski space-time and a physical tensor field possessing 
energy and momentum, we cannot in principle build a completely geometrized 
gravitational-field Lagrangian. Therefore, a theory based on a completely geo- 
metrized Lagrangian cannot in principle describe a physical gravitational field 
in the sense of Faraday and Maxwell in the Minkowski space-time. It has been 
stated in the literature (e.g. see Ogievetsky and Polubarinov, 1965a, 1965b) that 
employing a tensor field with spin 2 in the Minkowski space-time results unam- 
biguously in a GR gravitational-field Lagrangian equal to ft. However, such 
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statements carry no physical meaning because the gravitational-field energy- 
momentum tensor introduced in the argument is zero, as (6.29) clearly shows. 
Therefore, such research is physically meaningless and the results are erroneous. 



Chapter 7. The Basic Identity 

As shown in Barnes, 1965, and Fronsdal, 1958, the symmetric second-rank tensor 
] can be expanded in a direct sum of irreducible representations, one with spin 2, 
one with spin 1, and two with spin 0: 

/'"=ip 1 +p 1+ p o+ /> 0 .)ir/ i *, (7.i) 

™here !*, y 5 = ®' ®"' we denote the projection operators, which satisfy 

the following standard relationships: 

P.P' = 8jP, (here there is no summation over l ), 

Pi? m -(2*+l), S Pi:„ = 1 (6i«r + Oi ) 3 6ir . (7.2) 

It is convenient to first write the operators P, in the momentum representation, 
lo this end we introduce the following auxiliary (projection) quantities: 

jk(v--T). <™> 

U essfy be demonstrated that the operators P, satisfying (7.2) can bo written, 
via (7.3), in the following form: 

Pfi,i = X nl X'-, (7.4) 

p?!m = + x?y ‘ + nm (7.5) 

^ ni -4(Ari7nr + AT^]_Ar„x"'. ( 7.6> 

Formulas (7.4)-(7.6) show that the P"' f are symmetric in the indices (ml) and (nl). 

in the x-representation the projection operators P. are nonlocal integrodiffer- 
ential operators: 5 

(P.”!W M )= J #vP , .?n,(x-y)r , (y). 

The explicit expressions for P{,%(x) and P? ; '„, (x) have the form 

Po? ni (x) •= - lY'"Y, n fi (*) + (y ,m d,d u +y, n d'd m ) D (r) + d,d n d‘d m \ (*)), (7.7) 
PiTnif*)- (SS-yV^Vla) «(i) + {«W,3.4(i) 

+ [4 <6i<ra„ + 6 Sd' 0 , + 6id-d, + 

-l(Y""5 i a n + Y ,„d'd")]0(x). ( 7.8, 

In both (7.7) and (7.8), D (x) is the Green function of the wave equation 

□ D (x) = -6 (x). 



(7.9) 
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and 

A (x) = J" d l yD (z-y)D(y). 

We therefore have the equation 

□ 4(i) = -D(i). (7.10) 

Using (7.7)-(7.10) we can easily verify that the operators P„ and P, are conserved, 
that is, obey the following identities'. 

d,Pl? n >(x)=d'p‘z„(z)-iO. 

diP l i!«>(z)~d n P'l?ni W = °- 

But the operators P, and P a - do not exhibit this property. 

Expansion (7.1) implies that if the tensor field obeys the equation 

d,/'"-0, (7.12) 

it does not contain the representations with spins 1 and O'. This means that such 
a tensor field describes only spins 2 and 0. 

In view of (7.7) and (7,8) it can easily be verified that the operator 

D (2 Po- P,)T = - (6 r - Y n " , Y.«> □«<*)- (V"»A + Yii^") 6 to 

+ i- (6"d m d, + tid'd, -r tiff'd, + tid'd,) 6 (*> (7.13) 

is the only second-order operator that is local and conserved. Acting with this 
operator on the function <p‘' — (1/2) y (i *P. where <p — and allowing for 

(7.7)-(7.10), wo find that 

v™- \ □„[2P 0 (x-y)-/> J (z-y))" n (<p“(y)--jY , 'q> (y)]‘Py 

Zd h e p iy-v” 1 + Y"V"-T*v” , -y , V'i- ( 1M ) 

The structure (7.14) for any symmetric tensor field is noteworthy in that it is 
local and linear, it contains only second-order derivatives, and it satisfies the con- 
servation law, that is, the divergence of H’ m " is identically nil: 

«„rs0. (7.15) 

In what follows we will need structure (7.14) written in terms of the covariant 
derivatives of the metric-tensor density g ,m with respect to the Minkowski metric: 

/*" = D k D p [Y'V"-i- Y p V" , -Y M ’? m - Y"” , ? P J- ( 7 - 16 ) 

From (7.16) it follows that 

0 „r 3 0 , (7.17) 

which we will call the basic identity, since it plays a fundamental role in the 
construction of RTG. 




8. RTG Equations 



45 



Chapter 8. RTG Equations 

Einstein declared that the metric tensor g ik of the Riemann space-time charac- 
terizes the gravitational field in GR. This, however, was a profound delusion and 
it must be discarded, since it is impossible to place physical boundary conditions 
on the behavior of g' k because their asymptotics depends on the choice of the 
spatial coordinate system. In this chapter we construct, within the framework of 
relativity theory and the geometrization principle, the relativistic equations for 
matter and gravitational field. 

The relationship between the effective metric of the field Riemann space-time 
and the gravitational field can be chosen, by definition, to be 

-V~gg ,k = V~y v“ + V~y o“- (8.i> 

Hence, Riemannian geometry emerges here as a certain effective geometry, 
.generated by the action of a physical gravitational field in the Minkowski space- 
time on matter. But for this construction of an effective Riemannian metric in tho 
Minkowski space-time variables to have physical meaning, wo must ensure that 
tha gravitational-field equations contain the Minkowski space-time metric v 1 *. 
In our theory the tensor cD**> is the field variable of the gravitational field, and the 
physical boundary conditions must be formulated for this variable. We will 
assume that tho gravitational field in general has only spins 2 and 0. These physical 
restrictions, as shown in Chapter 7, load in Galilean coordinates to the following 
four equations for the gravitational field: 

= 3,g'*=0. (8.2) 

The Riemannian geometry of space-time is determined by fixing the metric- 
tensor field g, k (z) in a certain system of coordinate maps. Although de Bonder, 
1921, 1926, and Fock, 1939, 1957, 1959, used conditions of the (8.2) type in GR 
(they called them harmonic conditions), they were not able to show in which 
space-time variables these conditions must be written. Nevertheless, Fock, in 
describing problems of the island type, as much as considered harmonic conditions 
in terms of global Cartesian coordinates. But where did he find global Cartesian 
coordinates? They have no place in Riemannian geometry. Intuitively he made a 
correct move, but he could not comprehend its significance. If he had clearly under- 
stood that Eqs. (8.2) are valid only in an inertial reference frame, in Galilean coor- 
dinates of the Minkowski space-time, he could have arrived at the conception of 
a gravitational field as a physical tensor field in the Minkowski space-time. Fock 
focused especially on the importance of harmonic coordinate conditions for the 
solution of island problems. For instance, he wrote (Fock, 1959, p. 351): 

The above remarks concerning the privileged character of tho harmonic system of coor- 
dinates should not be understood, in any case, as soma kind of prohibition of the use of 
other coordinate systems. Nothing is more alien to our point of view than such an inter- 
pretation. 

And further (p. 352): 



...the existence of harmonic coordinates, ... though a fact of primary theoretical and prac- 
systems P ° rt * nCe ' d0eS DOt W “ y prcclude ,he u9e of ° th er, non-harmonic, coordinate 



Fock also wrote (soe Fock, 1939, p. 409): 



We believe that the possibility deserves to be noted of introducing, in the 
ol relativity, a fixed inertial coordinate system in a unique manner. 



general theory 
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Developing this idea, Fock could probably have arrived at the concept of a grav- 
itational field possessing energy-momentum density- But he did not. Did he 
attempt to consider the gravitational field as one of the Faraday-Maxwell type in 
the Minkowski space-time? No, he was far from this idea and explicitly said so 
(see Fock, 1939, p. 409): 

We mention this only in connection with the wish observed at times (which wo in no way 
share) to place the theory of gravity into the framework of Euclidean space. 

In GR, as Fock wrote (see Fock, 1959, p. 326), 

Gravitational energy can be separated out in the form of additional terms in the energy 
tensor only in an artificial manner by fixing the coordinate system and reformulating the 
problem in such a way that the gravitational field is taken to be superimposed on a space- 
time of fixed properties, just as is done in Newtonian theory. The additional terms in the 
energy tensor that correspond to gravitational energy do not possess the property of co- 
variance (i.e. they do not form a tensor). 

And further (p, 326); 

According to the choice of coordinate system the values of these terms at a given space-time 
point may prove to be zero or non-zero, which would be impossible for a tensor |lbts is still 
not understood by some researchers— The authors]. Therefore gravitational energy cannot be 
localized. 

Irrespective of some insights, Fock was deeply averse to both the idea of the Min- 
kowski space-lime and the idea of the gravitational field of the Faraday-Maxwell 
type os playing any role in the theory of gravity. From the standpoint of our theory, 
Fock in solving island problems unconsciously dealt simply with ordinary Gali- 
lean coordinates in an inertial reference frame, and the latter, as is known from 
the theory of relativity, are preferred, of course. As a result, in his calculations 
involving island systems, the harmonic conditions emerged not as coordinate con- 
ditions, as he believed, but, as we will later see, as field equations in Galilean coor- 
dinates of an inertial reference frame. 

Thus, Fock considered harmonic conditions only as preferred coordinate con- 
ditions and nothing more, and only for problems of the island typo. This is under- 
standable, since lie, like all his great predecessors, was chained to Riemannian 
geometry, which in principle did not allow for a deeper penetration of the essence 
of the problem. To take this important step and advance these conditions as uni- 
versal and covariant, it was necessary to repudiate the ideology of GR, get out 
of tho jungle of Riemannian geometry, extend, contrary to the GR prescription, 
the principle of relativity to gravitational phenomena, and introduce the idea of 
a gravitational field as a physical field in the sense of Faraday and Maxwell, that 
is, possessing energy and momentum. All this has been done in our theory, with 
an arbitrary choice of system of coordinates, fixed only by the metric tensor y ,k 
of the Minkowski space-time, as is common practice in the theory of elementary 
particles. Equations (8.2) are universal in our theory, since they are equations 
governing the gravitational field and have no relation to the choice of the coor- 
dinate systems. In the Minkowski space-time these equations can be written in 
covariant form as follows: 

/^D,O“ = D,?* = 0. (8.3) 

Only in Cartesian (Galilean) coordinates do the field equations (8.3) assume the 
form of harmonic conditions. But writing the harmonic conditions within the GR 
framework in terms of Cartesian coordinates runs contrary to the GR ideology 
since in the Riemann space-time there can be no global Cartesian coordinates. 
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On the basis of Chapter 7 we can say that the field equations (8.3) automatically 
exclude spins 1 and 0' from the gravitational tensor field. Thus, for the fourteen 
sought variables describing the gravitational field and matter we have already 
built four covariant equations (8.3). To construct the other ten, we use a simple 
but far reaching analogy with the electromagnetic field. Since any vector field A " 
contains spins 1 and 0, it can be expanded in a direct sum of appropriate irreducible 
representations. This expansion can be realized via the projection operators (7.3) 
introduced in Chapter 7: 

A" = X" n A" + YIA-, (8.4) 

where operator JVJ, is conserved, that is, satisfies the identities 

d n Xi=, d"X” m s 0, (8.5) 

while operator YZ, does not possess this property. 

From electrodynamics it is known that the source of an electromagnetic field 
* ls ? conserved electromagnetic current Therefore, in constructing the equa- 
tion of motion of the field it is natural to use the conserved operator XZ, too. 
lhis operator is nonlocal, but on its basis we can build a unique, local, linear, and 
conserved operator that contains only second derivatives. Applying this 

operator to A m , we get an expression which in terms of covariant derivatives has 
the form 

y m ’‘D m D,A r '-D n n„A m . 

Postulating the equation 

V™*O m 0»rr-0"O m /r.= 4 n r, (8.6) 

we arrive at the well-known Maxwell equations. 

t . ho ,n . ost important features of the electrodynamics equation (8.6) is 
that it is invariant under the following gauge transformation: 

A* - A" + D\. (8.7) 

with ip an arbitrary scalar function. 

None of the physical quantities is affected by the gauge transformation (8.7). 
lhis means that none depends on the presence of spin 0 in the vector field A". 
Hence, the gauge transformation can be selected such that spin 0 would be excluded 
once and for all from the vector field. This means introducing the condition 

D„A" = 0. (8.8) 

Thus, in electrodynamics condition (8.8) can be introduced, but this is not a nec- 
essary condition because spin 0 of the vector field has no efiect on physical quan- 
tities due to gauge invariance. 

Allowing for (8.8) in (8.6), we arrive at a system of equations 

y"' k O m D k A" = 4n/", (8.9a) 

(8.9b) 

which determines a vector potential A" possessing only spin 1. 

Hie Lagrangian formalism that leads to these results is well known. Note that 
the idea of constructing a theory of interactions of vector fields (both Abelian and 
non-Abel mn) based on gauge invariance proved to be extremely fruitful and is 
being successfully developed. 
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The problems that we encounter in setting up the remaining equations for a grav- 
itational tensor field are of quite a different nature, since the source of this field, 
the energy-momentum tensor, is noninvariant under gauge transformations of 
field ® ih . We will discuss this aspect in greater detail later. For the present, by 
analogy with Maxwell’s electrodynamics, we will construct the remaining equa- 
tions for the gravitational tensor field. The second-rank tensor that is conserved 
is the energy-momentum tensor of matter and gravitational field in the Minkowski 
space-time, t“". Hence, it is natural to take it as the ultimate source of the grav- 
itational field. Since, as established in Chapter 7, the simplest identically con- 
served tensor linear in g mn is by analogy with electrodynamics we can pos- 
tulate the validity of the following equations: 

/« a D y D„ |/V" + /-?-—/»■?«- y-?1 = X (*37 + (8.10) 

Generally speaking, such a type of equation presupposes the automatic validity 
of the law of conservation of the energy-momentum tensor of matter and grav- 
itational field in the Minkowski space-time, 

' 0, (8.H) 

and, as a corollary (see Eq. (6.27)), the validity of the covariant conservation law 
for matter in the Riemann space-time: 

V m r"" -0. (8.12) 

The Hilbert energy-momentum tensor T""' can be specified phenomenologically. 
In this case Eqs. (8.12) constitute the equations of motion of matter. 

Combining (8.3) with (8.10), we get 

?'D k D^ X (£?+«,). < 813a > 

Dmfr mn “0. (8.13b) 

This system of equations, (8.13a) and (8.13b), is the sought system for RTG. 

The role of Eqs. (8.13b) in RTG is essentially different from the role that (8.8) 
plays in electrodynamics. Indeed, although the left-hand side of (8.10) is in- 
variant under the gauge transformation 

~mn _ ~-» + /T? + - T mn 0»{\ (8.14) 

where -yI" is the density of an arbitrary 4-vector s" (*), in tho theory 

we do not have the arbitrariness of the (8.14) type since the right-hand side of 
(8.10) is noninvariant under transformation (8.14). For this reason, Eqs. (8.3) 
cannot follow from Eqs. (8.10). 

Hence, in RTG Eqs. (8.3) constitute additional independent dynamical equations 
for the gravitational field rather than coordinate conditions. 

The main problem in constructing a theory is to establish whether there exists 
a Lagrangian density for a gravitational field with spins 2 and 0 that would auto- 
matically lead, via the principle of least action, to Eqs. (8.13a). The total Lag- 
rangian density of a gravitational field O'* that describes spins 2 and 0 and is 
quadratic in the first derivatives of the field has the form 

L, = ag^ n ,g'WD#™ + b tk flJPDjr 



(8.15) 
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A characteristic feature of this Lagrangian is that the convolution of covariant 
derivatives taken with respect to the Minkowski metric is achieved via the effective 
metric tensor g’* of the Riemann space-time. It can be shown that this restriction 
on the gravitational field is a consequence of the gcometrization principle and the 
structure of the gravitational field, which possesses spins 2 and 0. 

In view of the principle of least action, the system of equations for the gravita- 
tional field assumes the form 

J^ + J^ = 4^ + “«. = 0. (8.16) 

8®u 6®** 6*“ 6g‘* 

where we have allowed for (8.1), is the material Lagrangian density, and L t 
is specified .in (8.15). 

To roprescnt the system of equations (8.16) in the form (8.13a) we must select 
in an unambiguous manner the constants a, b, and c in the Lagrangian densi- 
ty (8.15). To this end we use formulas (6.17), (6.22), and (6.25) and find for Lagran- 
gian L = + Lu the energy-momentum tensor density t m " for matter and 

gravitational field in the Minkowski space-time. Calculating the variation of the 
total Lagrangian over y m „, we find that 

r 1 ' = 2 V~1 ( V" V” - j V m "V M ) -4r^- + 26/”" 

+ D„ <(2a + 6) \HTt km + wry*" - J/TV'l 
-2( a + 2c)y”V»g„D t ?»), (8.17) 

where 

//r- (?'A?"+ g"'©,?') <„». 

We see that the equations 

t"" = 26/™" + D p {(2a + 6) |/7j"y*” + /rTV— »TY P I 

-2(a+2c)y"*?'^?«> (8.18) 

are equivalent to the field equations (8.16). If we wish the condition 

0 m r n =0 (8.19) 

not to produce any new equation for field il) 1 *, since this would lead to an over- 
determined system of equations, it is necessary and sufficient that the coefficients 
a, 6, and c satisfy the following conditions: 

a=— i-6, c = j6. (8.20) 

If the constants are selected in this manner, we arrive at an identity: 

D m t mn bO. 

Thus, the equations of the motion of matter follow directly from the equations for 
the gravitational field. Allowing for (8.20), we find that (8.18) assumes the form 

D P D> ( Y *">" + y*V“ - g" Y p - v"V p ); ‘=-j r (C+ US) 

( 8 - 21 ) 



4-02D7 
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This coincides with Eqs. (8.10), which were written by analogy with electrody- 
namics, if we pat 26 = 1/X. 

Thus, the Lagrangian density that leads us to field equations in the form of 
(8.21) is 

W = 4 : - J g>mgn<? P D,?'Opr" 



+ 1 . ( 8 . 22 ) 

The correspondence principle implies that 

X = — 16n. (8.23) 

If we allow for (8.23) in (8.22), we get 

= l£"" D '? n (8.24) 

where the third-rank tensor Gf„ is defined thus: 

j (Dj, p + D,g mp (8.25) 

We can also write L, in the form 

£„= js- ^ V~g g™ I Gl„GU - CLC?,]. (8.26) 

The first to consider such a Lagrangian was Rosen, 1940, 1963. The third-rank 
tensor G*, in (8.26) is defined as follows: 

G k „ l = tg* p (D n g„+D l g p „-D p g lm ). (8.27) 



It is easily verified that Lagrangian (8.26) can be transformed into the sum 
of two terms, one of which does not contain the metric coefficients y mn and the 
other, which depends on y m ", is written in the form of the divergence of a vector 
and, therefore, does not affect the field equations. 

If we allow for Eq. (8.3), the complete system of RTG equations for matter and 
gravitational field is (see Logunov and Mestvirishvili, 1984, 1985a, 1985b, 1986b, 
Vlasov and Logunov, 1984, and Vlasov, Logunov, and Mestivirishvili, 1984) 

yr k D p D k g"' n = i6nt mn , (8.28) 

O„?"" = 0. (8.29) 

Obviously, in a Galilean system of coordinates Eqs. (8.28), (8.29) assume the form 

□ g"" = 16nr n , (8.28') 

d m g mn =0. (8.29') 

Equations (8.28) and (8.29) clearly show that the Minkowski space-time enters 
into all the gravitational-field equations in an essential way. But this means 
that it will find its physical reflection not only in the fundamental laws of nature 
but also in the description of various natural phenomena. 

The general-covariant RTG equations (8.28) and (8.29) closely resemble the 
general-covariant equations of electrodynamics, (8.9a) and (8.9b), in the absence 
of gravitational fields. In electrodynamics the electromagnetic field is a vector 
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field and its source is the conserved electromagnetic current Equation (8.9b) 
excludes spin 0 from the vector field. In RTG the gravitational field is a tensor 
field and the source is the conserved tensor density of the energy-momentum of 
both matter and gravitational field. For this reason Eq. (8.28) is nonlinear even for 
a free gravitational field. Equation (8.29) excludes spins 1 and 0' from the tensor 
field. 

The equations of RTG and electrodynamics acquire an especially simple form 
in the Galilean coordinates in an inertial reference frame. 

If we were to restrict our discussion to the first system of equations (8.28), the 
division of the metric of the Riemann space-time into the metric in the Minkow- 
ski space-time and the gravitational tensor field would be of a purely nominal na- 
ture and with no physical meaning. The second system (8.29) of four field equations 
drastically separates everything that refers to forces of inertia from everything 
that refers to the gravitational field. The two systems of equations, (8.28) and 
(8.29), are general covariant. The behavior of the gravitational field is restricted, 
as usual, by appropriate physical conditions in a given, say Galilean, system of 
coordinates. In GR it is impossible to formulate the physical conditions imposed 
on metric g mn if one remains within the framework of the Riemann space-time, 
since the asymptotic behavior of the metric always depends on the choice of the 
three-dimensional system of coordinates. 

Let us now find the explicit form of the system of equations (8.16). If we take 
Lagrangian (8.22), it can be demonstrated that 



and 



Hence, 






»L 



a (D k g mn ) 






tiLg ^ dL, p SI,, 
6l m " * S(D*?" n ) 






(8.30) 



whore H m „ is the second-rank tensor of the curvature of the Riemann space-time: 
flmn = G»Gjm — D m G'„, + GjmGil — GJ,|GJ,». (8.31) 

Since in view of (6.6b) and (6.11) we have 

2 ^ 7 = V~ g ( Tmu T g ™ T )’ < 8 - 32 ) 

Eq. (8.16) yields 

V »rn, - 8n ( T mn - ^ g mn r) . (8.33) 

that is, we have arrived at the system of Hilbert-Einstein equations, the one 
important difference being that all field variables in the Hilbert-Einstein equa- 
tions in our theory depend on universal spatial-temporal coordinates in the Minkow- 
ski space-time. In an inertial reference frame these universal coordinates can be 
chosen to be Galilean. It must be emphasized that the system of equations (8.28) 
does not coincide with the system of Hilbert-Einstein equations (8.33). Only if 
the general-covariant equations (8.29) hold true does the system of Hilbert-Ein- 
stein equations, formally written in GR in the variables of the Minkowski space- 
»• 
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time, reduce to the system of equations (8.28), and these depend essentially on 
the metric tensor of the Minkowski space-time. 

It has long been known (see Rosen, 1940, 1963, and Tolman, 1934) that Lagran- 
gian (8.26) leads to system (8.33). We have shown, however, that for a gravitation- 
al field with spins 2 and 0 the gravitational-field Lagrangian density (8.22) is 
the only one that leads to a self-consistent system of equations for matter and 
field, (8.28) and (8.29). This means that the RTG equations are the only simplest 
second-order equations that can exist. 

In view of the importance of the equivalence of Eqs. (8.28) and (8.33) in the 
Minkowski variables, we can give another variant of the proof of the above state- 
ment based on direct calculations of the tensor densities tfj? and t"V !, provided 
that (8.29) is valid. 

If we take formulas (6.17) and the Lagrangian density (8.22) and allow for (8.1), 
we will find that the gravitational-field energy-momentum tensor density in the 
Minkowski space-time is 

'<«>= - Wt Jm ”~ ( V" V‘ - ^ Y""Y M ) R P h- (8.34) 

We see that the second-rank curvature tensor R pk of the Riemann space-time has 
emerged automatically. Similarly, using formulas (6.17) and (8.1) and the defini- 
tion (6.6a) of the Hilbert-tensor density, we arrive at the following formula for 
the material energy-momentum tensor density in the Minkowski space-time: 

yT-r) (r pk -jg pt T). (8.35) 

Substituting (8.34) and (8.35) into the field equations (8.10), we get 

( TV* -4 Y"V* ) [flea- ( T p „ g,j)] = 0, 

which leads us to the system of equations for the gravitational field in the form 
of (8.33). 

The complete system of equations for matter and gravitational field, (8.28) 
and (8.29), is equivalent to the following system of equations: 

V ~~~g Rmn = 8.1 ( T mn -1 g m „T ) , (8.36) 

D~r"~ 0. (8.37) 

Thus, although in RTG the complete system of equations (8.36) and (8.37) does 
contain the system of Hilbert-Einstein equations, the content of the latter changes 
substantially,* since the spatial-temporal variables now coincide with the vari- 
ables of the Minkowski space-time. We must again emphasize that Eqs. (8.37) are 
universal, since they are field equations describing gravitational fields with spins 
2 and 0; they unambiguously separate forces of inertia from gravitational fields. 
Within the framework of GR this is impossible to do in principle. The choice of 
the reference frame (or system of coordinates) is fixed by the metric tensor of the 
Minkowski space-time, while Eqs. (8.37) lay no restrictions on the choice of the 
coordinate system. 



• Equations (8.36) do not contain metric n k , and it is meaningless to speak of yi t in GR, 
This implies that the statement ol Zel'dovich and Grishchuk, 1986, that GR can be constructed 
on the basis of the Minkowski space-lime is erroneous. 
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Note that some aspects of the theory of gravitation in the Minkowski space-time 
have been considered in Gupta, 1952, Kohler, 1952, 1953, 1954, Papapetrou, 1948, 
Pugachev, 1958, 1959, 1964, Rosen, 1940, 1963, and Thirring, 1961. However, 
even scientists who were on the right track at the beginning failed to understand 
this and took a different direction in building the theory of gravitation, a direction 
that has not led to a complete theory. 

In conclusion, one remark is in order. The system (8.3) whose validity we have 
postulated, does not follow from the principle of least action. Therefore, in apply- 
ing this principle to Lagrangian (8.15), we were forced to allow for Eqs. (8.3) by 
introducing in the integrand in the action integral a term of the form r\-D n g m ", 
where t| m are Lagrange’s multipliers. An analysis of this problem can be found 
in Appendix 2. 



Chapter 9. Relationships Between the Canonical 
Energy-Momentum Tensor and the Hilbert Tensor 



The gravitational-field Lagrangian density depends on the metric-tensor density y"" 1 , 
the gravitational-field tensor density d*"", and their first derivatives. Under 
a coordinate transformation (6.1) the variation of action, 6 J t , is zero: 

&J,= [ J'x |'D t /* + ^_6 l .O"“ + -^t-6LV"'"l = 0- (9.1) 

J L mn J 

Here 

J*--&l+K£DJS*. (9.2) 



whore the canonical tensor density 



tp = + - ! h .. DJ™ = - 6*L a + dL l D p f 

3(3„0">") 3 (»**"•"> 



(9.3) 



and the third-rank tensor density X? has the form 

= 2 — ^ — 5>'« 

3 (3 t 0 mn ) 3 (3 t 0'i) 

+ 2 — — y^-SS, — — y‘i. (9.4) 

3 (0*y>» n ) 3 (a»y'o) 



Substituting into (9.1) formulas (6.14) and (6.15) for variations and 6 L y’" n 

and bearing in mind that the integration volume Q is arbitrary, we obtain the 
following identity: 

P r - K£D r D t \”' 

L 6 <t> mn J 

+ D e r rti- - D k K£ - 2 5>»" + «. 4^- 3*' 

_ 2 -5£l_ y- + 6S, -54 s - V ql 1 = 0. 

&y mn byl 1 



(9.5) 
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Since the displacement vector e p is arbitrary, the last expression yields the follow- 
ing strong identities: 

D,4= (9.6) 

W>™" 

tt - D p Ki!‘ - 2 - ai, ®*' 

6$™" M)1' 

+ 2 -4c*- y*" — 6m ?*', (9.7) 

Sy™" 6 ys' 

A'* p =. -A* (9.8) 

Since the metric-tensor density g mn of the effective Riemann space-time and the 

gravitational-field tensor density <I> m " are linked by the relationship 

+ 5>” , », (9.9) 

we can write 



80"" «*™» aia,®™") a (Op*™") 

With these equations in mind, we can write 

HL, p, dL, *y'k, 



d{» p y"‘ n ) a(D p *™") 



^ (/>*r»>> *(VT"> 
*rlh 



*<*>««) «(i P y-") 

Here the y«a are Cristoffel symbols for the Minkowski space-time: 
vj* = { y" (*«Y*i+ a *Y/»-0/Y»»)- 

Elementary calculations lead us to the following expression for Ajf: 



p.- - 

a (Dp?"") 



a (o,*™ n ) 



f?"Yvm r~~ ? 2£l_Y*'l 

e a(D»*i») a (Dp*'") J 

+ - “1 Y.™l?’ l Y w -?V’l- (9-10) 

a (o,*»") 

Since the energy-momentum tensor density of the gravitational field is defined as 

= (9.11) 

6 y mn &-/T0 

wo can write (9.7) as follows: 

< ( *„m = t* - DX ’- 2 -#L 5i«” + 6‘„ -$£*- 3>«. (9. 12) 

6m™ n to'"' 

This form establishes a relationship between the Hilbert-tensor density in the 
Minkowski space-time and the canonical energy-momentum tensor density. 
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For future discussions it is expedient to introduce the following quantity as 
a characteristic of the gravitational field: 

<01 

— '<m — 1 , (9.13) 

which in the case of a free gravitational field coincides, in view of (9.12), with the 
Hilbert energy-momentum tensor density. 

The system of equations (8.28), (8.29) for matter and gravitational Bold can be 
written in a somewhat different form in terms of the Hilbert energy-momentum 
tensor density in the Riemann space-time. To this end let us calculate the third- 
rank tensor density Kg* using formula (9.10) and the Lagrangian given by (8.24) 
and (8.25). 

Employing the fact that 



wo obtain 



•la. 

t) (D*7 mn ) 




16 *«f = +?i, [?'&— y"G?.] 

Substituting the expression for g 5,„ (8.25), we find that 

16nA'£ - g„„D , (?«?' -?«?") 

-ymnD, (?«Y^ + g»V « — g”y** - g*"v™) . (9.14) 

Combining this with the definition (9.13) of wo arrive at the following 

formula: ° 

l< L = T m— f^T (9.15) 

whore the antisymmetric tensor density o*p is defined as 

^HmnDy (}"}*" — g'V” 1 ), (9.16) 

and by J hrl we denote the well-known quantity (7.16). 

Substituting into (9.12) the expression (9.14) for Kg* and going on to variations 
in metric g mn , we obtain 

< w- - ■ *-■ IET D & - -rar + J ^ L - [fl!.-T«S.«] 

(9-17) 

Now if we use formula (8.34) and lower one index via metric y nm , we find that 

= ikr - J ^ L [ - T • ( 9 - 18 ) 

Comparing (9.17) and (9.18), we arrive at the following relationship: 

* ■ — isr d p«* = - [fli-4- «s.u] . 



(9.19) 
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Here the canonical tensor density xj, is given by (9.3), that is, 

= - 8» i, + BL l A?”. 

3(0**™) 

where the Lagrangian density L, is written in terms of covariant derivatives in 
the Minkowski metric and has the form (8.24). Empolying (9.19), we can write 
(9.15) as 

‘L= - O-T**-*] ~ 1ST W*- < 920 > 

Earlier we established that the RTG system of equations (8.28), (8.29) for matter 
and gravitational field is equivalent to the system of equations (8.36), (8.37). 
Equation (9.20) can be used to write the RTG system of equations for matter and 
gravitational field in an equivalent form, namely, 

~ ( 0 ) 

Ym.Y”^Ar , -16 J i(n+f(", ) -). (9.21) 

o Jr m " « 0, (9.22) 

where 7'S, is the Hilbert energy-momentum tensor density (6.6a) for matter in tho 
Riemann space-time. Obviously, in view of Eqs. (9.21) and (9.22), the law of 
conservation of the energy-momentum tensor density for matter and gravitational 
field has the form 

(0) 

A(A + f!L>m) = A ((&» + &») - A(7'm+ iy = 0. (9. 23) 

The covariant law of matter conservation in the Riemann space-time can be repre- 
sented in equivalent form: 

V„rc -«„71-4- r”d m g„, em D. K - gut; - 0. (9.24) 

Comparison of (9.23) and (9.24) yields 

CLnTy = — A&>»- (9 25) 

The last expression clearly shows that matter receives energy and momentum 
directly from the gravitational field, with the total energy-momentum tensor of 
matter and gravitational field being conserved exactly. Construction of the relativ- 
istic theory of gravitation on the basis of the Minkowski space-time and tho 
geometrization principle enabled us to deal only with covariant quantities at 
each stage of our discussion. 

In conclusion a remark is in order. Using (9.19), we can write the RTG Hilbert- 
Einstein equations in the form 

0,0*" = (T* + xJJ 16n, (9.26) 

where o*, p is given by (9.16) and constitutes a third-rank tensor, and x*,, whose 
explicit form for Lagrangian (8.24) is 

< ~ 1ST [ 6 ™ ( tuDorD?* + T P'Af + -f ) 

- ( 2 ~g, p D~g^ + \ A?’] , (9.27) 

is a second-rank tensor with respect to general coordinate transformations. The 
tensor quantities xjj, and contain covariant derivatives with respect to the 
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Minkowski space-time metric y'\ but in the diSerence t* — D p oi? the depen- 
dence on the metric tensor y“ cancels out if we ignore the RTG equations (8.3) 
(see Appendix 1). Hence, the Hilbert-Einstein equations assume the form 

df/ff = (7* 4- t* ) 16n. (9.28) 

Here neither t£, nor d p of’’ contains y u and the two have common partial deriva- 
tives and, hence, are not tensors with respect to general coordinate transformations. 

Thus, if we ignore the RTG equations (8.3), the Hilbert-Einstein equations (8.33) 
can be represented only in form (9.28), since the introduction of metric v'* in OR 
has no physical meaning. The Hilbert-Einstein equations written in terms of 
arbitrary coordinates of the Riemann space-time lead to a differential conservation 
law of the form 

d*(r* +t*,) = 0. (9.29) 

But this law has no physical meaning, a fact that can easily be verified if for 
the variables x* we take spherical coordinates, for example. Relation (9.29) can 
bo given physical meaning if we consider it in Cartesian (or Galilean) coordinates. 
However, in the Riemann space-time, and therefore in GR, it is impossible to 
introduce global Cartesian coordinates. 

RTG equations have meaning only in the coordinates of the Minkowski space- 
time, and there is no way in which these equations can be rid of the metric tensor 
of this space-lime. The conservation law here assumes the form 

0.<n+t*.)-O, (9.80) 

with tj, a tensor (see (9.27)). Selecting Cartesian coordinates leads to the following 
law of conservation: 

(*1+^-0. (9.3!) 

In RTG, just as in oilier physical theories, the metric y 1 * enters into the field 
equations (9.22) and fixes a certain chosen class of reference frames. In this class 
the law of conservation is uniquely defined and has the covarianl form (9.30). 
In RTG, in Galilean coordinates of the Minkowski space-time, the law of conser- 
vation acquires the especially simple form (9.31) and, as usual, the choice of 
these coordinates does not violate the covariance of the theory. 

Since Eqs. (8.3) contain the metric tensor of the Minkowski space-time, y**, by 
substituting these equations into (9.26) we can reduce the latter to equations that 
contain y 1 *. The solution of RTG equations depends on the choice of the metric of 
the Minkowski space-time. 



Chapter 10. The Gauge Principle and the Uniqueness 
of the RTG Lagrangian 

When in Chapter 8 we considered the Lagrangian density (8.15) of the gravitational 
field O 1 *, a Lagrangian density describing spins 2 and 0 (Eq. (8.15) does not con- 
tain covariant derivatives of the form D m g mk ) and quadratic in the first derivatives 
S3 D m g ,k , we arrived at the unambiguous conclusion that only a Lagran- 
gian of the form (8.24) leads us to field equations of the (8.21) type. 
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In this chapter, to construct the RTG Lagrangian density L g for a free gravita- 
tional field, we employ a method quite different from the one used in Chapter 8. 
We will use the local gauge group of transformations of the gravitational field 
and formulate the gauge principle. 

Let us consider the Hilbert-Einstein equation in the weak-field approximation. 
For <J> m " in the first order in the gravitational constant C we have the fol- 
lowing formula: 

<D" =y — v<D’" n — j-v" 1 "®*, 

( 0 ) 

where q> m " is a solution to the linearized equation (8.36). As is known (Thirring, 
1961), the linearized Hilbert-Einstein equation is invariant under a local gauge 
transformation 

(0) io> 

_ O'”" + Y'"‘Z\e" (x) + y n *£),e m (z), 

( 0 ) 

where the 4-veclor e" (z) is an arbitrary infinitesimal parameter. When <P m " is 
transformed in this manner, the infinitesimal increments of <5'"" and g"" in an 
approximation linear in G have the form 

60>”>" a 6 g m " am y"*0 k e n -f- y nt D k e m - D k (e'f*). (10.1) 

For an arbitrary gravitational field a natural generalization of the local gauge 
transformation is 

- 6 ,g" n - g m *V»e n + g"*Vi,e" - V* (a‘g" n ). (10.2) 

This expression can be obtained from (10.1) if on the right-hand side of (10.1) we 
add the gravitational field <D m " directly to the metric-tensor density y mn , that 
is, if a stretching transformation 

y"na _~”ia 5v"i 

is periormed. Since 

V»e" = D k e n + Glpt 1 ' (10.3) 

and 

V* (■*?") = D h (e*i"") + Gl't'e’*' +C,Vr, (10.4) 

the right-hand side of (10.2) can be written in the equivalent form 

6,$"”* =««?’ n =g"*D»e’ , + g"*D„e" -D k (e*g""). (10.5) 

Similarly, on the basis of 

D k t"~d k e* + yi^ (10.6) 

and 

D k («*?"“) = S k (e*? 1 ") + Tl.t'r+J?/?', (10.7) 

we obtain for (10.5) the following representation: 



6,<£ mn = 6 t r" = g"*d,e" + g"*d„e" - d k (eV”). 



( 10 . 8 ) 
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Comparing (10.2), (10.5), and (10.8), we see that the right-hand sides are in- 
variant under the transformations V» —* D», D k — • d h , and v» ~ 

Let us now demonstrate that the operators 6, form a Lie algebra. To this end 
we use representation (10.5), according to which 

= 6j-D 4 e3 + 8j"‘D 4 e?— e‘0,, (6 t - 0_e t ‘6 ti r \ 

6e, = 6.f"D k t:+ 6, - 0»e‘ fij™". 

Hence, for the Lie commutator we have the following formula: 

(M.,- 6. A.) (10.9) 

ei = e^!-e{0,e' (10.10) 

Using Eqs. (10.3) and (10.6), we can easily demonstrate that the (10.10) is form- 
invariant under the transformations — />,, d, <-* V b , and O, — V,. 

Note that while for 6,g"" Eq. (10.5) formally coincides with Eq. (6.3) for an 
infinitesimal increment of g”" (x) generated by coordinate transformations (6.1), 
for field 0)“" (i) Eq. (10.5) differs substantially from an infinitesimal increment 
of the field, (6.14), generated by coordinate transformations (6.1). Hence, gauge 
transformations (10.5) arc supercoordinate. 

We are now ready to formulate the gauge principle. If the Lagrangian density 
changes under a gauge transformation (10.5) only by the divergence of a func- 
tion, we will say that it satisfies the gouge principle. It is easy to show that 
under a gauge transformation, that is, 

^"(i) — g , "(i) + 6,g , ’"(x), (10.11) 

with 6,g mn (j) specified by (10.5), Lagrangian (8.22) is transformed according to 
the law 

L,-»I, + D,<?‘(i). (10.12) 

with 

Q" (*) - -«*A - - D„ (e"Oj f"*)]. (10.13) 

Hence, the free-gravitational-field Lagrangian density (8.22) found in Chapter 8 
satisfies the gauge principle. 

Let us now establish the general requirement imposed on the structure of a Lag- 
rangian density that satisfies the gauge principle. Suppose that L t changes under 
a (10,5) transformation only by the divergence of a function. Then the variation 
of action for such an L s is zero: 

6.J, = j 6.L, (V“. r". D k }™) d'x = 0. (10.14) 

In the first order in e' (i), D,e' (r), and D„D t t‘ (i) we have 

6 ,r n + dL l D k 6,r n (r). ((0.15) 

dg mn d(D h # m ") 1 ' 

Substituting (10.15) into (10.14) and integrating by parts, we obtain 
f 6,g""‘d l x — 0 . 

J figm n 



(10.16) 
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Taking into account Eq. (10.5) for b t g"' n and integrating (10.16) by parts, we get 

In view of the arbitrariness of e* (x) we have 

6L t ~n\ r> I SL * \~U. 



Since 






(10.17) 

(10.18) 



we can rewrite identity (10.18) as follows: 

0i ( 2 4*L?)— L) ( 2 -fe-)-0. (10.19) 

' 6 g>K 1 ' «*•' ' ' 6gu 1 

where, as usual. Vi is the symbol for the covariant derivative with respect to 
metric g i*. 

Identity (10.19) constitutes the requirement imposed on the structure of a grav- 
itational-field Lagrangian density L e satisfying the gauge principle. Clearly, 
any scalar density depending only on g, t and/or the partial derivatives of g it, 
satisfies (10.19). The simplest examples are 

L,-y—g ( 10 . 20 ) 

and 

£«-/-»*. ( 10 . 21 ) 

where R is the scalar curvature of the Riemann space-time. Direct substitution 
verifies that under a transformation of the (10.5) type expressions (10.20) and 
(10.21) transform, respectively, according to the following laws: 

^rZr g ^y— g -D,^V^lh_ ( 10 . 22 ) 

y-grt-^V-gR-D.it'V-gn). (10.23) 

Hence, the scalar densities (10.20) and (10.21) satisfy the gauge principle. 

However, as noted in Chapter 6, the choice of a Lagrangian density depending 
only on g' k and/or the partial derivatives of g' k does not, in view of (6.29), satisfy 
our initial requirements, since in this case the gravitational field is not of tho 
Faraday-Maxwel! type. Hence, in accordance with our concept, it is expedient to 
construct a Lagrangian density that is not completely geomelrized, that is, dopeuds 
on both g' k and y'" and on the first derivatives of g ,k and y*\ It has been estab- 
lished that such a solution exists and is unique. (This will be proved in Appendix 3.) 
Here we will employ the transformation law (10.23) and construct a Lagrangian 
density that is not completely geometrized. It will prove to be the RTG Lagrangian 
density (8.24). 

We can easily show that the Riemann-Cristoffel curvature tensor can be expressed 
as follows (see Appendix 1): 

+ G^Gf, - GL/T, p, (10.24) 

where G{,„ is given by (8.27), and D m stands, as usual, for tile operator of co- 
variant differentiation with respect to the Minkowski metric. 
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Contraction of (10.24) on n and q leads to the Ricci tensor 

Rmp = Rmpn *= D„G ^, P — O p G^, n + G l mp G"n — G‘ m „G" p . (10.25) 

Multiplying g mp = Y—g g mp into (10.25) and summing over indices m and p, 
we find the expression lor the scalar curvature density R: 

R = y^R = Y^g” p R mp 

= g“"(Z)„G“ P - DpGij + g" p (G‘ m pG? n —G‘ mn G"p). (10.26) 

It is easy to verify that 

?' v (D n G n „p~D p (Zn)=Dp (~g"’Gl p - r-G" p ) - 2g" p |G^G?„ - G' mp G? t \. 

Combining this with (10.26) yields 

S=o„ Cr p GZ P -r n GZ P )-r p ici, p G?n~GLnG? P ]. (10.27) 

Note that each group of terms on the right-hand side of (10.27), 

D n Cg n ’‘Glp-~g-"Gl Lp) (10.28) 

and 

?" p |G-,cT»-gLc? p ], (1029) 

constitutes a scalar density, since under a general coordinate transformation the 
two transform separately as scalar densities. Moreover, in contrast to R, the 
expressions (10.28) and (10.29) are not completely geometrized, since they ex- 
plicitly depend on y m " and the partial derivatives of y m ". 

Since under a gauge transformation (10.5) ft defined by (10.27) changes according 
to (10.23), the scalar Lagrangian density of the form 

L l =uj-(R-D n S’‘), (10.30) 

where 5" is a vector density constructed from g m " and D k g mn , satisfies the gauge 
principle. Note that L g (10.30) is also not completely geometrized because D n S n 
is not completely geometrized either. 

If we now require that the gravitational-field Lagrangian density bo quadratic 
in the first derivatives D p g’"", then necessarily 

S'~r*Gl p -}™GZ p . 

The right-hand side of (10.30) yields (10.29) multiplied by -1/J., and if we put 
a = lbn, we arrive at the RTG Lagrangian density (8.26). 

We note once more that the RTG Lagrangian desity (8.26) is a scalar Lagrangian 
density for arbitrary coordinate transformation, a condition that GR cannot meet 
A characteristic feature of both the Lagrangian density (8.15) and the Lagran- 
gian density (10.30) is that the convolution of the covariant derivatives Dmg 1 * 1 in 
these densities can be carried out only by applying the effective metric "tensor 

f condition that can be explained by the special way in which the gravita- 
tional field acts upon itself. 




62 



The Relativistic Theory 0/ Gravitation 



fn Appendix 3 we will consider the general form of the Lagrangian density, 
quadratic in the first derivatives D m g kl (including the terms that contain D m g mk ) 
with the convolution carried out via the metric tensor v mn of the Minkowski space- 
time, There we will show that the gauge principle unambiguously reduces the 
Lagrangian density to (8.26). 

In the presence of matter the RTG equations do not admit gauge transforma- 
tions (fO.fi). In this respect these gauge transformations differ from those used in 
electrodynamics, which arc valid for the case oi interacting fields, too. In the 
absence of matter the gauge transformations (10.fi) do not affect the gravitational 
field equations but change the line element in the Riemann space-time and, hence, 
the geometric characteristics oi this space-time. It can easily be verified that 

6, ds 1 = 6m i k dz' dip , 

«,/?,» = - R„D kt < - - t‘D,R lx . (10.31) 

— — — R|»|,D n c , — 

Hero one can see the difference between transformations (10.5) and gauge invariance 
of electrodynamics, where gauge transformations do not affect the physical observ- 
ables. The geometry of space-time is uniquely determined in the presence of mat- 
ter, since in this case gauge arbitrariness is absent. When no matter is present, 
the RTG metric tensor of the effective Riemann space-time is fixed only after 
nonphysical components of the gravitational field are eliminated by applying 
gauge supercoordinate transformations. 

In our theory the equations of motion of matter follow from the ten equations 
for the gravitational field <X>‘*. Thus, for ten variables of tho gravitational field 
iV l> and the four variables characterizing matter we have only ten equations. The 
choice of the coordinate system in RTG is specified completely by the metric 
tensor y“ of the Minkowski space-time. For the system of equations to he complete 
we need lour more covariant field equations. Such equations were introduced in 
Chapter 8 as equations that determine the structure of the gravitational field of the 
Faraday-Maxwell type with spins 2 and 0. These equations, specifically Eqs. (8.3), 
are universal. When applied to a free gravitational field, they restrict the class of 
possible gauge transformations by imposing on e' (x) the condition 

g”'"O n D„e , (x) = 0. (10.32) 

Thus, the combination of the gauge principle and the idea of a gravitational 
field as a physical field of the Faraday-Maxwell type possessing energy, momentum, 
and spins 2 and 0 unambiguously leads us to the system of equations of RTG. 

Note that for a static and spherically symmetric gravitational field Eq. (10.32) 
can have only a zero solution; hence, the gauge arbitrariness is completely lifted 
in this case. 



Chapter 11. A Generalization of the RTG System of Equations 

In this chapter we approach the problem of constructing the RTG system of equa- 
tions from another angle. As before, we assume that the gravitational field is 
a tensor field containing irreducible representations, which correspond to states 
with spins 2 and 0. There are four equations that determine such a structure of the 
gravitations I field, and they have the form (8.3). The total number of variables 
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of the gravitational field and matter are 15. The material variables are the three 
components of velocity, energy density, and pressure, while the gravitational 
field is characterized by the ten components of the symmetric tensor density <J> m " 
Introducing equations of state, we can find the relationship between the energy 
density and the pressure. Thus, to construct a complete system of equations, we need 
ten more equations in addition to the four equations (8.3). 

To set up the free-gravitational-field Lagrangian density we will employ the 
gauge principle formulated as follows: a Lagrangian density is said to satisfy the 
gauge principle if under gauge transformations (10.1) it changes by a divergence 
on a class of vectors e' (x) satisfying condition (10.32). 

Allowing for properties (10.22) and (10.23), we can write the free-gravitational- 
field Lagrangian density satisfying the gauge principle in the following general 
form: 

= TEH" ~ °h st ) ~ -ihc [ A V~*+ T + *<, V ~] . (If .1) 

where we have taken into account Eqs. (8.3). To exclude in the Lagrangian density 
terms containing second derivatives, we select the vector density S k as follows: 

5‘=i"<,-?"C£p. (11.2, 

Combining (10.27) and (11.2) yields the following formula for the free-gravita- 
tionat-field Lagrangian density: 

= — isr?*ic&C-c?pcr.i 

T5iT [ A + T + *t> V ~y] • (11,8) 

The Lagrangian density of gravitational field and matter is 

L = L t + L„. ■ (11.4) 

On the basis of (11.4), allowing for (8.1), we can calculate the energy-momentum 
density of matter and gravitational field, f mn , in the Minkowski space-time, lt 
has the form 

r " = 2 

+ + (11.5) 

where J nm is defined in (7.16). 

In view of the principle of least action 




we have the following system of equations: 

fl nn + 4 A ^" + 4 m ^ n, ’Ti.p= (11.7) 

Since in the absence of matter (I™ 1 " = 0) and gravitational field (<X> mn = 0) 
Eqs. (11.7) must be satisfied automatically, we have 

A = — m 2 . 



(H-8) 




64 



The Itelatlvlsllc Theory of Cravitallon 



Thus, the complete system of equations for matter and gravitational field has 
the form: 

fl"" - - 1- TO* l(T" - = -p==- ( T“” -- 5 - « m ”7' ) , (11.9) 

Djr'^O. ( 11 . 10 ) 

Wa sea that the metric tensor of the Minkowski space-time enters into both 
Eq. (11.9) and (11.10). Equations (11.10) are clearly necessary since only their 
presence ensures that the law of energy-momentum conservation for matter and 
gravitational field combined is valid, which means that Eqs. (11.10) are in no way 
related to the gauge conditions. The system of equations (11.9H11.10) will be 
complete at m = 0 , too. 

Since in the absence of a field O ”" 1 the gravitational-field energy-momentum 
tensor density tJJ* must be zero, Eq. (11.5) yields 

= (11.11) 

Combining (11.5) with (11.6) and (11.11), we can represent the system of equa- 
tions (11.9) and (11.10) in' equivalent form 

J m — m 2 2> m "= — 16n<""’, (11.12) 

D m <5"" = 0. (11.13) 

If we include (11.13) in (11.12), we get 

(H.14) 

o.r" = 0 . (ii.i5) 

Note that Eqs. (11.14), (11.15) contain the metric tensor of the Minkowski space- 
time. Equations (11.9), as well as Eqs. (11.14), contain an unknown constant 
parameter m‘, whose physical meaning will be discussed later. 

Let us now show that Eqs. (11.10) are necessary and sufficient for the covariant 
law of conservation of the energy-momentum tensor density of matter to be valid 



V„r"" = 0 . (11.16) 

Lot us write (11.9) in the form 

V=?(fl*'-T« A 'fi)+-T-V := i [**'+ («*v« -4- 

= 8 nT*'. (11.17) 

Since V*g M — 0, V„V^g = 0, and V* («*' — 4"**'^) “ °. E 1- (l*- 17 ) y ields 

m* §■*“«") Va^-ienv^'-o. (11.18) 

Consider the term in (11.18) that contains VaYjn- Since V»Y OT = — dipYiy — 
Cs,y,,„ with Gip specified in (8.27), we obtain 

(l***— ^Ve, = Y*n«*‘ (P^ + GUT). (11.19) 

If we combine 

V=i (Dpi’” + GUgn - d^t (i 1 -20) 
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with (11.18), (11.19), and (11.20), we get 

lenV^r*' = 0. (11.21) 

VVe see that the covariant conservation law (11.16) is a direct corollary of the 
system of equations (11.9), (11.10). The following assertion is also true. If (11.10) 
is valid, then (11.21), which is a corollary of (11.9), necessarily implies the system 
of equations (11.10). Hence, the theory describes a massive gravitational field pos- 
sessing only spins 2 and 0, since the system of equations (11.10) excludes the possi- 
bility of irreduciblo representations corresponding to spins 1 and O'. 

Applying D m to (11.12) and allowing for the identity D m J mn s 0, we obtain 

rn*D m $ m = 16n0 m r“. (11.22) 

This equation shows that the covariant law of conservation of the total energy- 
momentum tensor density (of matter and gravitational field taken together) in the 
Minkowski space-time, 

O m r n = 0, (11.23) 

is a corollary of the system of equations (11.13). This conservation law and the 
system of equations (11.12) necessarily lead to Eqs. (11.13). 

What is the physical meaning of the parameter m J ? Consider the system of equa- 
tions (11.14) in the weak-field approximation (<D"" is the weak field). In Galilean 
coordinates, relationship (8.1) yields the following expansions for g m,x and g: 

j-vf+r'-i y'”" < K - -5- ® mn ®» 

+ tt"" («»»*.«>»" + t®W) + •••• 

g.e, _l_a>* + .±(I> M <l>M _ -|-<DJ®5+... . 

These expansions yield 

B m " ~ -i-( 0<l>—_ -i-Y"" , Q<I*;) , 

and hence 

V~g(R m ’-±g'"n) ~ -L □<!>-. (11.24, 

In the first order in field <!>"'' we have 

y { n ! (/ j-y*) Vpk ~ -i- 

Thus, in the weak-field approximation Eq. (11.17) assumes the form 

(□ + /n’) •P”' 1 =0. (11.25) 

We see that for a weak gravitational field constant m is the graviton mass. 

Equations (11.9) are gauge noninvariant even in the absence of matter, T mn = 
0. This means that the introduction of a mass term lifts the degenoracy with 
respect to gauge supercoordinate transformations, although the free-gravitational- 
field Lagrangian density (11.3) satisfies the gauge principle formulated iu this 
chapter. The presence of a mass term makes it possible to unambiguously deter- 
mine the geometry of space-time and the gravitational-field energy-momentum 
density in the absence of matter. In view of the fact that the mass term lifts the 
5-0287 
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degeneracy, its introduction may be considered a technical trick used in calcula- 
tions, where in the final expression the term is nullified. This approach autom- 
atically leads to a physical solution. The formal passage in Eqs. (11.9), (11.10) or 
Eqs. (11.14), (11.15) to massra equal to zero leads us, respectively, to RTG equa- 
tions in the form (8.36), (8.37) or (8.28), (8.29). In this case, the metric tensor of 
the effective Riemann space-time outside matter has a gauge supercoordinate 
arbitrariness (10.5), with vectors e' (x) satisfying Eq. (10.32). Since the main 
object of investigation in our theory is gravitational field, the gauge snpercoordi- 
nate arbitrariness can be used to exclude the nonphysical components of the field. 
The metric tensor of the effective Riemann space-time must be constructed via (8.1) 
using only the physical components of the gravitational field. All this will be 
illustrated in Chapter 15 where we consider gravitational waves. If the action- 
at-a-distance principle can be applied to gravitational field, the mass term van- 
ishes and the cosmological constant is absent. 



Chapter 12. Solution of RTG Equations 
12.1 The Field of a Spherically Symmetric Object 

In this chapter, following Fock, 1939, 1959, Belinfante, 1955, Belinfante and 
Garrison, 1962, Tolman, 1934, Vlasov and Logunov, 1985a, 1986b, and Weinberg, 
1972, we consider the solution of RTG equations for a spherically symmetric 
object in the case of a massless gravitational field. 

We select the coordinates in the Minkowski space-time in the form 

f, x = r sin 0 cos <p, y = r sin 0 sin <p, z = rcos0. (12.1) 

In what follows it will be expedient to employ the following notation for the 
coordinates f, r, 6, and q>: 

i = x", r = x 1 , 0 = x*, ip = x 3 . 

The metric coefficients in terms of these coordinates are 

Too “ !• Yn = -1. T„ = — r*. T.a = -f’ ®i» *•: 

Y<® = 1 , y 11 = — 1, y 12 ■=* — l/'" 2 - V M = — 1/r* sin* 0; 

Y mn = y’"" = 0 for m ^ n, Y —y = r* sin 0. 

The nonzero Christoffel symbols are 

Vl, - — r. y'„ = ~ r sin* 0. v!, = V?. = 

Ym = — sin 0 cos 0, Yji — cot 0. 

I n formulas (12.3) and (12.4) and in what follows the number subscripts and super- 
scripts stand for the spherical coordinates according to (12.2). 

To solve the RTG equations means to construct an effective Riemannian mani- 
fold, that is, find the metric tensor g ih (x) of the Riemann space-time. 

Since the Hilbert-Einstein equations are included in the RTG system of equa- 
tions, we will focus our attention on those equations. These will enable us in the 
future to determine the significance of the field general-covariant equations (8.37). 
Such an approach will result in certain conclusions concerning GR. 



( 12 . 2 ) 

(12.3) 

(12.4) 
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Let us now find the field generated by a static and spherically symmetric source. 
Here the general form of the line element (Landau and Lifshitz, 1975, Tolman, 
1934, and Weinberg, 1972) is 

= *oo*’ + 2 g n dtdr + g „dr* + g I3 d0» + g, 2 d<f\ (12.5) 



where the metric coefficients g oa , g„. g,„ and g„ are functions only of the radial 
variable r, while g„ depends on r and angle 0. Let us introduce the following 
notation: 



* 00 <r) = £/(r). * 01 (r) = A (r), g„(r) = -[V (r) — , 
SnW—— W 'M. *»j(r. fy= — W (r)sin 2 0. 



( 12 . 6 ) 



It can be demonstrated that the nonzero components of tensor g m " 
form 

«*'<'> — tt ' *"W-— r- 



have the 



(12.7) 



and the determinant of the metric tensor g m „ is given as follows: 

* = detg m „ = -l/l'W'*sin'8. (12.8) 

The functions U (r), V (r), A (r), and W (r) must be found from the RTG equa- 
tions (8.36), (8.37). Let us-write the left-hand side of Eq. (8.36) in terms of U, V, A, 
and W. We start by finding the nonzero components of the connection coefficient 

r !m = T «'* + *.*»- - (12.9) 

Employing (12.6), (12.7), and (12.9), we obtain 



po _ A «1 r , _ 1 at - /, \ 

'"‘wt- l *’ m nr~ 5 r['--nr} • 

r « I 0A , A OV A' dll 

“ 7T dr + WV Or ’ 2 IPV Or ' 

p, _ t at/ a on 

IV Or ’ ‘«i~ WV Or ’ 

p, _ t 0W 
” 21' ~ 



I- = J_^L + _d! 

» 2V Or T 21/** Or 



0U 



r‘ =sin>er;, , n,= r; s = 



1 ow 

2 W Or 

F! = — sin 0 cos 0, Ti = cot 8. 



From the definition = g !p /t pt , with 

■ = dJk - a t r^ +i*rt- r^ra. 



( 12 . 10 ) 



(12.11) 
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combined with ( 12 . 10 ), we find that 

„„ 1 <PU I dU dV 1 / dV t* . 1 dU dW 

n °~ 2(JV dr 2 4UV 2 dr ~3r~ ~W 2 V \~3T I + WVW dr ~ST ' 

„„ A r 1 dW dU \ d'W i idW . I dV dW -\ 
UV\.WW dr dr W dr 2 2 W 2 \~3T ) _r 2VIV if dr J 

;?■ 1^ , 1 w i ( dU w i / dty \z 

' = 2UV dr 2 + WV dr 2 iVC 2 \ dr I 2VW 2 l dr / 

1 dV dU I dV dW 

4£7V» dr dr 2V*IV dr dr ' 

n, 1 d 2 W I dlV dl' 1 1 dW dU 

11 2 t<2 ’ W dr 1 4VIV dr dr IV + 4V17VV dr dr • 



( 12 . 12 ) 

(12.13) 



(12.14) 

(12.15) 



Ail the other components of /?« arc zero. Equations (12.12)-(12.14) readily imply 

(/*!-/?;]. (12.16) 



Using (12.12), (12.14), and (12.15), we arrive at the following expression for /?»; 
rih n 1 d'v I dV dV 1 ldU\i. 2 d'W 

"‘"""“•TTT'd^ — 2t7i^^~~‘2twl"dr/ + VW dr 2 



i dU dW 1 

+ VVW dr dr 2VtV« 



/ dlV \* t dV dW 2 

(—) VW~~dT~dr Tv 



. (12.17) 



Now lot us assume that the source of gravitational field is described by the 
energy-momentum tensor of a perfect fluid 

7 m "=y'^|(p+p)u"u"-/T»l, (12.18) 

where p is the fluid's density, p the isotropic pressure, and u m the 4-voctor of 
velocity of the fluid. Since the object is spherically symmetric and static, the 
quantities p and p depend only on r, u“ c 0 (o * 1, 2, 3), for u" and u„ we have 
(in view of the identity g m „u m u n = 1), respectively, 

«•=— '=-=-^r, u,= VV. (12.19) 

Vtm W 



From (12.18) and (12.19) it follows that the nonzero components of tensor 

n=r«p. -j^Kp+pj-tt- . 

T\=>r, = r t =-V=g P . 



K are 
( 12 . 20 ) 



For the problem at hand the system of Hilbert-Einstein equations assumes 
the form 



(/?;— i-R)=8j. P , 


(12.21) 


R\ = -8n(p+p)A(r)/U, 


(12.22) 


(fl;--ffl)=-8n P . 


(12.23) 


(«; — = -sup. 


(12.24) 
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Since for B° we have (12.16), Eq. (12.22) implies 

^-|(«;-fly+8n(p + p)l=0. (12.25) 

This equation is always valid in view of (12.21) and (12.23). 

We have, therefore, arrived at an important result, namely, that for a static 
and spherically symmetric problem the metric coefficient g m (r) = —A ( r ) is 
not determined by the Hilbert-Einstein equations and, hence, in the framework of 
GR this coefficient may be an arbitrary function of r. This arbitrariness leads to 
a situation in which the Riemann space-time is not well-defined. 

Let us now consider the remaining equations (12.21), (12.23), and (12.24). 
since 



after we substitute (12.12), (12.14), and (12.15) into Eq. (12.21) we get 
t 



This yields 



where 



Similarly, since 



d U dV'W '2 Vw-\ , l 

( dvw | *■ -p-J+Tsr= 8n P- 



V = 



|/tV(r) 



VW(r)~2M(W) 






V Ww 

M (R') = 4n p Wd\fW. 

mi 



combining (12.23) with (12.12), (12.14), and (12.15), we get 

V v Tr\*{PVW)-\-topW. 

Taking into account (12.26), we can write Eq. (12.28) as follows: 

-4=- In \UYW\^- .. 

dVW t/«'-2W(H') 

This yields the following expression for U: 

VW. 



(12.26) 

(12.27) 



(12.28) 



(12.29) 



" 2 ' 30 > 



Here W 0 —W(rJ), with r„ the radius of the object, and Cj is the integration con- 
stant. Formula (12.30) can also be written in another (equivalent) form. To this 
end we employ the relationship dAf = 4npH'd yw, which follows from (12.27), 
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and write the integral in (12.30) in the form 

_’T° i+gagg ''T' 2Af (HQ) o V'° (p+p)WdVW 

Vw-2MI,W) j VW-ZM(W) ‘ ) yw-2 M(W) 



-In 3;1 f * to+p)WiVW 

\’W,-2m J VW-2MIW) ‘ 



U-VlW) ■ 

' yiv 



S -fl f - gjg ], (12.32) 

VW) 

and C = Cy(V W, — 2m). Here and in what follows we denote by m the total 
mass of the object: 

vyi 

m = 4n pWdVW. (12.27') 

VW> 

Now let ns consider Eq. (12.24). Since 

flj- 4- /?=-.!.(/?:+*;), 

we can write the equation as follows: 

/?; + /?; = 16np. (12.33) 

Substituting (12.12) and (12.14) and allowing for (12.20) and (12.30). we find that 

- W 7p=- - (P + P) \M ( W ) + 4it </ W)> p)|l -2M {W)l\/W\-'. (12.34) 

The latter constitutes the basic equation of Nowtonian hydrostatics and allows for 
gravitational corrections. 

Thus, out of the three functions U, V, and W the system of equations (12.21), 
(12.23), and (12.24) does not determine the function W (r). We have demonstrated 
that the Hilbert-Einstein equations for a static spherically symmetric problem 
are valid for arbitrary functions A ( r ) and W (r). The metric coefficients (12.6) 
satisfying Eqs. (12.21 )-(12.24) have the form 

fa-»(ir)-» g 01 = ~A(r), 



e !»' r/ dyiv \2 A- 1 

" VW-2M(W) L' dr I T(»)J’ 

g 2 ,= — W(r), W(r)$in*0, 



with <p ( W ) given by (12.32). Since g tt must tend to Ysi as r-e oo, (12.3) and (12.0) 
imply that for large r's 

W ~ r s . (12.36) 
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Suppose that the matter considered here fills the volume of a sphere of radius r 0 . 
Since by W„ we denote the value of W (r) at point r = r 0 , for IV > W 0 we have 

P = P = 0. (12.37) 

We now bring in the following condition: 

«o.(V'» r — ~)-Y« = 1- (12.38) 



Combining (12.32) and (12.35) with (12.37), we see that (12.38) gives the fol- 
lowing value of the constant C in (12.32): Cal. Hence, a function q> (VF) guaran- 
teeing that condition (12.38) is met must have the form 



qi(lF)=exp 



K-w. 

[- 8 * 



<p +P) wd yw 

VW-2! I(W) 



]• 



(12.39) 



The set of metric coefficients defined in (12.35) shows that to each pair of func- 
tions W (r) and A ( r ) depending on the distance r in the Minkowski space-time 
there corresponds a certain gravitational field and, hence, a certain effective 
Riemann space-time. Thus, the Hllbert-Einstein equations alone do not enable us to 
determine the gravitational field and. hence, the effective Riemann space-time unam- 
biguously. Let us illustrate this assertion by an example. For the sake of simplicity 
we will consider the region outside the object, in this case ip (W) = 1, M (W) = 
m = const, and, hence, 



Vo, idffr 2 - , 
Vw 



V 



yw 

yw~2m 




(12.40) 



and the metric coefficients specified in (12.35) are 



Koo ' 



| 'W~2nt 

vw 



Po.“ — •4(r). g, 






Sit - 



yw 

-W(r), g u = — fV (r)sin*f). 



(12.41) 



Let us take two sets of functions W (r) and A (r): 

w (r) = r*, A (r) = 0, (12.42) 

and 

W (r) = (r + m + X) 5 , A (r) = 0. (12.43) 



In (12.43) X -y= —m is an arbitrary parameter, which means that by assigning it 
different values we obtain a one-parameter family of functions. Knowing the 
functions W (r) and A (r) (given by (12.42) and (12.43)), we can use (12.40) to find 
two sets of solutions: 

U (r) = (1 - 2 m/r), V (r) = (1 _ 2m/r)-‘, (12.44) 

and 



U(r) = 



r -f- X — in 



V(r) = 



r-j-X-f-ffi 
r+X — m 



(12.45) 



Expressions (12.42) and (12.44), as well as expressions (12.43) and (12.45), 
depend on the same radial variable r and have the same asymptotic behavior as 
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r —*• oo, but constitute two different solutions to the Hilbert-Einstein equations. 
These solutions generate different line elements (12.5) and, hence, different effec- 
tive Riemann space-times. For solution (12.42), (12.44) the line element (12.5) is 

dsj = ( 1 ~) <&* — (l T*)"' d’ 1 — '' 2 (<#8* -|- sin 2 0 (hp 2 ), (12.46) 

and for solution (12.43), (12.45), this quantity is 

*S - -rtl + 2 d ‘ 2 - T + ' x— m **-(T + » + >•)= (M 2 + sin 2 9 d<f). (12.47) 



The choice of solutions is not a trivial operation, since the nature of physical 
processes depends on thischoice. Below we will directly verify this statement. 

As is well known, Riemannian geometry is determined by fixing a symmetric 
metric tensor g ik on a manifold with arbitrary but fully definite arithmetization. 
Transition to any other arithmetization of the manifold is carried out via a one- 
to-one transformation of coordinates and a respective transformation of quanti- 
ties according to the tensor law. Of course, a description of Riemannian geometry 
is possible in principle in any admissible coordinate system of maps, but for 
every system taken the components of the metric tensor in the system are fully 
determined. Naturally, the possibility of describing the geometry of space-time in 
any admissible system of maps does not mean that this description is of equal 
simplicity in any system. Depending on the structure of Riemannian geometry, 
there exist systems of maps in which the description is especially simple. 

How does Riemannian geometry come into play in GR? For a given arithmoti- 
zation of space-time, that is, for a given system of maps, the Hilbert-Einstein 
equations must be solved. However, there arc only ten Hilbert-Einstein equations, 
while there are 14 variables. This means that four components of the metric tensor 
(two in the case of spherical symmetry) remain arbitrary. Thus, in a given system 
of maps the Hilbert-Einstein equations are satisfied for any four arbitrarily chosen 
functions. But this means that the metric, is not completely defined on the mani- 
fold, so that the Riemannian geometry contains an arbitrariness, which clearly 
cannot be eliminated by common coordinate transformations since no matter what 
coordinates are chosen the ambiguity cannot disappear. In GR this ambiguity is 
eliminated by arbitrary selection of the four unknown components of the metric 
tensor. It is not usually realized that the choice predetermines the physical con- 
tent of the problem, since there is no way in which such a choice can be made 
generally covariant in GR. The selection in GR of the way in which the four 
unknown metric coefficients are chosen is known as the selection of coordinate 
conditions. But the coordinate conditions commonly used in GR are completely 
arbitrary, and their choice literally depends on the “tastes" of the researcher. All 
this prompts the conclusion that GR in principle cannot give unambiguous predi- 
ctions of gravitational effects, which constitutes one of its main disadvantages. 

The situation in RTG is quite different, since the system of coordinates in space- 
time is fixed by the metric tensor Vu and the gravitational field satisfies the general- 
covariant equation (8.37). In view of this the arbitrariness in determining the 
effective metric tensor g, k is not present and the physical consequences are un- 
ambiguous. 

The main characteristic of the Riemann space-time is the Riemann-Christoffel 
curvature tensor 

■= gnh (d 5 i j P — — ri, p r/j — r' m 5 r? p ). 



(12.48) 
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Substituting (12.40), we find the nonzero components of the curvature tensor 
outside matter: 



m / 


dW \2 


H m VW-2m 


2H- V* \ 


dr I ’ 


"" v'iv 


mA (r) 
y'w ’ 


floM3 = 


fl««sin*0. 


flo.it *'»* 8. 






fl 121J sin s e, 


A.n,= 


2mVWs in^B. 



(12.49) 



We see that on the solutions (12.40) to the Hilbert-Eiustein equations the com- 
ponents of H hmP n are expressed in terms of the arbitrary functions A (r) and W (r). 

Let us now calculate the invariants of the curvature tensor. Generally, on the 
solutions to equations B mn = 0 the nonzero invariants have the form (Petrov, 
1966, and Weinberg, 1972): 






(12.50) 



(12.51) 



where e'" 1 "* is the totally antisymmetric unit tensor. 

Substituting (12.49) yields 

,, = l2 tw) ! ' W«-0. 

A remark concerning (12.35) is in order. Suppose that 
A(r)=tB(W)*l 2L 

dr * 

where B (W) is an arbitrary function of W (r), with W (r) satisfying condition 
(12.36) when r is large (in all other respects W (r) is an arbitrary function of r). 
Then the nonzero metric coefficients specified in (12.35) are 



g»= — 



Vw 

Vw 



[‘-TTim’. 



VW—2MfW) 
g, 2=- — W, -W'sin^e. 
with the result that (12.5) can be written as follows: 

** = <P (HO VW '~ij^ |1V| dt 1 - 2B (XV)dVWdt 

We see that the dependence of ds 2 on r has vanished an j/TF acquires the meaning 
of spatial distance in the effective Riemann space-time. 
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This analysis of the Hilbert-Einstein equations as applied to the given problem 
shows that their solutions contain two arbitrary functions, with the result that 
the characteristics (12.41), (12.49), and (12.51) of the effective Riemann space- 
time are not well-defined. In Chapter 18 we will see that a solution containing 
arbitrary functions yields different physical results depending on the choice of 
these functions, which moans that GR in principle is not able to provide specific 
predictions concerning gravitational effects. At the same time the predictions of 
RTG aro physically well-defined and unambiguous: RTG contains the Hilbert-Ein- 
stein equations (8.36) and the general covariant- field equations (8.37), the latter 
determining the structure of the gravitational field. What is even more important 
is that In RTG all field variables in Eqs. (8.36), (8.37) depend on the spatial-temporal 
coordinates in the Minkowski universe. 

This last fact is a consequence of our fundamental hypothesis that the gravita- 
tional field is a physical field, is characterized by a certain value of the energy- 
momentum density, and like all other physical fields must be described in the 
Minkowski space-time. The general-covariant equations (8.37) completely elimi- 
nate the ambiguity in the solutions, whereby the effective Riemann space-tiine. 
which appears in RTG in view of the goometrization principle, is determined 
uniquely. 

Now let us analyze Eqs. (8.37). To write these equations for functions U. V, IV, 
and A explicitly, we find the metric tensor density g”"\ Formulas (12.7) and 
(12.8) yield 



W 1 ,, d’ \ . » dig . - 

g" ■=• — yTJV~' IV sin 6, gV=-\fU7 sine, - - J/ OT/gin 6. 



(12.52) 



To determine A (r) it has proved convenient to consider Eqs. (8.37) in Galilean 
coordinates of an inertial reference frame: 



For n = 0 this yields 



=0. 



d at r“«=0. 



(12.53) 



(12.54) 



where wo have allowed for the fact that the components of g mn are time independ- 
ent. Employing the tensor transformation law, we can establish that the compo- 
nents of g" 0 in Galilean coordinates can be expressed in terms of the components in 
the spherical coordinates (12.7) as follows: 






d(r> ,Y° 
L’V r 



y- g= l r yu\'w. 



(12.55) 



where X* (a 
obtain 



1, 2, 3) aro the spatial Cartesian coordinates. From (12.55) we 



gOa = _ 



AW jf a 

VUv * 



(12.56) 



Integrating (12.54) over tho spherical volume and allowing for (12.56), we find, 
in view of the divergence theorem, that 

d (r)W_jr ) 

V uv 



4n- 



= 0. 



(12.57) 
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Since Eq. (12.54) is valid both inside and outside matter, condition (12.57) 
should be met for any value of r. Since W (r) is nonzero. (12.57) implies 

A (r) = 0. (12.58) 

It is convenient to write the other corollaries that follow from (8.37) in spherical 
coordinates. To this end we write (8.37) in the following form: 

+ via?"'’ - 0. 

Allowing for (12.4), (12.52), and (12.58), we find that 

-£(/0F<H') = 2r VVV. (12.59) 

Combining this with (12.26) and (12.31) yields 

^[/i/F(l/W-2.'lf) 7 |=-]=2r^^-. (12.60) 

Below the solution to this equation is sought as r = r ((/ W), that is, r as a 
function of y W, whereby it is convenient to write Eq. (12.60) as 

- 7 ~[VvV'iV(yW-2M) 1 ^ w ] = 2ry^. (12.61) 

If we introduce the notation O = rV'qC wo can write (12.61) as 

[VW(V W-2.M) -^=- - Vw WW- 2M) <b ^0} = 26.. (12.62) 

Since (12.39) implies 

din Vi . , (P+Pivy 
iVW yw-iu ' 

from (12.62) we find that 

77 ^ [ V W ( V W - 2M) - 4 nW>n (p + p) <!.] = 2<t>. (1 2.63) 



A general requirement of the solution r = r (y W) to Eq. (12.63) is that this 
solution must be continuous and monotonic. Suppose that the mass of the object 
is concentrated inside a ball of radius r„. Let us consider the solution to Eq. (12.63) 
outside the ball, r 0 ^ oo. The corresponding range for y W will be y 
y W < oo. Since within this, range p = p = 0, M (IV) = m, and q> (IE) => 1, 
we have ®(iy) = r (tE), and Eq. (12.63) assumes the form 

(12.64) 



fc[VW(V 



dV 

The general solution to this equation is the sum of two particular solutions (Belin- 
fante, 1955, and Belinfante and Garrison, 1962) 



1 + 



l'W-n 



In 



-L(yiv- m ) 



yw~2m 

yw 



(12.65) 

(12.66) 



and has the form 



r{VW)^C t [\ + 



Vw — n 
2m 



• In 



yW — 2m 

Vw 



] + -£-(V'»'-m), (12.67) 
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where C, and C are arbitrary constant numbers. Since (12.36) must be valid when r 
becomes large, we find that C, = m. To determine the value of C„ we must find 
the solution to Eq. (12.63) inside matter. Let ns write this equation in expanded 
form: 

yw(]/W-2M)-J^ + UVW-M-2n(\W) 3 $ ? + p)\^^ 

-2[l + 6 n H'(p +/ ,) + 2 J t(ViV) 3 7 ^ r (p+p)]<I>=0. (12.68) 

The investigation of the solution to this equation inside matter is a very impor- 
tant problem in itself, but it depends largely on the type of functions p = p (Y W) 
and p = p (/ W), whereby we will not consider it here. 

In what follows we select a solution that remains finite for all finite values 
of [/ l V. Then we must put C, = 0 in (12.67), which yields 

= yw-m. (12.69) 

Combining (12.69) with (12.40) yields 

v n—7=Sr- < 12 - 70 > 



Thus, the RTG system of equations (8.36), (8.37) provides an unambiguous 
means for determining all the metric coefficients: 



U(r) = 



r—m 
r +« ’ 



V(r) 



r-fw 
r—m * 



IV(r)-(r + m)«, d(r)~0. 



(12.71) 



Then, in view of (12.6) and (12.71), formula (12.5) yields 



ds* = -Z=r- dt* dr* — (r + m)- (d0 z + sin* 6 d<f*) . (12.72) 

r-f-m r — n 

The correspondence principle implies that the mass defined by (12.27’), m, 
must bo equal to the active gravitational mass of the object. Formula (12.72) 
clearly shows that dt? is singular at r = m and loses all physical meaning for r < 
m. This means that in RTG there can be no static spherically symmetric objects 
with a radius equal to or less than m. This fact provides for a lower bound on V IF, 
namely, V W > 2m. The components (12.49) of the curvature tensor and the invari- 
ants (12.51) for solution (12.71) are uniquely defined and are 

r, *..«- *«*«"* 6. (12.73) 



7 T 5 -, = « t „, = 2m (r + m) sin’ 6; 

t-nwf. '-“[wT- l,Ui > 

Note that the well-known GR solution for a static spherically symmetric object, 
found by K. Schwarzschild, namely, 

7 s -, 

s.i( r )= -y«=-(i — r-)" 1 . 

= ( r ) = - r2 . 



(12.75) 
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is not a solution to the RTG system of equations given our choice of the metric 
tensor y'\ Indeed, it can easily be shown that the functions (12.75) do not satisfy 
Eq. (12.64) which was obtained from the field equations (8.37). Therefore, Schwarz- 
schild’s line element 

**” (l ^-)d< 5 — (l — — r*(de* + sin*9d(p 2 ) (12.76) 

cannot serve as the line element in the RTG effective Riemann space-time. Note 
that according to Schwarzschild's solution (12.75), in GR there can be no static 
spherically symmetric objects with a radius equal to or less than 2m. 



12.2 The Exterior Axlsyinmetric Solution for a Spinning Mass* 

Let us now consider the solution to the RTG equations for a spinning mass m 
with angular momentum ma. This problem was solved within the GR framework 
by Kerr, 1963, who found the following expression for the line element outside 
the mass (the vacuum solution): 

(l ) d*-2dBdt-fd& 

~jjr l(ff= + a’) 8 - Aa« sin* 0) sin* 0 dp 

+ 2asin , 0dfld£ + -i2J®- !( jn*0(fTd£, (12.77) 

where p 5 = B 5 + a 5 cos 5 0, A = II’ — 2 mB + a 5 , and (x, B, 0. ^) = {|? K) ) are 
the Kerr coordinates. 

Kerr's solution (12.77) does not satisfy the complete system of RTG equations 
(8.36), (8.37). This can easily be verified if for the coordinates in the Minkowski 
space-time we take |< K ), as required by RTG, and substitute the metric coefficients 
from (12.77) into the system of equations (8.37). 

To obtain an exterior axisymmetric solution to the complete system of RTG 
equations for a spinning mass, we employ an approach that enables us, first, to 
use the already found solution (12.77) to the system of Hilbert-Einstein equations 
for constructing a solution that would satisfy system (8.36), (8.37) and, second, 
to unambiguously determine the range of variables g ( ' K) in the effective Riemann 
space-time. The latter fact is especially important for understanding many physi- 
cal phenomena and, as will be demonstrated in Chapter 13 using the gravitational 
collapso as an example, marks a significant difference between the predictions of 
RTG and those of GR. 

Note that the approach suggested here for finding the solution of the complete 
RTG system of equations can be applied in all cases when the solutions to the 
Hilbert-Einstein equations are known in terms of some system of coordinates y\ 
The system of equations (8.37) establishes a one-to-one relationship between the 
coordinates y‘ and the Minkowski space-time coordinates x*. This means that 
there can be only such effective Riemann space-times as are specified on a single 
map, say, in Cartesian coordinates of the Minkowski space-time. 



• See Vlasov and Loguaov, 1987. 
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In what follows it is expedient to use the somewhat modified Kerr coordinates 
{5'} = {T, B, 0, 9 }, (12.78) 

<P=*-t*n- (—■) + t- (12.79) 



In terms of these new coordinates (below we will call them the Kerr coordina- 
tes), the nonzero components of g,* (s') are 

Km <t‘) - * - ■ -*5r, Ut (V) = - p : (A ' - wi ) IP 2 ™ 5 + (P ! - 2mB) (fl*+ »«)), 

&.«'>- -P J . 

Sn «*) = - + (P 1 - 2mS > <* + “ l )l- 

(12.80) 

K a «') = fP 2m * - 2«tf («* + a*) ], 

fa (W = - ^ IP 5 («* + “ ! > + W-fi sin J 0] . 



and the nonzero components of g' k (V) are 



s*®*) 



_ mla p2Z /ti> ' 

p> (4 + m») > K ’ (A ’ 

1 , 2 a* Aa 1 

~ p 2 sin* 9 p*(A + m«) p 2 (A + m 2 ) 2 



(12.81) 



Let us denote the Cartesian (Galilean) coordinates in the Minkowski space-time 
by x‘ and assume that the Kerr coordinates are functions of x'. The natural 
requirements that functions of transformations — *■ z' in RTG must satisfy arc 

the continuity and one-to-one nature of these functions in the entire Minkowski 
universo. 

The concrete form ol the relationship between the and the coordinates x * of 
the Minkowski space-time can be found from Eqs. (8.37), which establish both 
the physical meaning and the range of the (initially the solutions to the 
Hilbert-Einstein equations were given in terms of the Kerr coordinates £')• 
System (8.37) can be represented identically in Cartesian coordinates in the 
following manner: 

* TFT 1 V ^ «" n Ml-- 1 " M rj, (X) - 0, ( 1 2 . 82 ) 

y-tw 01 

where TJ, (x) is defined by (12.9). Applying the transformation law to TJ, (x)g n {z\ 
for the substitution of £’(x) for x\ we obtain from (12.82) the following: 

PJ, (x)g M (x) = = 0, « =0, 1, 2 , 3, 



(12.83) 
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where □{ is the covariant d'Alembertian operator in the Kerr variables 



1 d 

V=m 






= - J r {a*sin , 8c>; + 2(B z + a-) d„d, 



+ — J - ^ 2B) W + 2Bd„ + + 2 (B-m)d, 

2m‘a(B — m) . 2 m*a , , 

<A+ «*)» + A+-* 

+ [tST 5 , )‘ — S^ + lijre-J^+^+wt 0 ^}. 



Here 9,--^-, a i^ST. = and d *~*'ef- 
We will seek the variable x° =3 Jin the form 



t = 1 + I (B). (12.84) 

Substitution into (12.83) yields the following equation for / (B): 

ii 7g^ +2 < fi - m >-^-+ 2 ' S = 0 - (12.85) 

which can easily be integrated. The solution is 

/(B,^-{fl + 7 =^-[B.ln S^-a.ln^]}, (12.86) 

where we have introduced the notation 

B* — m ±Y ni 1 — a*. (12.87) 

We see that a real solution for t = t + / (fl) exists only if 

B>B+, (12.88) 

with S-*-B+ ns t-e oo. Thus, the Kerr variable |* = B admits only the following 
values: B + < B< oo. ft is readily noticed that 

X* = (B — m) cos 8 (12.89) 

is a solution to Eq. (12.83). What remains to be found is x 1 and x*. Wo will soek 
(hem in the form x* = Z (B) cos cp sin 8 and x 1 = Z (8) sin <p sin 8. Equa- 
tion (12.83) for x l then becomes 

C0S 'P[‘ i 4J-- 2 < B -' n )-§— (‘(A + t*)* - 2 ) Z ] 

- sin »w[4-i3‘ z ] ;i0 ' ( ,2 -°°) 



fhilo for x* the equation is the same except that sin <p is substituted for cos <p and 
cos q> for — sin q>. Since the two equations must be valid for any value of <p, we 
necessarily arrive at 



dZ 

dB 



B—m 

A-f/n* 



z=o 



(12.91) 
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and 

A «.+2(^ «. x-o. 

Solving Eq. (12.91), we get 

Z(B) = V'(S — 

which also satisfies Eq. (12.92). 

We have, therefore, found the following solutions to Eq. (12.83): 

x' =■ l f (B — m) I + a J cosq>sin8, i s = V r (B — m) 1 4- a* sin <p sin 8, 
x 3 = {B — m) cos 0. 

This also establishes the relationship between the Kerr variables {£*) and the 
Galilean (Cartesian) coordinates z' in the Minkowski space-time. 

Introducing the spheroidal coordinates [z'} = (t, r = B — m, 9, q>) in (12.94) 
instead of the Galilean coordinates and allowing for the metric 

T«-(*. - *yjr e . (r* + 0*003*0), _(r»+ fl »)sin«0), (12.95) 



(12.92) 

(12.93) 

(12.94) 



we obtain the following relationships linking the Kerr variables (t, B, 0, q) with 
the spheroidal variables (f, r, 0, q): 



- 1 + {(r + m) + -p^=-[(r* + m)ln-^ r -(r. + m))n^-]}, 



(12. 96) 



B = r + m, 



where r 4 = ± m 1 — a*. According to (12.88), the range of r is 

r + <r<oo. (12.97) 

and the Kerr variables 0 and q assume the values 0< 9< n and 0^ q < 2jt, 
since they are simply the spherical angular variables 0 and q in the Minkowski 
space-time. 

From (12.96) it follows that the coorrespondence between the Kerr variables 
{£•} = {t, B, 0, q) and the spheroidal coordinates^} = {f, r, 0, q} is one-to- 
one and the Jacobian of the respective transformation, d (|)/S (z), is equal to 
unity. _ 

After finding the functions 6* (1), which are solutions to the system of equa- 
tions (8.37), it is easy to establish, on the basis of (12.80) and (12.81), the explicit 
form of the solution to the complete system of RTG equations for the metric 
coefficients of the effective Riemann space-time outside the spinning mass. To 
this end it is sufficient to employ the tensor transformation law 
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Allowing here for (12.96) and (12.81), we obtain 



(*) 



( fl’+a’)’^a*Asin l 8 



Ap* 

0 

0 

2 moB 
Ap= 



1 

P* 

0 - 



2 maB 

dP* 

am* 

■p*(A + m») 

0 

2a* 



w"~ n i . la- Ea* 

P* (A + m*) p'sin’O i_ p’(A + m*) p’(A + m’)’ 



(12.99) 

In a similar manner it can be demonstrated that the nonzero components of ten- 
sor gik (x) are 



. , 2 mB „ .-. 2a'a>>flsin’8 

£5~’ «oi(*) p’A(A-fm’) » 

£o3 ( x ) j£3 » (*) *-“P i 

*«(*)“ A IP’ A + 2,n ® (^ + <» 2 )l. 

?»(*)* 



wS 1^^ + " 2 > + 2mSo» sin» 9], 



,(!)= - 



Jin’ e 



(p s (S’ + a 2 ) + 2 \rnBd 1 sin ! 0], 



( 12 . 100 ) 



In (12.99) and (12.100) the quantities /?, p’, and A are assumed to be known func- 
tions of variable r. Note that g‘* ( x ) and g tK ( x ) do not depend on time l. 

At a = 0 the solution (12.100) is transformed into solution (12.71) for the metric 
coefficients of the effective Riemann space-time outside a spherically symmetric 
object. 

The exterior axisymmetric solution lor a spinning electrically charged mass was 
found within the RTG framework by Kara but and Chugreev, 1987. Below we give 
the main results of the study, which considered a spinning mass m with angular 
momentum ma, charge Q, and magnetic moment p = | Q | a. Naturally, the 
problem requires solving simultaneously the RTG equations (8.36), (8.37) and the 
Maxwell equations for the electromagnetic held 

V*F‘* = - 4ji/‘, (12.101) 

Vifu + VtFk, + VkPtt = 0, (12.102) 



where as usual Vs is the symbol for the covariant derivative with respect to the 
metric g mn of the effective Riemann space-time. The only nonzero energy-momen- 
tum tensor of matter outside the object is the electromagnetic-field energy-momen- 
tum tensor 

tf=-4r^ , +4r 8 ta- JW “- d 2 io3) 



Within the GR framework the exterior solution to this problem has been found 
by Newman and Kerr, 1965. In terms of the Kerr coordinates this solu- 



e-0297 
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ZmB - ~ - 0 ' - ) dt'-UBdx 

- p 2 (dO) 2 - -ij-[ (B 2 -j- a 2 )* — 4o 2 sin 2 0] sin 2 0 (1 2. 104) 

+ 2a sin 2 6 dB df + -j£- (2mB - (?) sin 2 6 dt d $ , 

where 4 = fl 2 — 2 mB + a 2 + Q-, end the other quantities coincide with those 
introduced in (12.77). 

The electromagnetic field-strength tensor can be written in terms of the Kerr 
coordinates as 

F — F u <ix‘ Ad** 

= — 22. ((B 2 — a 2 cos 2 9) dB /\ dt — 2n 2 B cosOsin B dO /[ dt 

— a sin 2 0 (B 1 — a 2 cos 2 0) dB A d$ 

+ 2aB (B* + a 2 )sin 8cos0</0 /\ d^|. (12.105) 

The Newman-Kerr solution (12.104) does not satisfy the system of equations 
(8.37) in the Kerr coordinates {ll K) } and is, therefore, not a solution to the RTC. 
equations. 

Proceeding in the same manner as was done above in deriving the relationship 
linking {*'} and {V}. Karabut and Chugreev, 1987, derived, on the basis of 
Eqs. (8.37), the following formulas: 

*> a ,t = t-{B+ " \B. In -^--5. In 

l \fm'-a'-Q' L B, B. J 

2’ (12.106) 

x'-^[(B — m) 2 a 2 ] ,/l cos q> sin 9, 

z 2 = | (B— m) 1 + o 2 l ,/2 sin <f sin 8, 
i 3 = (B — m) cos 9, 

where 

B ± — m ± Y m z —d l — Q l 

and 

tan-' )+-f- 

We see that t is real only if B > B+, with t -*• oo as B-*- 8 + . 

If we introduce, as before, the spheroidal coordinates {z 1 } = (t, r = B — in, 0, 
q>} in the Minkowski space-time, we arrive at the following relationships between 
(t, B, 6, «p) and {«, r, 0, <f }: 

t = f+{(r+m)+ m [(re-Hn)ln-^ — (Pl+m) ln-^F^l 

( V"!*— a ! — <? 2 L r.+m r_+m J 

2* . r .- !±.\ M2. 1071 

r '_7_ j ’ 



(12.107) 



B=r + m, 



where r ± = ± Y m 2 — a 2 — (i 2 . 
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The range of values of r, according to the inequality B > B+, is bounded below: 



r>r+. 



(12.108) 



Now it is easy to find the explicit form of the solution to the RTG system of 
equations outside a spinning charged object for the metric coefficients of the 
effective Riemann space-time. To this end one must only apply the tensor law of 
transformations of the Newman-Kerr metric coefficients, bearing in mind the coor- 
dinate transformations (12.107). 

The nonzero components of g ik (z), which are solutions to the complete system 
of RTG equations, are (Karabut and Chugreev, 1987) 



goo (x) - 1 — 2mB p r - g ’ ■, faW--P*. g„£)=-x 

g g) a 3 iO 1 — m 1 ) (ImB — Q 1 ) sin 1 0 g ~ a (2mB-Q') sin 2 6 

p 2 A(A+/n«-0 2 ) ’ " = ? 

A p 2 A 2 (A + m*-tf>) 

g ,,w--x , 

p 2 A (A+m* — Q*) 



(12.109) 



with X = (S 2 + a 2 ) 2 — a 2 A sin 2 0. Here B, p 2 , and A are assumed to be known 
functions of r. 

Obviously, g lk ( x ) is independent of t. Assuming that asOin (12.109), we ar- 
rive at the exterior solution for an electrically charged spherically symmetric 
object. The expression for the line element in the effective Riemann space-time in 
spherical coordinates of the Minkowski space-time is 






— (r -f m) 1 (iff) 2 sin 2 6 dip 2 ) , 



( 12 . 110 ) 



with r, 0, and (p varying within the following ranges: 

oo , OsJ0<n, 0 < <p < 2n. 

Applying the tensor transformation law to (12.105), we can find the electromag- 
netic field-strength tensor in spheroidal coordinates {z 1 }: 



F= (B 2 — a 2 cos 2 0) dr /\ (d t — a sin 2 0 d<p) 

+ -ffiaffcos0sin8rf9 A (aA — (g^+a^dip — fl| f* j'°’ ) (g *~ m,> dr) . (12.111) 
p V A(A+m 2 -<? 2 ) ' 

Since the components of the electric field vector E u and the magnetic induction 
vector B* are defined as 



E V ~F W and B*=— *-[det («ta£i_ g„,) ]- ,/2 



we can easily establish, on the basis of (12.109) and (12.111), the asymptotic be- 
havior of these components for large r’s. In the dipole approximation we 
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have 

*,*-£+*(- i.), 

B'*0(±), ( 12 . 112 ) 

£ v =0. ^0(7*-). 

Note that such a field is created by an object with charge Q and magnetic moment 

h = I <? I «• 



Chapter 13. Gravitational Collapse 

Within the framework of general relativity (Landau and Lifshitz, 1975, Weinberg, 
1972, and Zel'dovich and Novikov, 1971, 1974) the conclusion is drawn that if 
a massive star has burned out its nuclear fuel but has not lost a sufficient fraction 
of its mass, there are no forces that can stop it from contracting under gravitation, 
with the result that the density of the star will tend to infinity over a finite inter- 
val of proper (or local) time. This stage in the evolution of certain stars has become 
known as gravitational collapse. Misner, Thorne, and Wheeler, 1973 (Box 18.1), 
consider gravitational collapse and the emerging singularity as "the greatest 
single crisis of physics, central to understanding the nature of matter and the 
universe." 

In this chapter, following Vlasov and Logunov, 1985a, 1986a, we will show 
how RTG changes the entire nature of gravitational collapse and leads to the 
phenomenon of gravitational time dilation, due to which the contraction of a mas- 
sive object takes a finite proper time lapse in the comoving reference frame and, 
most important, the density of matter remains constant and does not exceed 
10'“ g/cm a , the luminosity of the object reduces, or the object “blackens", but 
nothing unusual happens to the object. Thus, the predictions of RTG differ dras- 
tically fromthose of GR. Below we give a brief description of the results of gravita- 
tional collapse that follow from GR. 

The line element in the reference frame comoving with a nonstatic spherically 
symmetric object can be represented as follows: 

d,z = d T i_ e «R.x) d flj_ B Z( Ti R)(dp + nin*9d'?). (13.1) 

where t is the proper time, and R, 6 and >p are the spherical coordinates in the 
comoving reference frame. It is expedient for our discussion to introduce the 
universal notation 

V = (T, R, 0, <p). 

According to (13.1), the nonzero metric coefficients g m „ (£) are 
*oo(5)=l. *.,©= «„©=-5 *(t, R), 

*»(!)= R) sin J 0. 

Using (13.3), we can easily find the g™"(|) coefficients that are nonzero: 

= *»© = — e-tt-W, g*(&=_fl-z(T, fl), 

g»(D = -B-2(x, R) sin" 1 0. 



(13.2) 

(13.3) 



(13.4) 
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The Junctions o) (x, B) and B (x, B) can be lound from the Hilbert-Einstein equa- 
tions. 

Following Oppenheimer and Snyder, 1939, let us consider the simplest variant 
of gravitational collapse of spherically symmetric dnstlike matter with zero pres- 
sure. The energy-momentum tensor density in this case is 

r""= V^gp(x. fi)u"V\ (13.5) 

with p (x, /?) the self-energy density, and u m the 4-vector of velocity. 

Oppenheimer and Snyder, 1939, demonstrated that if p is independent of B, 
then in the comoving reference frame, or the frame in which 

“° =-£=‘. **'=-£ = 0.u* = -£- = 0, k»--3* = 0. (13.6) 



the simplest exact solution to the Hilbert-Einstein system of equations has the 
form of the Tolman solution: 



where 



B=R if 


(13.7) 


B = ( RS/1 _ ftsn JL. ) 2,1 if 


(13.8) 


— -(W. 


(13.9) 




(13.10) 



with m the active gravitational mass of the object. Solutions (13.7) and (13.8) 
imply that the range of values of x is bounded above by the value x = t 0 and 
that B (x, R) may assume all values from 0 to oo. 

For the density of matter we have the following formula: 



which shows that p (x) becomes infinite at x = x,. 

Radial fall of test bodies in metric (13.3), (13.7H13.9) obeys the following 
equations (Oppenheimer and Snyder, 1939): 



dB . / 2m 

"3x" — ~V T» 



d-B m 
■ 577 "= --&■ 



These equations show that the collapse of the falling dust particles to the Schwa- 
rzschild radius B g = 2 m occurs over a finite proper time interval and, meeting 
nothing in their movement through empty space, the particles reach the center 
B => 0 simultaneously (which results in the energy density p becoming infinite). 
Within the framework of GR the conclusion is drawn that a nonstatic object may 
have dimensions smaller than 2m. From the viewpoint of an external observer 
the region inside the Schwarzschild sphere is “cut off'' from the observer, any 
object that finds itself inside the sphere of radius 2m is gravitationally “short- 
circuited”, and no light can escape from the inner region of the sphere. Such objects, 
which have infinite densities but possess no material boundaries, became known 
in GR as “black holes". 

We can now summarize. To an external observer a spherically symmetric object 
with a sufficiently large mass m > 33/®, where 3/® is the Sun's mass, will appear 
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as contracting without limit, approaching the dimensions of the Schwarzschild 
sphere of radius B s = 2m over of an infinite time interval (in the reference frame 
linked with the external observer!). From the standpoint of the observer comov- 
ing with collapsing matter the situation is quite qifferent. Here the surface of 
the sphere of radius 2m is not material and the “falling" observer crosses it and 
reaches the sphere's center in the course of a finite time interval; at the center 
the energy density becomes infinite. 

From the viewpoint of GR, everything that happens to matter inside the Schwarz- 
schild sphere cannot in principle be cognized by the external observer. Physically 
this situation is intolerable since it imposes limits on the knowledge of how matter 
evolves. 

Let us now turn to the picture drawn by RTG. The underlying geometry for the 
gravitational field is the geometry of the Minkowski space-time. The components 
of the gravitational field or, in view of (8.1), the components of the metric tensor 
S m ob .ey the universal field equations (8.37), in addition to obeying the Hilbert- 
Einstein equations. Therefore, only a solution that satisfies both the system of 
equations (8.36) and the system of equations (8.37) has physical meaning beca- 
use it is the system of equations (8.37) that takes into account the fundamental 
role of the Minkowski space-time, separates inertia from gravitation, and fixes 
the structure of the gravitational field as a Faraday-Maxwell physical field 
possessing spins 2 and 0. 

It can easily be verified that solutions (13.7)-(13.9) do not satisfy the system of 
equations (8.37) if in spherical coordinates the metric tensor of tho Minkowski 
space-time is given in the form (12.3). To study any problem in tho RTG framo- 
work, ono must solve Eqs. (8.36), (8.37) in terms of the coordinates of the Min- 
kowski space-time. 

A transfer from one set of coordinates to another in tho Minkowski space-time is 
carried out by a one-to-one transformation with a nonzero Jacobian. RTG contains 
none of the complicated topologies inherent in theories dealing with tho Riomann 
space-time. 

Let us consider a spherically symmetric line element of the general form 
= So* (1. r) df* + 2g„ (1, r) dt dr + g n (/, r) dr* 

- IT- (t, r) (d8* + sin* 0 dq>*>. (13.12) 



where t is the temporal variable, and r, 0, and 9 are tho spherical coordinates of 
the Minkowski space-time, which set of variables wo denote by z 1 : 

x‘ = (t, r, 0, <p). 



We now shift from variables z 1 to variables |\ assuming that 

x = r (i. r) and R = « («, r). (13.13) 

Since the metric coefficients g m „ (*■) in (13.12) are linked with the metric coeffi- 
cients (13.3) by a tensor transformation law, we obtain 



B{t, r) = 5(t, R). 



(13.14) 
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For all admissible transformation functions (13.13) these expressions by defini- 
tion automatically satisfy the Hilbert-Einstein equations if solutions (13.7)-(13.9) 
are taken into account. But in RTG the metric coefficients (13.14) must, in addi- 
tion, satisfy the general-covariant system of equations (8.37), whose solution makes 
it possible to find the explicit form of functions (13.13) and, hence, to obtain 
a solution to the complete system of equations (8.36), (8.37) in terms of coordi- 
nates of the Minkowski space-time. 

Following Vlasov and Logunov, 1985a, 1985b, below we give a more detailed 
analysis of all these aspects than is given in Chapter 12. The presentation will 
demonstrate the limiting nature of the coordinate conditions used in GR and how 
RTG lifts this limitation. 

We write the system of equations (8.37) in a somewhat different form. To this 
end we turn to the well-known equality 

I'M*) *“(*) = g”(*)|, (13.15) 

with rfi (i) defined in (12.9). If we employ the law of transformation for I'i ?i(aOg* < (*)i 
the change in variables (13.13) yields 

r?, <*)*“(*)= -D*’. (13.16) 

where □ is the generalized d’Alembertian operator, 

D (13 ' 17) 

Comparing (13.15) and (13.16), we find that 

□ x’-yJ==--^ r (/=7Pjg«(i)), q = 0, 1, 2, 3. (13.18) 

De Donder, 1921, 1926, and later Fock, 1939, 1957, in solving island problems, 
employed noncovariant harmonic conditions of the type 

K=7(I)g«(:r)) = 0 (13.19) 

as preferred coordinate conditions. But why must these conditions be Written in 
the Riemann space-time in terms of Cartesian coordinates? Neither de Donder nor 
Fock could provide an explanation, since there cannot in principle be any global 
Cartesian coordinates in a Riemannian geometry, and they had no idea of the 
fundamental importance of the Minkowski space-time to gravity. 

On the basis of (13.18) we can write condition (13.19) as follows: 

□i* = 0, 9 =0, 1. 2, 3. (13.20) 

For tills reason the coordinates & satisfying (13.20) became known as “harmonic". 

Remaining within t he framework of GR, condition (13.20) cannot be made covari- 
ant. In harmonic coordinates the Hilbert-Einstein system of equations simplifies 
considerably, which apparently prompted Fock to call this system preferred. If 
we wish to retain condition (13.19) and make it universal, we must write it in 
covariant form, which as noted earlier is impossible in GR. The new field equations 
can be found if we turn to the physical structure of the gravitational field. In 
Chapter 8 this approach led us to Eq, (8.3), 

- 7 = 7 ^ D p | V =W) *" <*)) = 7 ==- If «" Ml 

+ Tlu,(*)g""(i) = 0, (13.21) 
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which thanks to (13.18) can be written thus: 

□ ^=-vL(*)~4f g"'(S). '/ o, 1. 2. 3, (13.22) 

where 

Yin(*)= x V" tf-Yjn, + 8. v,» - 8 P Y»») (13.23) 

is the Cbristoffel symbol for the Minkowski space-time. In the case of Galilean 
coordinates, yj,„ = 0 and Eqs. (13.22) coincide with Eqs. (13.20). 

Thus, our equations, (13.22), imply that the harmonic coordinates defined in 
(13.20) coincide with the Galilean (Cartesian) coordinates of the Minkowski space- 
time. This assertion reflects the fundamental role and field origin of the effective 
Riemann space-time. Equations (13.22) arc covariant, relied the true structure of 
the gravitational field, and stress the fundamental nature of the Minkowski space- 
time. The role of these equations is highly important since they change the nature 
of the predicted phenomena. New physics emerges as a result, especially in the case 
of strong fields. This will become especially evident when we study gravitational 
collapse of massive objects and in Chapter 16, where we study the time evolution 
of a homogeneous and isotropic universe. 

But let us return to Eqs. (13.22), which constitute an alternative form for the 
goneral-covariant RTG field equations (8.37). Employing formulas (12.3) for the 
metric coefficients y*", formulas (12.4) for the connection coefficients yj,„, and 
formulas (13.4) for the g'" 1 (|) and substituting all this into (13.22), we get 



< <324 > 

■k -iff (*-"'** 7t ) ( ,3 - 25 > 

If we employ solutions (13.7)-(13.9). these equations assume the form 

*(«k*)-*[(4r)“**]. <‘ 3 - 23 > 

<‘ 3 - 27 > 



By solving these equations we can establish the relationship that exists between 
the coordinates R and x of the comoving reference frame and the coordinates r 
and t of the Minkowski space-time. Therefore, the solutions fix the explicit form 
of the admissible functions (13.13). 

From physical considerations it is clear that for a solution to exist the trans- 
formations (13.13) must be one-to-one and the temporal axes t and t must point 
in the same direction. These requirements lead us to the following solutions (Vla- 
sov and Logunov, 1985a) to Eqs. (13.26), (13.27): 

l*=x — 2 )/2mg-|-2m In . (13.28) 

r = B — m. (13.29) 

Here for the sake of brevity we have not substituted the explicit form of the 
function B = B (x, R). 

Since the ranges of the variables x 1 = ((, r, 0. q), which are the coordinates in 
the Minkowski space-time, are fixed, the ranges of x (t, r ) and R (t, r) in RTG must 
be specified in accordance with the ranges of the Minkowski space-time variables x n . 
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The solution (13.28) as applied to the exterior problem directly implies that matter 
in a nonstatic spherically symmetric RTG problem occupies, at any time t, a sphere 
of radius B that is always greater than 2m. The value B = 2m is attained as t 
is sent to infinity. Thus, we can always write 

B (t, R) > 2m. (13.30) 

Generally, the physical meaning of the variables g\ in terms of which the 
Hilbert-Einstein equations are written, is established when we link them to the 
coordinates z" of the Minkowski space-time via (13.22); the s" become an addi- 
tional coordinate system in the Minkowski space-time. Here, if the solutions g, 
to the Hilbert-Einstein equations hold true in a certain range Q of variables ff n , 
then Eqs. (13.22) usually narrow the range of £ n , and these variables, in view 
of (13.22), arc functions not only of the coordinates x" but of the gravitational 
field as well. The spatial-temporal region Q* in which the l" may vary, defined 
in (13.22), does not coincide with £}. 

Thus, while in terms of x" with the metric tensor y„„ (i) the system of equa- 
tions (8.36) has a solution g' mn (z), in terms of £" with the metric tensor 

(5) ■= y'pk (z) (13.31) 

the same system of equations has a solution g„„ (£) only in Q*. Hence, not every 
solution g m „ (|) to the Hilbert-Einstein equations with £ G satisfies the system 
of equations (13,22) or, which is tho same, the system of equations (8.37). 

Let us now establish the form of the metric tensor y m „ for the Minkowski space- 
time in terms of the coordinates 5" •= (x, R, 0, <p) of the comoving reference frame 
by employing the tensor transformation law (13.31). Here, according to (12.3), 
Ye* (*) — (1, —1, — r’. —r- sin* 0) and the relationship between it, r) and (x, )<\ 
is fixed by (13.28) and (13.29). V ' ' ' ’ 

We calculate the transformation matrix 

IT IT 0 0 

& TS 0 0 . (13.32) 

0 0 10 
0 0 0 1 

Combining (13.8) with (13.28) and (13.29), we obtain 



Jl A) »' _ , / 2m 

3x B(x, R)-2m' at - V B (T, R) ’ 

JL V&TR *•_,/ R 

as B[x,R)-2m’ dR I B(x, «)' 

In view of (13.33), it can easily be verified that 

det {■w’)=V Btrnr)* 0 - 



(13.34) 
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Substituting (13.33) into (13.31), we arrive at the following expression for 

Vmn(£)* 

( I dt \Z / dr \2 dt dt dr dr n A 'l 



/ d t \~ / dr (Z dC dt dr dr 

\ dt ) [ dr I dt dft dt dR 

dt dt dr dr / dt \ 2 t dr \ 2 

dt dR dt OR ( dR ) V dR I 



-(B-m)'- 



0 — (fl — mj^sin 2 © , 



2(2 m)= B(t, Ri — m 



B~- (T. R) B{t, /() 
B'(t.R) ■-[ 

it, R) — 2m) s 1 J 



t, R)~ m ~] 



On the basis of (13.33) we can write 



• <‘ 336 > 

< 13 - 37 > 

*.©- -* • < 13 - 38 > 

del Y«„ (l)= ~BWnC) [B ( x ’ — ml 4 sin* 0. (13.39) 

For B > 2m the metric (£) has no singularities. A singularity in y mn (l) 
emerges at B = 2m. 

Employing formula (13.35) for the metric tensor Ymn (£)• w ® can find the expres- 
sion for the line element in the Minkowski space-time in terms of the comoving 
coordinates 

do’ = Ymn (DdVdW (13.40) 



We write it in the form 



do’ = df - dP, 



dC“VY.»(adx + -j^L-dfl 

dP=X at dl*dl», 



X«B = — Y«i»H 

Combining (13.35)-(13.38) with (13.44), we get 






(g-2m) ; 



(8— 2m) (0*+4m>) + *"■*• 



Xj j = (S — m) 2 , 



Xu = (fi — m) 2 sin*e, XaB = ° if “^P- 

From (13.41) it follows that £ is the physical time (Logunov, 1985) and, therefore, 
must be real while dP must be positive, since it is the square of the spatial separa- 
tion between two closely lying points in the ordinary three-dimensional space. In 
view of Sylvester's criterion, the quadratic form (13.43) will be positive definite if 
Xu' X«s> and y 31 are positive. This implies B > 2m. 
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Allowing for (13.45) in the definition (13.43) of dl 3 , we obtain 

dl * = (B-2a.) B (^+w|+4a,»g dR1 + < B ~ ^ + si " 2 fl («.«) 

Both (13.42) and (13.46) imply that a transition to a comoving reference frame 
in the Minkowski space-time is possible only if B > 2m. This means that, in 
accordance with RTG ( see (13.29)), in nature there cannot be nonstatic spherically 
symmetric objects with a radius r equal to or less than m, with the result that there can be 
no gravitational “short-circuiting" and matter cannot disappear from our space. In 
other words, according to RTG there can be physical objects with a fairly large 
mass and possessing an inner structure. This conclusion greatly distinguishes 
RTG from GR. 

Using formulas (13.8), (13.9), (13.28), and (13.29) in (13.14), wc find that 

*«W = 7^T. = ft. <r) (13 47) 

— ( r + m ) 2 , gss( r < 0)= — (r + m)*sin 2 0. 



Tho equations of radial motion of test particles in metric (13.47) with a zoro 
volocity and spatial infinity can be written as follows (Vlasov and Logunov, 
1985a, 1986a): 

dr r-m , / 2m d'r m(r-m)(r-5m) 

dt r + n 1 r-t-m ' dt* (r m) 1 * ' ' 



These equations suggest that it takes an infinite time interval for a test particle 
to fall on a sphere of radius r = m: 




(13.49) 



This effect can be called gravitational time dilation (Vlasov and Logunov, 1985a, 
1986a). 

Let us now return to formulas (13.28) and (13.29). We reintroduce the universal 
gravitational constant and write the expression for proper time in terms of the 
variables t and r of the Minkowski space-time: 



t + 2 ]/2mG (r + mG)-2mG In ^ . 



(13.50) 



We see that G is included in the expression for proper time, which means that the 
passage of proper time t depends on the nature of the gravitational field. Let us 
see how the proper time interval dr is connected with the time interval dt of the 
Minkowski space-time. 

Since 

di (T. B) dt I _£t| dB_ 
dx ~ dr |s ' OB |, dt ' 



where the rate of radial fall dBldx in the (13.3) metric with B > 2 mG is 



and, in view of (13.28), 



£=-/ 



l^G 

~TT 



dt 



2 mG B 
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we obtaiD 



i I . B 
dx B-2mG ‘ 



Going back to r via (13.29) in this formula, we find that 



dx = 



r—mG 

r~mG 



dt. 



(13.51) 



This expression shows that for a freely falling object the proper time interval dx, 
with a fixed time interval dt of an external observer, tends to zero as r approaches 
the horizon (i.e. as r-vmG) and, hence, all physical processes in the reference 
frame comoving with the falling objects slow down without limit. Actually, 
however, since in RTG the value of r is always greater than mG, the falling of 
a test body on another object occurs over a finite time interval both for tho comov- 
ing observer and an external observer. Time does not cease to flow in either refer- 
ence frame. Such a process is in all respects similar to the falling of a test body 

on the surface of a star. 

We now use restriction (13.30) to find the range of admissible x’s. Since B (R, x) 
and r arc linked by (13.8), restriction (13.30) means that proper timet never reaches 
t„. From the viewpoint of an external observer the surface of a spherical star, for 
example, of "radius" R = /?„, approaches the horizon (a Schwarzschild sphore of 
radius B (/?„, t) 2m) over an infinite time intcrvalt, while for the observer in the 
comoving reference frame this process occurs over a finite proper time interval 

'-[‘-(■s-n* (i3 - 52 > 



This formula can easily be derived from (13.8) if we allow for (13.30). Thus, tho 
RTG equations (8.37) limit tho range of t's in the following manner: t < t c < t 0 , 
Let us calculate the limiting value of density p. Into (13.11) we substitute the 
expression (13.52) for x c , since this expression is valid for R R„. We then have 




(13.53) 



We see that p does not become infinite because the new field equations (8,37) guar- 
antee that proper time t does not become equal to x 0 . 

Note that while solutions (13.8), (13.9) to the Hilbert-Einstein equations have 
meaning in the entire range of values of proper time, 0< x< x„, according to 
the RTG equations (8.37) these solutions have no physical meaning in the region 
from x c to x 0 . * 

From the viewpoint of an external observer, the luminosity of a collapsing 
object exponentially falls ofi (the object “blackens”), but nothing unusual happens 
to the object since its density always remains finite. 



* Thus, the statement of Zel'dovich and Grishchuk, 1986, that every solution to the Hil- 
bert-Einstein equations satisfies Eqs. (8.37) and that this situation changes nothing is simply 
erroneous. Gravitational collapse in RTG differs drastically from gravitational collapse in GH, 
since in the former there can be no catastrophic contraction of matter to an infinite density in 
either the x n coordinates or the comoving coordinates & n . Neither can there be any singularities 
or regions blocked from an external observer. In this sense RTG can contain no such objects 
knowD as "black holes" in GR, objects that depend only on the mass and charge of the collapsing 
object and that have neither material boundaries nor inner structure. The collapse of an object 
in RTG asymptotically tends to a state with a finite density and a finite radius, the latter always 
being greater than mG. Such an object always has a material boundary and an inner structure. 
No gravitational “self-circuiting" exists and matter does not disappear from our space. According 
to RTG, in nature there can be neither static nor nonstatic spherically symmetric objects with 
a radius less than or equal to mG. 
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Despite the fact that gravitational contraction of a massive object to the size 
of the respective Schwarzschild sphere always takes a finite proper time interval t c , 
which is always shorter than t 0 , we can never say that the object has reached this 
state because in RTG this is impossible in principle, since such a state constitutes 
a limit and is achieved only when time I in the Minkowski space-time becomes 
infinite. 

Let us now turn to the problem of the motion of test particles in metrics (12,99) 
and (12.109). First, following Vlasov and Logunov, 1987, we consider the motion 
in metric (12.99). 

To determine the trajectories of test bodies in spheroidal coordinates {i'} we 
use the Hamilton-I acobi equations 

-TT= (13.54) 

and 

g ,k d,S9 k S=. 1, (13.55) 

where S is the action integral of a test particle in metric (12.99). Equation (13.55) 
yields 

S= -tt + oxf+S(r) + S(6). 

(^0r 2 -) 2 =*— a * C03 * e — (“sine— ^g-) 2 , ^ 

[5^ + V I a* -Hf-H") 1 ) —oo.f — A |A 4 - (r 4- m)'-|] , 

where e, 01, and k are constants. The formula for dS (r)/dr corresponds to the 
case of falling particles. 

Equation (13.54) then yields 

■57 = {« I (o 2 + (r + m) l )» — a* A sin*e) — 2 mow(r m)), 



dr 


-4V [e(a>-Hr + m)»)-au|«-A |k + <r + m)!| 


dt 


« l(«* + + m) 3 ) 3 - «*4 s,n* B| - 2maa (r + m) ’ 


d<$ _ 


2ma» (r+m) — o 3 w3-Ao> sin 3 8 


dl 


« l(«M - (r +■ m)«)« sin ! 8) - 2 (r+ m) 


m*a 


V l e (a’-Hr-t- m) 3 ( — au|i — A [A + ( r + m | 3 | 


it" 1 


1 e |(o , -H>"l''>) , ) 3 -« 3 A3in 3 8| — 2mau (r+ra) ’ 


dO _ 


A y k — a* cos 1 8 — (ae sin 8 — u/sin 8)’ 


it 


'l(« , t('+»)')’-i , 4 sin 3 0) - 2maa (r+ m) ' 



We see that as the particles fall to the horizon {r-+ r+, 0), time I in the 

Minkowski space-time tends to infinity while angle q> remains finite, or dipldt 0 
and dtpIdB < 00, that is, the particles take an infinite time to fall to the horizon 
and do not “wind around" the horizon. Such deceleration can be understood from 
a qualitative analysis of the forces acting on the particles in the vicinity of r+. 

From the expressions (13.57) for the velocity components of a particle in sphero- 
idal coordinates we have 

M={]/ r 7=+ C ” ° TT ■ V r *+ “ 2 cos2 9 VV + ^sinO-^}. (13.58) 
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From this it readily follows that in the vicinity of the horizon 






that is, as r— *■ r+, acceleration and velocity tend to zero. 

Suppose that 6 = n/2. Then for the radial component of the acceleration, spe- 
cifically 



■to - d I 

I T=*l 



dr r 

dl Vl 3+P 






(13.59) 



we have in 



the vicinity of the horizon (r ~ r+) 



■to - 

dl 



A 



mi— a* 

“57>T 



> 0 . 



(13.60) 



while for large separations (r>r|) we have 




(13.61) 



that is, relativistic particles and light (e* > 3/2) are decelerated and nonrelativ- 
istic particles (1 >£ e* < 3/2) are accelerated. 

As shown by Karabut and Chugreev, 1987, the motion of a charged test body in 
metric (12.109), when charge e is opposite in sign to charge Q, is similar to the 
motion of a test body in metric (12.99). For example, when the test body ap- 
proaches the horizon (r-» r+), the components of velocity and acceleration de“/dt 
tend to zero. The radial component of acceleration, difidt, is positive in the vicini- 
ty of the horizon (r -s; r+), while for large separations (r> r+) it has the form 



For relativistic particles ( t 1 > ( — * - - > 3/2) , as demonstrated by (13.61), 
there is both gravitational and electrostatic deceleration, while for nonrelativistic 
particles (1 < e <3/2) there is acceleration, or attraction. At * = 1 acceleration 
(13.61) is the superposition of the Newtonian and Coulomb accelerations. 

In Chapter 11 we arrived at RTG equations involving a massive graviton. 
If the line element in the effective Riemann space-lime is fixed in the form 

ds> = Udl' — V (d V r H')*— W (dO 1 + sin* 6 dip*) (13.63) 



and the line element in the flat space in the form 

da 1 = dl' - (r')> (d \TW )* - r* (d8 J + sin’ 8 dip 1 ). 

then the system of RTG equations (11.9), (11.10) for a spherically symmetric 
object can be written in the form (Vlasov and Logunov, 1988a, 1988b) 



(V^'=/<o[l + -£(lV-r*)], 


(13.64) 




(13.65) 


(r' VW>)' = 2r V'u- 


(13.66) 



Here and below the prime on a symbol means differentiation with respect to 
yW, and by m we designate the graviton mass. The functions v and 10 are linked 
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with the functions U, V, and W through the following relationships: 

v = WUV-', c = UV. (13.67) 

In the approximation where 

2M ~ and rra< 1, (13.68) 

whore M is the mass of the source of the gravitational field, we have 



V7-2m*Jtf J ln(l + 1 J^3-) = y r lV-2Af, 

/. . 2 m>.M> \2 

If the graviton mass is nonzero in region 

„ . 



(13.69) 

(13.70) 



(13.71) 



in the vicinity of the Schwarzschild sphere Eq. (13.69) yields 

v = 4m*A/> (/(F- 2A/). (13.72) 

Combining (13.70) and (13.72) with definition (13.67), we find that in the vici- 
nity of the Schwarzschild sphere 

U = m 2 M 2 , V = M (VW - 2 M) (13.73) 

On the basis of this we conclude that the determinant g = —UVW 1 sin’ 0 
and the invariants g|»y'\ R ik y'*, and /i,»p,Y' p Y*' have » true singularity on 
the Schwarzschild sphere that cannot be removed by choosing an appropriate 
reference frame. This implies the metric g lk inside the Schwarzschild sphere 
does not correspond to any physical gravitational field. 

If we go over to the synchronous reference frame of freely falling test particles 
with a zero velocity at infinity via the transformation formulas (Vlasov and 
Logunov, 1988a, 1988b) 

x~r+$ dy'fPy' -g- (1 — «/), (13.74a) 

(13.74b) 

we find that 

ds 2 = dx 2 - (1 — V) dR 2 - W (d0 ! + sin* 6 d cp 3 ), (13.75) 



where V must be expressed in terms of R and r. 

Equation (13.75) implies that for solution (12.75) the singularity on the 
Schwarzschild sphere disappears. From this the adherent to GR concludes that 
the falling observer freely crosses the Schwarzschild sphere, which means that 
gravitational collapse occurs and a black hole is formed. 

As follows from metric (13.63) and the transformation formulas (13.74a) and 
(13.74b), the radial velocity of a particle falling along the Schwarzschild radius 
is given by the formula 



i y'W 
dx 




(13.76) 
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In GR, UV = 1 and U = 1 — 2M/YW, which implies that the velocity of the 
particle on the Sehwarzschild sphere is finite. Since the Jacobian of the trans- 
formation is also finite, one is able in GR to expand the applicability region 
for Eq. (13.76) to the singularity in the curvature invariant hp/jR 11 "*- 
In RTG with a massive graviton, the situation is entirely diflerent. Substi- 
tuting (13.73) into (13.76), we obtain 

(U-77) 

From this it immediately follows that point Vu> — 2Af is the turning point 
for the radial motion of matter. 

Subtracting (13.74a) from (13.74b) and allowing for (13.73) readily leads 
us to the following relationship: 

VW-2M+ , 

which suggests that YW >2Af. 

Thus, the fact that the graviton has a nonzero mass, irrespective of its magni- 
tude, leads to repulsion of particles of matter from the Sehwarzschild sphere. 
In view of the singularity in solution (13.73) on the Sehwarzschild sphere it 
follows that in RTG there can be no spherically symmetric objects, either static 
or nonstatic, with a radius equal to or less than the gravitational radius, which 
also means that there are no black holes. 



fhapler 14. Tho. Gravitational Field of a Nonslatic 
Spherically Symmetric Object in RTG. 

Birkhoff's Theorem 

In GR it is proved that the exterior gravitational field generated by a nonstatic 
spherically symmetric object is reduced to the static gravitational field specified 
by the Sehwarzschild metric (12.76). This assertion has been substantiated by 
Birkhoff, 1923. However, as noted in Chapter 12, the Sehwarzschild metric does 
not satisfy the RTG equations, which forces us to prove a similar theorem within 
the framework of RTG. Following Vlasov and Logunov, 1985b, we will now 
demonstrate that the exterior gravitational field of a nonstatic spherically symme- 
tric object is static in RTG. 

Suppose that the line element is given by (13.1). Then the functions <o (t, R) 
and B (t, R) in the exterior of the object considered satisfy the following Hilbert- 
Einstein equations: 

•-■-TF W®*. (-^) , =/<«) + 4. ("■») 

where / ( R ) > —1 is an arbitrary function of variable R, and m a positive con- 
stant. 

Note that the collection of variables (i, R, 0, q>) used in representation (13.1) for 
the line element ds* coincides with the collection of comoving coordinates = 
(t, R, 0, q>) (see Chapter 13). 
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To find the solution that satisfy not only Eqs. (14.1) but also RTG equations of 
the form (8.37), 

DaiV^lg")- 0, (14.2) 

we must transfer from the comoving coordinates to coordinates x 1 = xHt. r. 0 ml 
via the formulas ' ' 

t = t (t, ft), r = r (t, ft) (14.3) 



and write the line element ds ! in the form 

** = «ii dt> + 2g lr dt *• + grrd^ — ft’ (dl)’ + 3 in‘ 0 dcp’). 



(14.4) 



Bearing in mind the tensor transformation law and (14.3), we can establish the 
relationship existing between the metric coefficients of representations (13 1) 
and (14.4): ' ' 

*"=(£) 2 --(w) 2 -. (14 ' 5) 

Equations (14.2) then yield 

= ^ (14.6) 

k k] = kc kr]- 2reUlt - < m . v > 

Note that at / (ft) = 0 the system of equations (14.1), (14.6), (14.7) coincides with 
the system (13.9), (13.26), (13.27). 

Now let us find the solutions to Eqs. (14.6) and (14.7) for all values of / greater 
than —1. We will seek a metric g“ (14.5) independent of variable t: 

-Lg'Hx) = 0. (14.8) 

If in (14.8) we differentiate with respect to x and ft, we get 

(14.9) 



dg 1 * dr 

at 91) 



9p)h 9 r 

dR ~dx ' 



For ((, /c) = (0, 0) this yields 



SB dr 

at a« 



dB dr 

dR at 



which implies that r = r (ft). Therefore, we seek the solution to Eqs. (14.7) in the 
form r = r (ft). We then have 

-j^(fl2-2mft) + -j£-( 2 ft- 2 m)- 2 r = 0 , «>2m. 

This equation has a unique regular solution (Fock, 1939, 1959, and Vlasov and 
Logunov, 1985b) 

r = ft — m, r> m. (14.10) 

Since in view of (14.8) g" must depend on r, assuming that g' r = 0 and allowing 
for (14.5) and (14.10), we arrive at the following relationships for dtlih 

7 — 029“ 
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and dt/dR : 



(■£■)*- (-w-) 1 (*) “*<*+/>- *“ CD - isr o»>. 



This implies that 



d ‘ - vmviR\ d ‘ - dB dB IIS 
-5J--V1 +/'*'(«). 77r-'5T'aF yr+j 



(14.11) 



(14.12) 



where 



v l*> = T=3& 



The simultaneity condition for system (14.12), 

8 I at \ _ 8 ( at \ 

8R \ 3t I as \ 8R )' 

enables us to find the function 'V ( B ), for which we have the following equation: 

S-(‘~T-) + *T-0. 

Taking for the solution to the equation the function 
T (B) = (1 - 2 m/B)- 1 , 

we find that 

H (B) = 1. 

Then Eqs. (14.12) yield the following system of equations lor t: 

.*.,**7 (,-*)-*. 

8t dB 8B 1 . 2m ) -l I 

dll ~~8t 8R l 1 B ) /f+7 ’ 

Integration yields 

B 

l(B , R)~ -Vl+f J dfl'lZ + Zm/B'l-'/Ml-Zm/B')- 1 . 

For / positive we have 



(14.13) 



(14.14) 



(14.15) 



,tr> hi - ■- tanh(q/ 2 ) + Unh» 
t(B, B) = 2mln tanh (V 2 )-Unbi, 



+ 2mcolhy[(n-sinhn) . 2sin 1 h , t - q] 



where 

/(B)— sinh J y(fl), cosh q = /-^- + 1, 

Unh»J--Unh^=(4— 1) (1 +■£■)“ 

For / = 0 the expression for f simplifies and assumes the form (13.28). The explicit 
expression for t (B, R) when / is negative will not be given here due to its com- 
plexity. 
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Substituting (14.10) and (14.14) into (14.5), we arrive at the sought exterior solu- 
tion to the system of RTG equations: 

ds* ~ dl> ~ T^iir dr2 — ( r + m )' + s>" 2 0 ‘b 1 ) ■ (i4.ie> 

But this solution corresponds to the case of a static spherically symmetric object 
(sec Chapter 12). Hence, Birkhoffs theorem holds true in RTG, or a nonstatic 
spherically symmetric source generates a static gravitational held in the exterior 
of the source. 



Chapter 15. Gravitational Waves 

One of the most important problems in the theory of gravitation is the problem 
of generation and detection of gravitational waves. A comprehensive theoretical 
investigation of this problem encounters a number of difficulties primarily linked 
with the strong nonlinearity of the held equations, and only in the weak-hold 
approximation has it been possible to carry out a consistent investigation. Nobody 
has yet discovered gravitational waves. A natural assumption is that in view of 
tho extremely low intensity of gravitational waves the linearized held equations 
provide an ideal tool in the hands of researchers studying gravitational waves com- 
ing from sources observable in our Universe. 

Let us assume that in the entire space-lime, including the region occupied by tho 
source, the gravitationl held <J> m " (x) is weak: 

l‘t>" n (j) l« 1. (15.1) 

As shown in Chapter 11, in Cartesian coordinates and in the weak-hold approxima- 
tion the generalized RTG system of equations (11.14), (11.15) can be represented 
in tho form 

(O + m ! ) <D m " = 16j»r* n , (15.2) 

a m <D"" = 0. (15.3) 

If in reality the graviton mass is very small but finite, the contribution of this 
mass will be a quantity comparable with second-order or higher-order perturbation 
terms and, hence, will have no effect on the emission of gravitational waves in 
the linear approximation. Only on the cosmological scale can this term manifest 
itself. 

In this chapter we wish to compare the results obtained in GR and RTG. There- 
fore, we consider tho system of equations 

(15.4) 

(15.5) 

which follows from (15.2) and (15.3) if we assume that the graviton mass is exactly 
( 0 ) 

zero. The quantity T m " on the right-hand side of (15.4) is obtained from the 
Hilbert energy-momentum tensor for matter after we replace g mn with y mn and 
V„ with d„ in the latter. The covariant conservation law (8.12) assumes the follow- 
ing form in the weak-field approximation: 

(0) 

dJF mm - 0. 



□ d)""' = 16n7”"”, 
d m 0”" = 0, 



7 * 



(15.6) 
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Let us use the standard method of solving Eqs. (15.4). We write the tensors 
<X) mn (r, t) and T mn (r, () in terms of temporal Fourier integrals: 



©"”> (r, f) _ 


J «-*»<©"” (r, a) da. 


(15.7) 


lot 


? 10) 




T nn (r, l) = 


\ e~ ,ui r m "(r t a) da. 


(15.8) 



Since © mn (r, t) and f m " (r, () are real, the integral representations (15.7) and 
(15.8) yield 

(©■" (r, <«))• = ©’"" (r, - oi), 

( 0 ) ( 0 ) 

(7-™(r, a>))* = 7’-"(r, -u). 

Substituting (15.7) and (15.8) into (15.4), we arrive at an equation, 

(V , +«*)©""(r, »)= — 16ji7^"(r, <e), (15.9) 

whose solution is well known: 

f -luH (0) 

©""(r, e>)-4 J -^-r™"( r', o>)dV, (15.10) 

where R = | r' — r |. For the Fourier transforms ©"" (r, w) and (r, o>), 
Eqs. (15.5) and (15.6) yield 

ita©® 0 (r, id ) = a a ©°" (r, o>) , (1 5. 1 1 ) 

( 0 ) <01 

io.r° (r, <o) - d,T an (r, <a). (15.12) 

Here and in what follows the Greek indices assume values 1, 2, and 3. On the basis 
of (15.11) we can easily express © 0n (r, oj) in terms of the spatial Fourier transforms 
©“C (r, <o) thus: 

©*>(r, U )= _ U ), (15.13) 

©°“(r, «e) = _±a 6 © aS (r, o). (15.14) 

Thus, the solution (15.10) to the RTG system of equations contains only six inde- 
pendent Fourier transforms. 

The spatial Fourier transforms ©^ (r, o>) can be written in a form that will 
later enable us to demonstrate the quadrupole nature of ©“0 (r, t). Allowing for 
(15.12), we can write formula (15.10) for the spatial Fourier transforms as follows: 

©° 6 (r, e>)=-2o>»{ij a)x'°x'»(Pr 

+ -f- do J -V- T ( r '> “) x ' a *'> <Pr' 

— ) -g- T 0l (r\ u) (15.15) 
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Now we can take advantage of the arbitrariness in thB solution to the system of 

( 0 > 

equations (i5.4), (15.5). In the weak-field approximation, T mn (r, () is indepen- 
dent of ® mn (r, t); hence, if ® m " (r, I) is a solution to the above-mentioned system 
of equations, so is the function (D’”” 1 (r, t) specified thus: 

CD""" (r, t) = ®" n (r, t) + ^a"(r. l) + «V(r, <)— Y m " d,a‘ (r, (), (15.16) 
where the 4-vector o" (r, t) satisfies the equation 

□a n (r, 0 = 0. (15.17) 

It is appropriate to note at this point that (15.16) is a supercoordinate gauge trans- 
formation and has no connection with coordinate transformations. 

Aside from (15.17), we must impose a condition on a" (r, «) that will guarantee 
the weakness of field ®' m " (r, t). This means that for d™a" (r, t ) the following 



inequality must hold true: 

I d"a" (r, 1) | < 1. (15.18) 

Now in the weak-field approximation observables may be calculated on an equal 
basis using <D"‘" (r, t) or using (r, (). Employing (15,16) and (15.17), 
we arrive at the following formulas for the Fourier transforms: 

<D'°° (r, <o) = ®« (r, <o) - iata“ (r, o>) - d a a a (r, <o). (15.19) 

<t>' 0,I (r. < 0 )-®°“^, w)-iua»(r, u) + dV (r, u), (15.20) 

® ,c "‘(r, o>) — ®" f (r, wJ + dV 1 (r, a>) + d p a“(r, m) 

— V° 6 (^o a °(r, ul — iua°(r, to)) , (15.21) 

(*)*-d a d*)«"(r, a»)=0. (15.22) 

Let us select the 4-vector a" (r, o>) such that the ®'°“ (r, <o) (a = 1, 2, 3) and the 



trace of ®' mn (r, u>), equal to <D'J (r, w) + ® a “ (r, at). vanish. Conditions of this 
type imposed on the field ®' nn (r, cu) are known as TT gauge. 

On the basis of (15.13), (15.14), and (15.19)-(15.22) one can easily show that 
the field ®' m " (r, at) will satisfy the TT gauge conditions if a 0 (r, w) and a" (r, w) 
are chosen as follows: 

a°(r, <o)= — jL-[®co(,. o,)-i-®;:(r. «)] , (15.23) 

a«(r, c)= -- i-® 0 *^, o.) - ^ d“ [®» (r, a.)-i-®;(r, •)]. (15.24) 

Combining (15.23), (15.24), and (15.9) with (15.21), we arrive at the following 
expression for ®' aB (r, at) outside matter: 

®' e, (r. »)«S*(r. oi) — jjj- (d“ doS 0 * (r, u) + d , d*S oa (r, <e)) 

+ - 23 T ('. v) + -ET ^S.d,S°' (r, at), (15.25) 

where we have introduced the notation 

S**{ r, u)) = ® ot, (r, •>)-- ff*®;(r, u). (15.26) 

Here -y"® constitutes the spatial part of the Minkowski metric with —1 elements 
on the principal diagonal. Note the (r, at) is a traceless tensor, that is, 

Y„ 8 S“ B (r, a) =0. (15.27) 
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Now let us devote more attention to solution (15.15). Expanding R~ l in powers 
ol r' 1 , where r is the distance from the source's center to the point where the field 
is detected, and assuming that the linear dimensions of the source are much smaller 
than r, we find that (15.15) yields 

<H“ s (r, <a)= - j e' aR z' a x'Q ( T*° (r 1 , ca) 

+ 2e‘r aa (r', oi) + (r', o.)| dV, (15.28) 

withe” = x”/r and (/ = —1. In going on from (15.15) to (15.28) we have 
dropped the nonwave terms, which fall off faster than r* 1 . Substituting (15.28) 
into (15.26), wo get 

5“®( r, u>)= J e'“ R 

( 0 ) ( 0 ) <01 
X|r»(r', (o) + 2e, T 0 (r', o.) + e 0 e,7"’ , (r', <o)| dV. (15.29) 

It can easily be demonstrated that, to within terms of the order of /-*, 
da^Jr, u) = — Uve 0 S r ‘ l (r, oi), 
d a S at {r, oi) = — (ax-S^r, ui). 

This enables writing (15.25) thus: 

(r, u) + e”e 0 ^' lB (r, o») + (r, u) 

— y Y‘»e 0 c x S a ' (r, o>) + -j-e“e»e 0 e,S°'(r, o>). (15.30) 

Introducing the projection operators 

P?=,6S + e«e„ (15.31) 

with 

/*£ — 2, (15.32) 

we can represent (15.30) in the compact form 

•D”* (r, oi) = ( P?P» - -i P“°P,a) S” (r, o>). (15.33) 

Applying the Fourier transformation to both sides of (15.33), we get 

0)' ois (r, t)=o(p*P*-±P**P„)s n (r, <). (15.34) 

where, in view of (15.29), 

( 0 ) ( 0 ) - 

X[7«(r', t-)+e a e t T at> (r-, l')WdV. (15.35) 

Here and in what follows the subscript “ret” on the integrand means that the 
expression inside the square brackets must be taken at a retarded time t' = 
t - Rlc. 

Let us define the traceless tensor of the generalized quadrupole moment thus: 

s .o« =D a t > + 2 <oD aSo +eo<iD aSo, i (15.36) 
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Let us now establish the transformation properties of under rotation of the 
three-dimensional space about the z axis through an angle 8. Since the nonzero 
elements in the matrix representing a rotation about the i axis are 

tJJ = cos 9, Q,‘= sin 8, Q,‘ = —sin 0, QJ = cos 8, QJ = 1, 

from (15.45) we find that 

K" = h'» = h' a = 0, 

h'“ = -h' a = h" cos 28 - h .“ sin 28. (15.46) 

V“ = h" sin 26 + h lt cos 28. 

Since outside matter h“V (r, t) satisfies a homogeneous linear equation, any linear 
combination of components of ft®* also satisfies this equation. Let us take the 
following combinations: 

K = h" ± th'K 

For these (15.46) gives the following transformation law: 

h± = e*™h K . (15.47) 

As is well known, if under a rotation of the three-dimensional space through an 
angle 8 about the direction of propagation of a wave a wave function V is trans- 
formed as 

T = 

then ’F is an eigenfunction of the helicity operator/,, with an eigenvalue equal to X. 

Thus, (15.47) implies that ft* are the eigenfunctions of operator /", that describe 
the states of the gravitational field with helicities X = ±2, respectively. The 
states of the gravitational field with helicities X = ±1 and X — 0 have no physical 
meaning since the corresponding eigenfunctions can always be made equal to 
zero through appropriate gauge transformations. 

Thus, the supercoordinate transformations (15.16) have excluded the non- 
physical components of d*”" 1 . The gravitational field proves to be a spin-2 field 
with helicities ±2. Only physical components of this field will enter into the 
expression for the gravitational-wave llux, and the metric tensor for the effective 
Riemann space-time is constructed on the basis of (8.1) from the physical compo- 
nents of the field. It is this feature that fixes the geometry of the Riemann space- 
time. 

Now, following Einstein, 1918b, we will calculate the intensity of gravitational 
waves in the GR framework. The method of calculating the intensity suggested 
by Einstein and the various modifications have gained wide acceptance and are 
given in many articles and monographs. In this chapter we employ the variant 
used in Landau and Lifshitz, 1975. As is well known, the Hilbert-Einstein equa- 
tions lead to the following differential conservation law: 

d„ l-g (7""" + T mn )l = 0, (15.48) 

where t" 1 ’ 1 = -r"" is the energy-momentum pseudotensor of the gravitational 
field. Integrating (15.48) over a sufficiently large volume and assuming that there 
is no transport of matter through the surface bounding the integration volume, 
we obtain 



4 + -§(-g) T*~ds a . 



(15.49) 
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According to Einstein, 1918b, the right-hand side of (15.49) at nt = 0 is “for 
certain the loss of energy by the material system” and, hence, 

-f-=-§(-S)x»“iS 0 . (15.50) 

Then the “energy flux" carried by the gravitational waves through the elemental 
surface area dS a is given by the formula 

dl = (-g) x® a dS a . (15.51) 

If for the surface of integration we take a sphere of radius r (the dS a — — r*e a dil), 
then for the intensity of gravitational waves per unit solid angle we have 

4r = -' I (-*K a *«. (15.52) 

where <fS2 is the unit solid angle. Calculating (— g) t°° from, say, the pseudotensor 
given in Landau and Lifshitz, 1975 (p. 282), we find that in the weak-field approx- 
imation combined with (15.41) and (15.42) and the TT gauge conditions, 

<-«>t"-£(-Sj^)(3r). < 15 ' 53 > 

This leads to the following transformation of formula (15.52) for the intensity of 

gravitational waves per unit solid angle: 

'dQ = l^r(~dr) ("rfH ■ < 15 - 54 ) 

Substitution of (15.44) into (15.54) yields 

■sr = 1ST [t (Vi^' a v + °“] . (is.55) 

Integrating (15.55) with respect to the angular variables and allowing for 
$ — -T-Vo*. 

$ (VoaVot + VaoVe, 4-VatVeo). 

we arrive at the well-known quadrupole formula for the total intensity, which 
wus first established by Einstein, 1918b: 

/ = (15.56) 

which implies that 

/>0. (15.57) 

Formula (15.56) for the intensity of gravitational waves has been derived in 
GR on the assumption that the z k coordinates in the entire Riemann space-time 
are Cartesian. If we were to select other coordinates in GR, we would arrive at 
an entirely different result, which means that (15.56) is not a corollary of GR. 
The derivation of formula (15.56) given above in the GR framework is based on 
the definition of energy flux via (15.52). And the latter contains the quantity 
x° x , which is not a tensor. 

An analysis conducted in Denisov and Logunov, 1982d, and Vlasov and Denisov, 
1982, has shown that, depending on the choice of the system of coordinates, the 
energy flux (15.52) through every element of a spherical surface of arbitrary radius 
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r and, hence, the total energy flow (or total intensity) through the entire spherical 
surface in the course of a Unite and fixed time interval may be positive or negative 
or zero, in contrast to the assertion in Einstein, 1918b. 

By selecting an appropriate reference frame in the GR framework and starting 
from definition (15.52), in the weak-field approximation we can derive (Denisov 
and Logunov, 1982d, and Vlasov and Denisov, 1982) the following formulas for 
the intensity per unit solid angle and total intensity of gravitational waves: 

-5S- = -W- [t Dat'D^ + 'a'* 0*0°“] . (15.58) 

(15.59) 

with a an arbitrary constant. We see that only when a = 0 do we get formulas 
(15.55) and (15.56). If, for one thing, we take a equal to +1 or —1, we find that 
the intensity per unit solid angle dlldSi and the total intensity vanish. 

We have thus arrived at the conclusion that an appropriate choice of reference 
frame may result in the arbitrary sign of dl/dil and / defined in GR, according to 
Einstein, on the basis of (15.52) or even nullify these two quantities. This is 
absurd from the standpoint of physics, since radiation, being a physical reality, cannot 
be “ annihilated ‘ by an appropriate transformation of coordinates. 

In contrast to GR, in the framework of RTG, as wo will shortly demonstrate, 
there are no such difficulties and the formulas (15.55) and (15.56) are strict corol- 
laries of our theoretical ideas. 

At the base of intensity calculations we place the covariant RTG conservation 
law in the (9.23) form: 

( 0 ) 

4.(17 +<&•>- 0. (15.60) 

In Chapter 9 this form of the covariant conservation law for the energy-momentum 
tensor of matter and gravitational field taken together was shown to be in all 
respects similar to the covariant conservation law (6.28). We have chosen (15.60) 

<o> 

as the form for the conservation law for purely technical reasons. For i ( j ln we 
already have the representation (9.13), in which we have isolated the term that 
is the covariant divergence of the tensor KSf, which is antisymmetric in the upper 
indices, and that, therefore, contributes nothing to (15.60).* If we allow for (9.13), 
formula (15.60) can be rewritten as follows: 

»„(*?+ 0-0. (15.61) 

where 

= - 6 ”L, + -j^- [g ■ + \ ?"*g~ 0„g". (15.62) 

In contrast to (15.48), the left-hand side of (15.61) is a true tensor since it is the 
covariant divergence in the Minkowski metric of the tensor quantities T" and 
x™. Hence, an intensity calculation (or calculation of other characteristics of the 
gravitational field) based on (15.61) will not depend on the choice of the system 
of coordinates. Since in the Minkowski space-time we can always select the Carte- 
sian (Galilean) system of coordinates, (15.61) yields 

3„(7T+O = 0. (15.63) 



• Terms whose divergence vanishes identically in view of their structure lead to no law of 
conservation. 
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Thus, in RTG, in contrast to GR, the conservation law (15.63) is automatically 
written in terms of Cartesian coordinates. Integrating (15.63) over a sufficiently 
large volume and assuming that matter is not transported through the surface 
hounding the integration volume, we get 

d 0 $ (T* + x£) dV'=-§ x; dS a . (15.64) 

Since at n «= 0 the left-hand side of (15.64) is the amount of energy lost by the 
system, the energy flux carried by gravitational waves through the elemental sur- 
face area dS a is 

dl^dS,. (15.65) 

If we select the surface of a sphere of radius r as the integration surface, we arrive 
at the following formula for the intensity per unit solid angle: 

-^= -r»rS<i.S a . (15.66) 

To find the explicit form of (15.66), we must calculate t“ in the weak-field approx- 
imation. Writing (15.62) in terms of Cartesian coordinates and employing the 
expansions (15.41) and (15.42) in the weak-field approximation combined with 
the TT gauge conditions, we get 

T » = — isr V w? + »*"***■ (is.67) 

Since to within terms of the order of 1/r 1 and higher 

*%,,-= (15.68) 

and the TT gauge conditions imply that 

dji*=0, 

formula (15.67) yields 

T o f o 55 ^ d 0 h 0 ' 3 0 fc„,. (15.69) 

Combining this with (15.66), we arrive at the following formula for the intensity 
per unit solid angle: 

If we combine this with (15.44), we arrive at (15.55) and ,(15.56): 

4r = [ T (W>‘ 0# )* + T D at D*> + 'n'>Oo t D°*] , (15.70) 

7 53 . (15.71) 

In RTG the expression for the energy-momentum tensor of the gravitational 
field in an inertial reference frame formally coincides, when written in terms of 
Galilean coordinates, with the expression for the GR energy-momentum pseudo- 
tensor if for some reason the spatial-temporal coordinates in the latter are declared 
Cartesian. But in the Riemann space-time, and, therefore, in GR, there can be 
no system of global Cartesian coordinates. 

In the case of a weak field such a formal coincidence enabled Einstein intuitive- 
ly to find the formula for the intensity of gravitational waves. 
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Chapter 16. A Homogeneous and Isotropic Universe 

In this chapter we consider a homogeneous and isotropic universe. The line ele- 
ment for such a universe will be represented in the following form: 

ds 2 = U (1, r) dt 2 - V (f, r)dr 2 —W ( t , r) (<ffl* + sin* B *p 5 ), (16.1) 

where t is time and r, 0, and <p are the spherical coordinates in the Minkowski 
space-time. The functions V (t, r), V (i. r), and W (l, r) for a given distribution 
of matter must be found by solving the system of equations (8.36), (8.37). In 
what follows it is convenient to employ the system (8.36), (8.37) in a form in 
which the Ricci tensor and the energy-momentum tensor are expressed in terms 
of mixed coordinates: 



V-g («" — j-6"«)=8n7T. (16.2) 

Djr-0. (16.3) 

For 7'? wo take the energy-momentum tensor density of a perfect fluid (Fock, 
1939, 1959, and Tolman, 1934): 

C = V— »l(p+p)i»*u„-0!. (16.4) 

where p is the density of the fluid, p the isotropic pressure, and u“ the unit 4-vector 
of velocity. 

According to (16.1), the nouzero components of the metric tensor g m „ are 

g 00 = u (I, r), g„ = -V ( t , r), g tJ = -W (t, r), g„ - - W (t, r) sin* 0. 

(16.5) 

If we recall that g m „g" k = 6* , we can easily find the nonzero components of g mn : 

e ci» = _ ! oil _ ! 1 pjj ! 

5 U (r, r) ' * V (I, r) ■ * - IV (i, r) • K — IV«, r)sin 1 8 ’ 

(16.6) 

with g mn = 0 for m =f= n. Let us assume that 

u“ = 0, a «= 1, 2, 3. (16.7) 

Then, in view of the fact that g mn u"u" — 1, we find that 

“° = W’ < 168 > 

Combining (16.7) and (16.8) with (16.4), we obtain 

n=~V~eP. r;=r,=r; = -/=?>, 



(16.9) 
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with T'X — 0 for n. If we now take into account (16.5) and (16.6), we find 
that the nonzero Riemannian connection coefficients are 
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Using formulas (16.9) and (16.10) in the covariant “conservation” law V m T% = 0, 
we can easily obtain the equations 

which link p, p, U, V, and W. Let us start with Eqs. (16.2), (16.3) and establish 
the relationships that exist between U. V, and W. We write (16.3) in the form 

6 m ?"" + vJn?""-0, (16.13) 

where y'j m are the Christoffel symbols for the Minkowski space-time whose non- 
zero components are given in (12.4) if spherical coordinates are used. Since Y— g = 

V II V IV sin 0 (see (16.5)), we find from the definition e™"= Y—gg”" combinod 
with (16.6) that 



g"“YV/U M'sine. g" = — YftTV~ W sin 0, 
g a = — ]/l7Fsin0, sW=-/Z7F(sin0)-‘. 


(16.14) 


Substituting (12.4) and (16.14) into (16.13), we get 




±.(Y71UW)-0, 


(16.15) 


-^(YuiVW)~2rYW. 


(16.16) 


Equation (16.15) implies that 




YvjUW=.f{r). 


(16.17) 



whore / (r) is an arbitrary function that does not depend on t. Since in view of 
(16.17) we have Y V W = Y Uf(r), Eq. (16.11) can be written as follows: 
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Thus, the covariant conservation law V m TZ = 0 and the RTG equations (16.2) 
for p, p, U> V , and W yield the following relationships: 

-pT7^-=-S- ln ^ <«•«> 

-£i J 2r = -K ]nVV ' 

(Vulv W) = 2r yw , (16.20) 

YVW^yiJHr). (16.21) 

Equations (16.18) and (16.19) imply that for them to be valid simultaneously, 
the following condition must hoid true: 

f(7T7^)=^(TT7^)- < 16 - 22 > 

Note that condition (16.22) emerged only after Eq. (16.11) was represented in 

the form (16.18), and this became possible thanks to formula (16.17), which fol- 
lows from the RTG equations (16.3). This suggests that the differential relation- 
ship (16.22), which connects only the characteristics of matter, p and p, appears 
necessarily only in RTG. Let us illustrate this fact by an example. We will see 
what restrictions are imposed by condition (16.22). 

Suppose that the equation of state of matter has tho form p (t, r) = p“ (t, r), 
where the exponent o is a number. Wo assume that both p (f, r) and p (t, r) are 
separable, that is, 

P (*. r) “ Pi <0 P. (r), p (t, r) = p, (t) p, (r). 

Then (16.22) yields 

This is possible only if a = 1 or a = — 1. The case with a — —1 must bo excluded 
since at p, (1) p, (r) = p;‘ (1) p;' (r) Eqs. (16.18) and (16.19) have no solution. 

Thus, if the state of matter is such that both the energy density p (t, r) and 
tho isotropic pressure p (t, r) are separable and in the equation p = p“ the expo- 
nent a is not equal to unity, the effective Riemann space-time cannot have a line 
element in the form (16.1); and vice versa, if the line element is represented by 
(16.1) and p (/, r) and p (f, r) are separable, the exponent a in the equation of state 
p = p“ is necessarily equal to +1. If a = 1, (16.18) immediately implies that 
U (t, r) is separable. 

Below we consider, following Vlasov and Logunov, 1986b, the model of a homo- 
geneous and isotropic universe in which density p and isotropic pressure p are 
functions of only the time variable in the Minkowski space-time. In this case 
condition (16.22) is satisfied automatically and (16.19) implies that 

U=U(t). 

Since V is independent of r, (16.20) and (16.21) yield 




(16.23) 
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Multiplying this into (//V) ,/z . we have 

*(*r- M-f-r. 

which yields the following formula for V (I, r): 

vvt (*. r)^YUT)P n (r) |2 (r) + <j> (()]-•, (1 6.24) 

whero 

Z(r) = 3$ r/ 1 '* (r) dr, (16.25) 

and <p (() is an arbitrary function of t. Combining (16.21) with (16.24), we get 
W (I, r) = /•/> (r) £/•/> (t) |Z (r) + <p (<)]*/*, ( 1 6.26) 

yn- tKft • («■») 

We have not yet discussed how the Hilbert-Einstein equations (16.2) come into 
the picture. Let us examine them. Assuming that m = 1 and n = 0 and employing 
(12.11) as a basis combined with (16.9), (16.10), and (16.23), we find that 

W , t dW dW i 6V dW - 

--aTaT + W — — - -Wtr—r — (> 6 . 28 ) 

Dividing this equation by dWIdr and performing simple manipulations, we get 
a .raw t t „ 
at ln L ar vwv J -°- 

This yields 

VWV. (16.29) 

where c (r) is an arbitrary function depending only on r. If we allow for (16.21), 
Eq. (16.29) can be written thus: 



\VV(t)c(r)l(r). 



Integration yields 



Wtn (t, r) = VTTJi) [4 J c (r) / (r) * + &(<)]. (16.30) 

with b ( t ) an arbitrary function. Comparison of (16.26) with (16.30) shows that 
the two are valid simultaneously if 

6 (!) = <P (t) = 0, (16.31) 

\c(r)f (r) dr - ■§./»/• (r) [3 J r VW) *]*'* . (16.32) 

The last formula can be used to determine c (r). 

Taking into account (16.31), we can write Eqs. (16.26) and (16.27) as follows: 
W(t, r)=V>lt(t)W,{r), (16.33) 

K(f,r) = lf/>(l)K,(r), (16.34) 

where 

ty,(r)=/W(r)Z'/ 1(r) , (16.35) 

V,(r) = f(r)Z-W(r). (16.36) 
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On the basis of (16.33) and (16.34), we can easily establish that formulas (16.10) 
lead to the following expressions for the nonzero Riemannian connection coeffi- 
cients: 



r* = 



1 dV 



»— sr M 



r?,= 



6 <■>"/" 



dU 

dt 

dU 



" — gt/V* dt 



=r?.= 



dW i 

2 W, dr ' 
sin 6 cos 6, 



1 dV. 
'Si ~~ 



(16.37) 






P„sin J 0, 

1 dU 
' OV dt ' 



n, 1 dtt\ 

IvT dr ' 

r^=r;,sin=e, r;,,=cote. 



Putting m = n = 0 in (16.2) and allowing for (16.9) and (16.37), we get 






t 



I tPW 



Similarly, at m 



+ iv\W, 

n = 1 (16.2) yields 



P,H' I dr" 

dW, dV, 



■ | > (dWtY 

1 l dr 1 



~dr 37 



1 / dW, \2 

ivvTlir) • 



i 

'W 






(16.38) 



(16.39) 



Since the left-hand sides of (16.38) and (16.39) contain functions depending only 
on t and the right-hand sides contain functions depending only on r, we have 

avW-ror (16.40) 

) 1 d’W. , 1 / dlV, . t diV, d/, ,. c ,,, 

Tpr~7riP7-^ + iFTipr(~d^) + dr- d, = c *- < 16 - 41 ) 

8 n pW+4r^— (16.42) 
“W+ «^(-^)’ = e '' (,6 ' 43) 



where c„ and c, are arbitrary constants. 
Let ns use (16.43) to find K,: 

V,' 






c.H'. + t 



(16.44) 



Substitution of this expression into (16.41) reveals that the constants c 0 and c, 
are linked by the following relationship: 

c,= — r<V (16.45) 



Since W l (r) and V, (r) are expressed in terms of the same function f (r) (see 
(16.25), (16.35), and (16.36)), (16.44) is actually an equation for / (r). It will prove 
convenient, however, to take W, (r) for the independent function rather than 
/ (r) and to find the solution with respect to r as a function of Y W t . 
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Using (16.35) and (16.36), we can express / (r) and Z (r) in terms of 17, ( r ) and 
7, (r) thus: 

(16.46) 

Z(r)=QV\V-'Y"-. (16.47) 

Finding the derivative of (16.47) with respect to r and allowing for (16.25) and 
(16.46), we get 

. VwT dVWT Wx dv, 

V, 2T - 4 V* ir ‘ 

Substituting (16.44) and performing certain manipulations, we will arrive at the 
sought equation for r = r (V 17,): 

W t + ^ .+VWfaW t + 2) ^ -2r = 0. (16.48) 

The metric tensor g|» of the effective Riemann space-time is in RTG a function 
of the universal coordinates of the Minkowski space-time. This means that tho 
Riemann space-time is specified on a single map and, therefore, in RTG there 
can be no closed homogeneous and isotropic universe, because such a universe is 
covered by at least two maps. Thus, tho parameter c, in (16.44) is nonnegative. 

Let us seek the solutions to Eq. (16.48) that are continuous, one-to-one, and 
unidirectional. 

The general solution to Eq. (16.48) has the form 

for e, > 0 (16.49) 

and 

r (v'w;)-4-inr;+^. for c,=o. 06 . 50 ) 

where solution (16.49) does not satisfy our requirements, and (16.50) satisfies 
them only for 5, = 0. 

Thus, the admissible solution to Eq. (16.48) is 

A,> 0. (16.51) 

Note that in the model of a universe considered here, where p and p depend only 
on time t, the fact that c, = 0 was established independently from Eqs. (16.40) 
and (16.42); hence, there is no way in which the presence of matter can affect the 
value of constant e t . Since, in view of (16.45), c, = 0 implies c„ = 0, if we allow 
for these values in Eqs. (16.40)-(16.43), we find that V (t) is determined by the 
functions p (i) and p (t), while 7, (r) and 17, (r) are independent of these functions 
(in other words, complete separability is ensured). 

Consequently, the solution just found, (16.51), is valid for empty space, too, 
and the constant A t is independent of the properties of matter. But since at p => 
p = 0 the line element (16.1) must coincide with the line element of the Minkowski 
space-time, do 2 = dt* — dr- — r s (dB ! + sin ! 0 d<p'), we find that A , = 3. Thus, 
from (16.51) and (16.44) we finally obtain 

WkW-**. = 



8—0297 



(16.52) 
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On the basis of (16.33), (16.34), and (16.52), we have the following formula for 
the line element (16.1) (see Appendix 5): 

ds* = V (t) dt* - V «'* (f) [dr* + r* (d8* + sin* 0 d<p*)]. (16.53) 

If we now pass to proper time t according to the formula 

VV(l) dt = dr, (16.54) 

we can write the line element (16.53) as 

ds* = dt 2 — £/'/* (T) [dr* + r* (d6* + sin* 0 d<p*)|. (16.55) 

Comparing (16.55) with the well-known general formula for the Robertson- 
Walker metric, 

dr* =■ dt* - £/■/* (t) [ + r* (d0= + sin* 0 d<p*) ] , 

with constant k assuming values 0, +1, and —1, we conclude that in RTG the 
value of k is determined uniquely and is equal to zero. 

Thus, in view of Eqs. (16.3), we inevitably arrive at the conclusion that in 
RTG the universe is infinite and flat. 

If we introduce the notation 

t/‘/* (t) = R' (r), (16.56) 

pass in (16.40) and (16.42), via (16.54), to proper time t, and allow for the fact 
that c 0 = c, = 0, we obtain 

<«■«> 

-jr4£-“--r< 3 *+ «• < 16 - 58 > 

Taking the derivative of both sides of (16.57) with respect to -r and allowing for 
(16.58), we arrive at the following expression for R~' dRIdx: 

ir£ = ~ i(p'-(-p) < 16 - 59 > 

One can easily verify that this coincides with Eq. (16.18). Indeed, if in (16,18) we 
pass via (16.54) to proper time t and allow for (16.56), we arrive at (16.59). 

Let us now introduce the Hubble function 

For the present moment in the evolution of the universe, t = x 0 , the value H (t„) 
is known as Hubble's constant and is positive. Hence, after we extract the root 
of (16.57) we must select the positive value 

) w . (ie-6i, 

If for every finite r the function p (x) does not vanish, the Hubble function H (x) 
is positive. 

Equations (16.59) and (16.60) bring us to several general conclusions concerning 
the evolution in time of a homogeneous and isotropic universe. 

Since H (x) is positive, (16.60) implies that dRIdx is positive, too. This means 
that R (x) is a monotone increasing function of time x, and because p + p is 
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positive, (16.59) implies that dpldx is negative, with the result that p (t) is a 
monotone decreasing function of x. 

If for every finite T the function p (x) does not vanish and the function p (x) 
is nonnegative, then (16.58) implies d-Rldx 3 < 0 and, since dll/dx > 0, the 
function ft = R (x) is monotone increasing and the respective curve is always 
convex upward. This means that over a finite time x mln in the past, R (x) assumes 
its minimum value fl m ,„ (x BU ) = 0. In what follows we assume t ml „ to be the 
reference point (the origin) for proper time x and therefore can put x m i„ = 0. 
Let us define the critical density for every value of x as follows: 

Patt— (16.62) 

Combining (16.57), (16.60), and (16.62), we get 

p c (x) = p (x). (16.63) 

We see that the modern value of the density of matter in the universe, p (x„) = 
p 0 , must coincide with the critical value p c (x 0 ) = 10"“ g/cm a at tho present 
moment in time. However, the observed density of matter in the universe, p„, is 
almost 40 times lower than p c (t c ). Thus, RTG predicts the existence of a large 
“latent mass” in the universe in some form of matter, since this lacking mass is 
necessary for the identity p, = p„ (x„) to be valid. 

Let us now study the system of equations (16.59), (16.61). Tho system is in- 
complete since there are only two equations in three unknowns R (x), p (x), and 
p (x). Following Zel'dovich, 1961, for the third equation wo take the equation of 
the state of matter in the simplest form. 

P (t) - vp (x), (16.64) 

with v being less than unity, since according to the hypothesis of Markov, 1983, 
the density of mutter can never become infinite and, hence, the speed of sound 
must always be less than the speed of light. 

Substituting (16.64) into (16.59) and integrating, we obtain 

• ( 16 - 65 ) 

where a (v) is the constant of integration with dimensions of g/cm s . Combining 
(16.65) with Eq. (16.61), we get 

R (x) ~[6na"(v) (1 + V ) s ) ,/3<,+v, x I/3,,+v> . (16.66) 

Note that at different stages in the evolution of the universe the parameter v 
and, hence, a (v) have different values. For example, in the radiation-dominated 
era, v = 1/3, and in this case 

p (x) =» aR-' (x). (16.67) 

where a = a (1/3), and 

fl(x)=(-^!.)' / ‘xW. (16.68) 

In the nonrelativistic era, when we can neglect the pressure in comparison to the 
density of matter, in (16.64)-(16.66) we must set v equal to zero. This yields 

p (x) = bR -* (x), (16.69) 
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with b = a (0), and 

fl (T) = (6 ji6)>'> t 2 '» (16.70) 

The present stage in the evolution of the universe belongs to this era. 

The equation of state of matter (16.64) with 1/3 < v < 1 may exist (if it is 
realised at all) only at the very early stage in the evolution of the universe, even 
before the radiation-dominated era, and at a limiting value of the density of 
matter equal to 

Ppi = 5.157 X 10” g/cm 5 . (16.71) 

Note that the equation of state with the limiting value of parameter v equal to 

unity has been considered in Belinskii and Khalatnikov, 1972, and Belinskii 
et al, 1985. 

A parameter often introduced for cosmological measurements is the dilation 
parameter 

-*-£?/(£)*. (16.72) 

By using (16.70) we can easily show that at the present stage In the evolution of 
the universe, 

9 = 1/2. (16.73) 

Another important corollary of RTG can be obtained as follows. If we combine 
(16.33), (16,34), and (16.52) with (8.28), it is easy to show that 1“ ■» 0, that is. 
the total energy density of matter and gravitational field for a Friedmann universe 
in the Minkowski space-time is zero. 

In Chapter 11 we set up a pair of equations, (11.9) and (11.10), that describe a 
massive gravitational field. Let us study the model of a homogeneous and isotropic 
universe from the standpoint of these equations (see Appendix 5). 

Since the covariant conservation law V m T" = 0 and Eq. (11.10) are also valid 
for a massive gravitational field, all formulas derived from these equations are 
valid in this case. We wish to demonstrate that here, that is, when the graviton 
mass m is nonzero, the energy density (°° vanishes. Indeed, since ]/ —g = 
U (t) r 2 sin 0 for the line element (16.53) and, hence, g 00 = r'sin 0, and if we 
allow for the fact that y“ = i^sinO in spherical coordinates, then (8.1) yields 
<j)» _ o. This, together with (11.14), forces us to conclude that for m # 0, for 
a Friedmann universe, the energy density t 00 of matter and gravitational field 
taken together is always zero. 

We will allow for the graviton mass in the following manner. We will take 
(16.53) as the expression for the line element in the Riemann space-time and use 
Eq. (11.9) to find U (t), p (t), and p (1). Up to this point, in order to simplify the 
formulas we used the system of units in which c = h =* G = 1, but for the case 
at hand we turn to the centimeter-gram-second system. 

In what follows it is convenient to refer to Eqs. (11.9) as written in terms of 
mixed components: 

V ~g [W - 7 6?7? ) + £p- ( -£) 2 [6? + g"‘ Y»„ - J W*T*] - H7T. (16.74) 



where we have introduced the notation x = 8nG/c*. 
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If in (16.54) we pass to proper time and allow for notation (16.56), then com- 
bining (16.74) with (16.9) yields 


(■y^r-T-PM- -fcUP-V^+l). 


(16.75) 


Tt£“~ rfW-lwW-'f 1 ” sr)- 


(16.76) 


with 




-Iff)* 


(16.77) 


Finding the derivative of both sides of (16.75) with respect to x and allowing for 
(16.75) and (16.76), we arrive at the following expression for R~' dR/dx: 


1 dH l dp 

K rft 3 (p + p/c 1 ) Jr ' 


(16.78) 



which coincides with (16.59). 

A qualitative analysis of Eqs. (16.75) and (16.76) enables drawing a number of 
important conclusions concerning the evolution of the universe. To this end we 
will consider the right-hand side of Eq. (16.75). but first let us study the behavior 
of the function 

If we send R to zero, 

(16.79) 

while if we send R to infinity, 

/ («) a: e. (16.80) 

Also, / (1) = 0 at R = 1. Since 

■aff=-£-(*'-i) (*+*)• 

the function / (R) monotonically decreases for R € 10, 11, assuming a minimal 
value equal to zero at R = 1, or / (1) =0, and for R > 1 monotonically increases, 

asymptotically approaching the value (16.80). 

In view of (16.65), which is a corollary of (16.59), and the equation of state 
(16.64), which in the centimeter-gram-second system has the form 

p (t) = vc'p (t). ( 16.81) 

we conclude that the right-hand side of (16.75) is positive if R (x) satisfies the 
following inequalities: 

Rmin < R (T) < fl ra „, (16.82) 

where R m i 0 is positive and R m ,, finite. Here the nonzero lower bound on R (x) 
occurs because v < 1, while the upper bound always exists because the density of 
matter p (x), according to (16.65), monotonically decreases, as R increases, and 
tends to zero, while / (R) tends to e as R -*• oo. This means that a Friedmann uni- 
verse performs cyclic evolution, with the density of matter remaining always 
finite. 

According to Eq. (16.75), in the range from R mla to R mi we have 



(16.83) 
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while in the range from R mt to R ml „ we have 

T#— [-T^W-^^-Vt^+Tir- («•“) 

Let us establish the behavior of the R vs. x curve at points R = R max and R = 

^min- 

If p (x) > 0, for R > 1 the right-hand side of Eq. (16.76) is always negative; 
hence (PR/dx* < 0, which means that the function R — R (x) assumes its maxi- 
mum value at the point where dR/dx = 0. 

Let us determine the sign of iPRIdx * at point R = R mla < 1. If we allow for 
the equation of state, (16.81), taken at point x = 0,* from (16.76) we get 

(^.85) 

Eut since p (0) and R m ln are linked by the relationship 

P (0) — (fliun- 1) ! ( RU n + j) - o, 



allowing for it in (16.85) yields 




r 3(l-t-3v) , 3(1— v) 3(1+ v) 



]' 



Since R mla < 1 , we obtain 




Hence, the function R = R (x) assumes its minimum at x = 0. 

Let us now examine the behavior of the Hubble function (16.60) for R g 
(Araim Rm,x)- Allowing in (16.76) for the equation of state (16.81), we obtain 



1 d*«_ e*x ,.l-+3v 

— rp( , >-r 




(16.86) 



Finding (1/3) c ! xp (x) from (16.75), substituting its value into (16.86), and per- 
forming relatively simple manipulations, with allowance made for the definition 
(16.60) of the Hubble function, we find that 





(16.87) 


where 




ur/m 3(l-4-3v) , 3<1 — v) 3(l + v) 

+ 2 - 


(16.88) 


It is easily noted that 




f positive if R < 1, 




V(R) is | zero if fl = l, 


(16.89) 


l negative if J?>1. 




Since H (x) vanishes only at points R (x) = R mla and R (i 


l) = Rmar. while 


H (x) 0 for other values of R belonging to the interval (fl ra in. • 

can be represented in the form 


R moI ). Eq. (16.87) 




(16.90) 



With t-0»e associate the value fi (0) = R mln . 
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Since ¥ (B) is negative for 1 < B < R mjI , (16.90) yields the inequality 
dH~'ldx > 0; hence, the Hubble function H (x) monotonically decreases for 
*6(1. An..*)- 

From (16.90) it readily follows that H (t) monotonically decreases for R £ (R t , 11 , 
too, with B s the solution to the equation 

■|(l + v)/f J = e'F(fl), (16.91) 



and monotonically increases for B £ (R m i„, R s ), since in this interval dH~'ldx < 0. 

Hence, the Hubble function H (x) assumes its maximum at B = B t . Let us 
find the value of R s . If we combine Eq. (16.75) with (16.65) and (16.88), then 
(16.91) yields 

-^4( v )-(-^-l)/?‘ +Sv . (16.92) 

where for the sake of convenience we introduce the notation 

I(v) = ^l(%L). (16.93) 

Since B, < 1, Eq. (16.92) yields 

B.*[iQ + v)AM]- im '- V> . (16.94) 

Combining (16.83) with the expression (16.65) for p (x) and substituting (16.94) 
into the combination yields 

(16.95, 



To establish the nature of the time evolution of a Friedmann universe we must solve 
Eqs. (16.83). It is convenient to seek the solution in the form x = x {B): 

R 

T= S (**-l)*(*»+l«)]' ,/ *. (16.96) 

s n>ln 



In the early stages of the evolution of the universe, when the value of v lies between 
1/3 and 1, solution (16.96) can be written as 



x-l/Z \ £li£ , 

r * |Az 3( *” w 1 — 2r*+3r 4 — l) 1 / 1 

‘min 



(16.97) 



where A is given by (16.93) and constitutes a large number, since, as will shortly 
be demonstrated, the graviton mass m is extremely small. 

In deriving (16.97) we allowed for (16.65). As noted earlier, states with v ranging 
from 1/3 to 1 in Eq. (16.81) may be realized at very early stages of the evolution 
of the universe. It is therefore natural to assume that 



fl(T,<(J/2) l/1<1+v ». 



(16.98) 



In view of this, the integral (16.97), which determines the x vs. B dependence, 
can be approximately replaced with 



T = 




(16.99) 
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For v^=v, 
yields 



(n — l/2)/(n + 1/2), with n an integer greater than unity, (16.99) 



x = j ( Ty n T ^^ w ^ F i - i ^-4 'b -“)• ( ,6 - io °) 

where F (a; 6; c; 2 ) is the hypergeorretric function, 

“=(«£r) 3, " ,, -‘- 

and 

(16.102) 

For v=v„ (16.99) yields 

, V 1 n! (2n — 1)!! (l-t-u)"-*- 1 
+ & TF («. — *— 1)1 (2j» — 2* — l)!!j 

kmm\ 



(16.100) yields 



+ ~ ( w" ln|u + (l + u)^|}. 

a asymptotic behavior of x (/?) 
>1. Since in this case (see Abra 

* ( ~7^7 ' T ’ T' — “)~TT7 “ v,l,-v> ' 



(16.103) 

Let us first investigate the asymptotic behavior of x (R) in the region where 
R ~>R m i n , that is, where u >1. Since in this case (see Abramowitz and Stegun, 
1964, and Erddlyi, 1955) 

(16.104) 

(16.105) 

(16.106) 



t~i J 4 - |/ < , - ,) u ti/iKi+v>/ti- v ). 

3 \ e/ i v 

Combining this with (16.101) yields 

v*v„. 

Since t,A = 2ac*x/3, the leading asymptotic term (16.106) in the expansion of 
H (x) is independent of the graviton mass. For v = v„ and t>l, (16.103) yields 



«(x) at 



r 9n‘rA 

L 2 ( n+ r)’J 



I(2»+1>/I2« 



^Jiulysn 



(16.107) 



It is readily noted that (16.107) coincides with (16.106) if in the latter we formally 
put v = v„. Obviously, (16.107) is also independent oi the graviton mass. 

We now wish to examine the asymptotic region where R (x) — i? m i n ^ /'min- 
In this case (16.100) and (16.103) yield 



f 1 T-i/»-v> . 

l C % A~* if v = v„. 



v#v„, 



(16.108) 



where by C„ we denote a numerical coefficient, 

- 1)11 
-D! 

+ *■ <*•-«>» S ] • < 16 ,09 > 



r 2/1 + 1 f . . 3(2n — l)!t 

t -- TrL l 




16. A Homogeneous and Isotropic Universe 



121 



Solving (16.108) for ft, we obtain 

H(t)a. if v*v„, 

R (-t) ~ A-WW + h+1 t 2 is v=v„. 



Note that these formulas are valid for low values of t: 

- ^ 7- i/a -v) «-</• 

T « /1 (— v)>/f • 



(16.110) 

(16.111) 

(16.112) 



Interestingly, for every fixed value of v varying between 1/3 and 1 all the asymptotic 
relations (16.110) and (16.111) are represented by parabolas, which follows directly 
from the positivity of the second derivative d'R/d-x 1 at the minimum point R = 

ft min- 

The Hubble function H (t) in this asymptotic region is represented thus: 



//(T)~ 



{ 



3e 2*rtl- v >(l— V)T if v ^ Vni 
if v = v„. 



(16.113) 



The next step in the evolution of the universe on the v scale corresponds to 
v = 1/3. In this case the integral (16.97) can be represented thus: 

n* 



X,,J+ TvT S ( <y— i/i> (v — v) )' n ^' 



( 16 . 114 ) 



where t,„ is the time that it took the universe to evolve from the beginning of 
the expansion stage right up to the beginning of the ultrarelativistic (radiation- 
dominated) state of matter (the value v = 1/3 in Eq. (16.81)), ft,,, = R (t„ 3 ), 
and y u y„ and y 3 are the roots of the cubic equation Ay — 2y’ +■ 3y‘ — 1 = 0, 
whose approximate values are 



v '~ (4) ,,2 + T- , "(S3in r + 0 (T) ’ 

°(t). 



y.‘ 



■'( 4 ) +T" 



(16.115) 



(32,t)>/» 

*-*+*(*). 



with A = A (1/3). Since y < (A/2) 1 '*, we have | y/y , | «; 1 and | y/y, | « 1, 
and therefore (16.114) may be replaced with 




( 16 . 116 ) 



After evaluating the integral and allowing for the fact that y 3 1 IA we obtain 

*-*./»+ [ft VTp=a* - Ru, Vfr,s-A~' 

+ j-in 1 (16.117) 

*./.+V t-‘ J 
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Since the radiation-dominated era in the evolution of the universe (v =■ 1/3) 
sets in alter the stage where the state of matter in the universe is described by 
Eq. (16.81) with v > 1/3, it is only natural to assume that R„ s »A~'. 

Let us discuss the limiting modes of (16.117). First let R » R, /3 . Then (16.117) 
implies 

/?(t)2-(2e^) , /«(t-t 1/ JV». (16.118) 

If we combine this with the notations (16.77) and (16.93) and the inequality 
t » t„ 3 , we get 

fl<T)~(i£i£)‘ /4 Tirt (16.119) 

which coincides with (16.68)* established earlier for the case where m = 0. 
Now suppose that R — R„, Then (16.117) implies 

/?* =* fli„ + (2e<4 )'/* (t - ti/i). (16,120) 

It cannot be ruled out that the entire early universe was totally in the ultra- 
relativistic state. This asks for a special investigation. The respective formulas 
can easily be obtained from (16.116) if we put T„, = 0 and R,„ = « ral „ = A~ l/i . 
Then the expression (16.117) for t assumes the form 

t = -j 7 4=-I/?//N- / |-i + j 4-* (16.121) 

Naturally, for R » R mln formula (16.121) is transformed into (16.119), while 
for R — R m ,„ <R mln formula (16.121) yields 

R (t) ~ A-'/* + e/IVV. (16.122) 

On the basis of this it is easy to 6nd the explicit form of the Hubble function 
// (t): 

// (t) = 2e-4*i. (16.123) 

Note that (16.122) and (16.123) are valid for times t 
L et us now turn to the nonrelativistic stage in the evolution of the universe, 
when the pressure is much lower than the density of matter and can be ignored 
(v = 0). The integral (16.96) can then be written thus: 

T-W. + /I ] ■ (16.124) 

w oonr*l 

where T n onr»i is the time it took the universe to evolve from the beginning of the 
expansion stage right up to the beginning of the nonrelativistic stage, /? nonrt | = 
n (Wei), and 

,16.125) 

h = a (0). In deriving (16.124) we allowed for formula (16.65) for p (t) and since 
5 is a relatively large constant, B is a large parameter as well. 

Let us introduce the notation 

R 0 = ((1/2 — a) Bi'/\ (16.126) 



* Provided that in ( 16 . 68 ) we reintroduce the dependence on G. 
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when) a is a small positive number. It can easily be verified that for all values of 
R (t) belonging to the interval [R„ 0 „ Id . R 0 1 «e h a ve BR* — 21i t »3/i‘ — 1, 
provided that we have selected a such that 

(16.127) 

If in the denominator of the integrand in (16.124) we discard 3x‘ — 1 and in 
tegrate, we get 

x-W d -^{sin-.[(i) I «^]-sU l -.[(4) 1 ^^ 1 ]}. (16.128) 

For times T»T„ oor „ and fl nonre , < B' 11 this yields 

fl (T) ~(|) 1/3 , in a/>(|Ve x). (16.129) 

Let us estimate the maximum value of T for which (16.129) still remains valid. 
Since fl (t) may reach the value /?„ = 1(1/2 — a) BV*, from (16.129) we get 

T 0 ~2(|-) ,/, ^sin-'(l-a). (16.130) 

For times x>t 0 we write (16.124) in the form 

T = T 0 +]/ , J- j ( Ari_2x* + Si«-l)l/> - (16.131) 

We introduce the notation 

^ i ~ ( t )' ,1 + ( < ,6 - ,32 » 

It can easily be demonstrated that for all values of R (t) belonging to the interval 
|7? 0 , W,l we can discard the 1 in the denominator of the integrand in (16.131) 
and write 

<-*■+/?! (,6 ' ,33 > 

B. 

The approximate values of the roots of the equation B — 2r* + 3x = 0 are 

*,=*«,. (16.134) 

with 

*.-(4 < 16 - ,35 > 

We can therefore write (16.133) as follows: 

, i ” d, r ** •]<« 

T=T ° + 7S J 1* («, — x)l>/* L J • 

R| T 

Applying the mean-value theorem, we obtain 
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with 

Mo= [( 1 + '^') J+3 ('§') 2 ] /2 ’ (16.137) 

where £ is a number belonging to the interval I/?,, «]. Although, generally speak- 
ing, the value of u 0 depends on R, this dependence is extremely weak, since for 
all the values of R considered here the value of p 0 is limited by the following in- 
equalities: 

7r( 1 -T)<Mo<-J7 ! - (16.138) 

Integration in (16.136) yields 



^ + l^[ sin ' , (-V £ )- sin ’ , (- 2l ir i )]- < ,6 - ,39 > 



This enables calculating the approximate value of the expansion period of the 
universe. Assuming that R = R, in (16.139) and taking into account (16.126) 
and (16.132), we find that 



t, =st 0 




(16.140) 



Substituting (16.130) and allowing for (16.138) yields 



/2\i/!r (2a)»/n h 

(tJ L n 3 J mfl 



<T, 



^ / 2 \I/S nh 



(16.141) 



where a is a sufficiently small positive number. 

We note that the half-period of the cyclic evolution of the universe, t,, is deter- 
mined by the value of the graviton mass, in addition to the values of the fundamen- 
tal constants h and c. 

Let us now establish the upper bound for the graviton mass. Basing our reason- 
ing on the condition that the age of the universe, which is determined via Hubble's 
constant H (t 0 ), must be smaller than the cyclic half-period, 

2 . / 2 \ t/2 nh 

3ff(xJ \ 3 1 ^ • 



we arrive at the following bound on the graviton mass: 



(16.142) 



Experimentally Hubble's constant // (x 0 ) has yet to be determined more exactly. 
The current value of the constant lies between the following two values: 

(55 ±5) (km/s)/Mpc < H (t 0 ) s£ (110*10) (km/s)/Mpc. 

This combined with (16.142) provides the following upper bound for the graviton 

mass: 

m<10-“-10-«‘ g. (16.143) 

Note that the fact that the graviton has a finite mass increases the deficit of the 
“latent mass” of the universe if compared to the case of a massless graviton. In- 
deed, according to (16.75), for the present moment in the evolution of the universe 
(R 3>1) we have 

„ i 1 / me \2 

p = p' + 5r(— ) ’ 



(16.144) 
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where, by definition, the critical density is 

P.W-S. (16.145) 

At m — 10-' ! g the expression for the effective gravitational density p g = 
"St(x) Pj =0.72 X 10' M g/cm 3 . When, say, H (t 0 ) ~ 75 (km/s)/Mpc, 

the value of p c proves to be 1.04 x 10 _! * g/cm 3 , and the “latent mass” deficit 
increases twofold against the value for the case of a massless graviton, which 
means that the “latent mass" deficit amounts to 80 times the observable mass. 

Note that if we assume that the total rest mass of the three typos of neutrino is 
110 eV, the origin of the mass deficit can be explained. 

Let us now discuss the value of the experimentally measurable dilation pa- 
rameter (16.72). For /? > 1 this parameter is 

? < T)a 4( 1+ pSr)- (,6 - ,46) 

This demonstrates that p ? and, hence, the graviton mass can be expressed in 
terms of measurable quantities, the dilation parameter q and the Hubble function 
H. As R -¥ the dilation parameter q tends to -foo, since p c (r) tends to 

zero. 

To conclude this chapter we note that Olber’s paradox is absent from the given 
scheme, since in the contraction cycle at a temperature T = 4 x 10* K (p ~ 
10" M g/cm 3 ) hydrogen ionization sots in and the universe becomes opaque, which 
ensures that the integral luminosity of the stars has a finite value. 

Thus, introduction of a graviton with a finite mass drastically changes the 
nature of the evolution of a homogeneous and isotropic universe (Friedmann's uni- 
verse). Such a universe exists for an infinitely long time, oscillates, and which is 
most important, the density of matter in such a universe will always be finite. If 
we take this universe at a certain time x => 0 for which R (0) = R ml „, then over 
a time interval equal to T| it expands to a value R (tj) = then contracts, 
and R (t) will return to over a time interval t,. The process is repealed in- 
finitely. 



Chapter 17. Post-Newtonian Approximation in RTG 

The post-Newtonian approximation was set up to study systems of the island 
type moving with low, or nonrelativistic, velocities. Hence, to construct pertur- 
bation series necessary for problems of this kind it is natural to select the ratio 
vie = e as the small parameter. Since any correct theory of gravitation must lead 
us to Newton's law of universal gravitation in the limit of small relative velocities 
of the objects involved, and since in Newton's theory 




exactly, the post-Newtonian app.oximation may be used in the study of motion 
involving relatively small heavenly bodies. As experimental data show, the value 
of the dimensionless Newtonian potential GMIrc*, say, on the surface of the Sun 
(and, hence, on the surfaces of heavenly bodies of the Sun type), does not exceed 
2 X 10 -s , and for the Earth this quantity at the surface is 6.95 X 10'*. It is 
also known that in the solar system the specific pressure pic ' p and the specific 
internal energy fl are of roughly the same order of smallness, e* ~ 10“*. This 
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means that within the solar system the value of e can be used as the small param- 
eter in the perturbation series expansions of the post-Newtonian type. And the 
first few terms in the series expansions may be expected to describe sufficiently 
well the entire range of phenomena occurring in the solar system. 

A characteristic feature of the solar system is the fact that in the system of 
units in which c — 1 the velocities of the various movements do not exceed e, 
which means that in order of magnitude the spatial and temporal partial deriva- 
tives are linked by the following relationship: 



d_ 

31 




(17.2) 



This formula implies that all time variations of the quantities are primarily 
associated with the motion of matter. 

Since for the solar system such characteristics as the dimensionless Newtonian 
potential GMIrc the specific pressure, the specific internal energy, and (v/c) 1 , 
with v the velocity of orbital motion of the planets, are of the order of e 8 ~ 10'*. 
the aim of the post-Newtonian approximation is to find the correction terms in 
the next order in e. 

In this chapter we will build the post-Newtonian approximation for the RTG 
system of equations (8.36), (8.37). Even if the graviton rest mass is finito, in 
view of its extreme smallness it can play no important role within the solar system. 
Hence, it becomes sufficient to study only Eqs. (8.36) and (8.37). To simplify 
matters, in what follows we employ a system of units in which c = 1. 

We start with the expansions 

(2) (i) 

?oo=l + £« + ffoo+"-> (17.3) 

(2) (4) 

?a»=Voe+Sae+ffa6+ •••. (17.4) 

<» (S) 

Boa — £oa + ?0a+ •• • • (17.5) 

Here y at is the spatial part of the Minkowski metric y mn , and the symbols g m „ 
(k => 2, 3, 4, . . .) on the right-hand sides of (17.3)-(17.5) stand for terms of the 
order e* in the respective expansions of g m „. Note that under time reversal, t 
— I, the sign of parameter e must also be changed, whereby expansions (17.3) and 
(17.4) contain only even powers of e and (17.5) only odd powers. The fact that 
ID 

g 0 „ does not contain g 0o seems natural since already the main (Newtonian!) ap- 
proximation for g 0a must not be lower than the second order in e. 

Let us now find the expansions for g =» det g mn and g m ". Using (17.3)-(17.5), 

we can show that 

(2) (2) (2) (21 it) (4) (4) <*) 

S’* -l-gM + gd+gM+gjJ-goo+gl.+grs-l-gM 
<21 (2) (2) (2) (2)12) (2)(2) (2) (2) 

+ Bin (B ii + Btt + Bn) BttBn — Bug si — BssBss 
(2) (2) (2) 

+ gj, + gf, + g!, + • • 

(2) (4) 

g“ > =l + g 00 + g 00 +-.-f 
(2) (4) 

B a >=Y*+B°*+g a >+..., (17.8) 

(3) (5) 

g« a -g te + g* B +..., (17.9) 



(17.6) 

(17.7) 
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, «■> <*) 
where the g mn are expressed in terms of the g m „ thus: 

(2! <2> (2) (21 (31 (31 

S 00 = - ?00. 8°* = — goiY oa V tf > = - ftieY' 4 '. 

(«> (2) (*» (*> (4) (2) (2) 

8 °°-? S c,B =--V ao Y 8 'So, + V a “V |,0 T' > 'g^o,. (17.10) 

(SI (S) (21(3) (3)(21 

= - ?*«* + V*goog» + V a V 6 P M ?, B . 

To write Eq. (8.37) for the terms in expansion (17.7)-(17.9) we must first find 
g mn . These expansions yield 

(2) (4) 

?°=1 +?" + ?*+.... (17.11) 

(3) (S) 

? a = g 0a + ?>•+..., (17.12) 

(21 (4) 

r‘ B = V‘‘ B + g° B + ?‘ B 4 .... (17.13) 



~ (2) , (2) (4) . (21 (2) . .(41 , 1 21 , 

i**-«*+-r^ fr‘~t*+±t»A+-r(A— f/t 1 ), 

S’ (3) S’ (SI , (3) (21 2* (2) , (2) 

= g t *=g<* + -Yg**A, tf aB = tf of, + -5- ffA, (17.14) 

S’ (4) , (21(2) , .(4) , (2). 

g**= *-»+.£. g*»A+-\- v b A *) , 

where we have introduced the following notation: 

(2) (2) (2) (2) (2) 

A — goo £n ga 8w (17.15) 

(4) (41 (41 (4) (4) (2) (21 (2) (21 

a — goo— gti — gti — g& — gao(gn + g t i+ gxt) 

(2) (2) (2) (21 (2| (2) (2) (2) (2) 

+ g„g» + g, .*31 4 *„*33 -gU—gii-glr (17.16) 

In a Galilean reference frame Eq. (8.37) yields 

t (2) . (2) (31 

T dogco - y = - r*d*go>. (17. 1 7) 

. (2) « (21 (2) 

— d„gm 4 -J- r'dagct =■ Y”0,g a o. (17.18) 

_ r<*> <*> l ' 2 > < 2 > i /<* i i <( si , (3)(2i. 

s-fo^+T- ( A — r*0]“”M* ,,+ T **“*)< < 17l9 > 

r(4> I (2) (2) < ,(4) ,(21... (3) 

d 6 [r e + 4- S° M + -r r*{A -X' 42 )] = d *g»T ea - (17.20) 

(4) 

Now let us write the system of equations (8.36) for the g mn . First we find the 
expansion of tensor G£,„ in powers of e. Since in a Galilean reference frame GS,„ — 
rS,„, where 

I'mn = ~2~ (dmgqn~\~ &ngqm &qgmn)t 
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in view ol (17.3)-(17.5) and (17.7)-(17.9) we find that 



„ 1 (2) 4 (2) (2) (31 (3) 

i« = 4-^oo + -f («“a rfM -?"“3 a?00 ) + . . . , 

1 ,2 > ( <*> (2) (2) 
r o a = — d a g m + - 5 - (,d a gco + g"d a goo) + ■■■> 

4 (31 (3) (21 

n B =-r (a '>^ +a ^»«-^aiO + •• .. ( 17 . 21 ) 

_ 1 „ (21 4 (41 (31 4 (21 (2) 

r ?.- — r f 6) tSoo — r 00 + V“WrfoB - T fr^egoo + • • . . 

r? B = -j- Y^’dfg^ + — •p°d 0 g ta — Y“ , s a g^ + . . . , 

lh=T’ M (*#*<» + *>•«•» - d <*u) +■■■■ 

On the basis ol all this we can find the sought expansion for the second-rank cur- 
vature tensor H mn . Since in Galilean coordinates G£„ = after relatively 
simple calculations involving (8.31) we get 

*00 5 - Y^e^tfoo 5 - V^^egL + V“^«gIo 

I (2). (2) 1 (2) 

~t s « (g^ d ngot) — r 

1 . (2) (21 , (21 (2) 

~X V a *#»g<»V (nd ago, + -~ r°dagoJ t go 0+ .... (17.22) 

fl 0a =* 4" V* 9 ^* g a o 'f t^dtPagtu + 4" V t "’ d *. d tg°o 

« O) 

— 5-T» 9 V«fo«+.-.. (17.23) 

4 (21 , (21 . (2) 

77«a = — 2~ V°' d odxgaB + — •f'OJjg* +— y° , d (1 3gg Ta 

4 (21 4 (21 

~r«Aft»— r • («.24) 

Allowing for (17.17) and (17.18), we finally obtain 

4 (21 4 (41 , (21 

7?oo = 2 “ Y^^a^eifoo — 2 " V 0 ® 3 * 9 #®* — 2* d ^"gm 

4 (2) (21 . (21 (21 

4 - -J- Y 9a Y' B ?o,d a d a goo + X Y^affo^pJo# + • ■ (17.25) 

1 (31 

*» — ■ r1 h W*.+ ..-. (17-26) 

«a 8 = - 4- +■■■■ (17.27) 



To complete the construction of approximate RTG equations we still need to 
expand the energy-momentum tensor of matter in a power series in e. For what 
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follows it proves expedient to have the following expansions of T m ": 

(0) <2> 

7’ M = 7 -0 »+7’“+... 1 

(1) (3) 

r*' = 7’»*+7’«‘+ ... , 

(2) (*> 

t°*+ ... . 



(17.28) 



Combining (17.3)-(17.5) with (17.28), we arrive at the following formulas for T mn : 

<01 121 

Too; 

To. 



where 



* Oo 

T,, 



T Jf’ 4 

‘'oo + 'oo + --- • 

(1> (31 

~T„ I + T 0a + ... , 

<21 <*> 

- T a ,+ T a „+ . . 



CO) (0) (21 (2) (2) (01 

7'oo=7«, T* = T" + 2g m T», 

01 (J) (31 (3) <01 (21 (2) (11 

T^-y^P*. Ta„ — Ko,T a> + ( 



aa. = g*a.T”+(g at + y at g M )T*, 
(21 ( 2 ) 

Tot = Vaott«T°'- 

Since on the right-hand side of (8.36) wo have the combination 



= r™. - 



— gou.T, 



(17.29) 



(17.30) 



(17.31) 



on the basis of (17.29) and (17.30) we can easily find the series expansion for the 
components of S mn in powers of e: 

1 (0) . (21 (2) (01 (21 

-J- T°° -r-x (T°° + y af ,T^) +..., (1 7.32) 

$*.= (17.33) 

„ i (oi z t » < 2 > 

$aS = 2 " Vo6^°° — ( YaaYpt — — YasYot ) T”' 

i (21 (21 (01 (2) (01 

- T (Vo ,T» + y^gooT” -rg at r») +.... (17.34) 



Substituting into Eq. (8.36) the expansions (17.25)-(17.27) and (17.32)-(17.34) 
just established, we obtain 

( 2 ) (01 

"t*daP*m = — 8 «GT», (1 7.35) 

<*) ( 2 ) ( 2 ) (21 ( 2 ) (21 
+ WoKm— 1 aa y^iatd a d i g K — y^d^dfg,!, 
n <2) (2) (0) (2) 

= -8a'iG(r‘» + 2^ oo r«-Ya6^). (17.36) 

(3) <1> 

y*°tyogoa = - i6nGy a ,T<». (17.37) 
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(0) (2) (1) (2) 

For given 7* 00 , T* 00 , T 0 *, and 7*°*, the system of equations (17.35)-(17.38) 
completely determines the effective Riemannian metric g"" in the Newtonian and 
post-Newtonian approximations. 

Assuming that 

( 2 ) 

g M =~2U, (17.39) 



where U is the Newtonian potential, we find that (17.35) yields 

VHJ ■= —AnGT™. 



(17.40) 



if we assume that U vanishes at infinity, the solution to this equation can bo 
represented as follows: 

( 0 ) 



(17.41) 



Similarly, (17.37) and (17.38) yield 
(3) 



<•> 

(x-. o 






(17.42) 

(17.43) 

If we allow for (17.39), (17.40), and (17.43), Eq. (17.36) can be written in the 

form 

(«> <t> (2) 

V* (goo- 20*) = -2 d]U+ 8nC (T*- y at T«*). (1 7.44) 

«> 

Since g 0 „ must vanish at infinity, (17.44) implies that 

( 2 ) ( 2 ) 

• <«■«» 

( 3 ) 

Note that in view of (f7.17) and (17.43), U and g ofi are linked as follows: 

V-TY’Wjft'- < 17 - 46 ) 



We have arrived at the solutions to the RTC. equations for the components of 
the effective metric g m „ of the Riemann space-time in the following orders: 
goo to within terms of the order e‘, 

g 0 p to within terms of the order a 3 , 

go« to w 'tfain terms of the order e 3 . 

As we will see shortly, such accuracy in determining g mn is practically sufficient 
for describing all the gravitational experiments conducted within the solar system. 
Hence, we need only Eqs. (17.17) and (17.18) from the system of equations (17.17)- 
(17.20). Note that in view of (17.39) and (17.43) Eq. (17.18) is satisfied auto- 
matically. 

Before we begin studying gravitational effects in the post-Newtonian approxima- 
tion, we must select a “model” for matter. Let us assume that we are dealing 
with a perfect fluid. Then for T mn we can take the expression for the energy-momen- 
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turn lensor for a perfect fluid: 

T™ = |(p + P (1 + n» u"u" - ]. (17.47) 

Here, as usual, by p, p, Ti we denote the isotropic pressure, the density of the 
perfect fluid, and the specific self-energy, respectively, and u" is the 4-vector of 
velocity. 

For the energy-momentum tensor T mn and the invariant density p we have 
the following relationships: the covariant conservation law 



v m 7"" n =d n r™ + r + n„7-’* = o 


(17.48) 


and the covariant continuity equation 




y'— d„(V'^«pu") = 0. 


(17.49) 


In the Newtonian approximation, that is, when gravitation 


is ignored. 


u*= l+0(e l ), u«=u*( 1 + 0 ( e *)), 


(17.50) 


and therefore (17.47) yields 




(0) 




T" = p (1+0 (**)), 


(17.51) 


(0) 

T** — 0 (e*), 


(17.52) 


r°"-.pv*(l + 0 (e*)). 


(17.53) 



In deriving (1 7 ,51)-(* 7.53) we allowed for the fact that the ratio p/p, or the specific 
isotropic pressure, is of the order of e*. 

If in Eqs. (17.48) and (17.49) we discard terms of the order higher than e, we 
arrive at the following equation for p: 

d„P + d« (pu“) = 0. (17.54) 

This implies that in the Newtonian approximation the total mass of an object is 

M •= j p d 3 x 

and is conserved. 

Combining (17.51) and (17.53) with (17.41), (17.42), and (17.43), we get 



It) (81 ( 2 ) 



*00 ~~ 2U* f>Qa 


= 'WadV' 1 . g«s = 2y aS {/, 


(17.55) 


U = G j 


dW, 
I* — * 1 ’ 


(17.5(1) 


ve= — g 1 


r p(«'. <)v» j,.. 


(17.57) 


1 ix-.-i dz - 



Hence, in the lowest order the metric coefficients g„ n of the effective Riemann 
space-time can be represented as follows: 

g„ = i—2U, g aa = 4-y 0# K» 1 g aB = y lt (l+2U). (17.58) 

If we employ the metric coefficients in this approximation in Eqs. (17.48) and 
(17.49), we can find the components of the energy-momentum tensor of matter in 
the next approximation. But for this we must first find in the Newtonian approxi- 

f 
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mation (/ — g, it", and the connection coefficients r£, n . In view of (17,58) and (17.21) 
we have 

/ — f = 1 + 2£/, u«=l + £/— i . ta V, (17.59) 

r° M = -djo, n . - - 9.17. r« = <?*(/, 

r2«= -V a ^ + 2( Vlw d a + Va^s) v*. (17.60) 

r?p = 2 d 6 r + %djj- 2y» Y »AV\ 

a = + 6 pjj—rttjiju. 

Then the covariant conservation law (17.48) will assume the form 

dj" + dj*> - pdJJ - 2p i“dJJ = 0(t'), (17.61) 

d!fa+d t {^) + -f*pd t )J=0(t*) (17.62) 

and the continuity equation (17.49) tho form 

(p + 3Up — 5 -ptV°)+da (p^ + 3po°f/ + ~pi*ir)j=0(e‘). (17.63) 

To these equations we must add the equation of motion of a perfect fluid (Pock, 
1939, 1959), 

p (<ty“ + - Y“ # ( - + d»p) + pO («*)• (17.64) 

p(3 0 n + iM e ri)= — pd a p‘‘ + pO(e s ), (17.65) 

with 

P=V"^?(W*. (17.66) 

According to (17.49), p is the mass density and is conserved. 

In the required approximation we can write 

p = p(l + 3tf-iu a u“) , (17.67) 

and therefore in (17.64) and (17.65) we can replace p with the invariant density p. 
From the system of oquations (17.60)-(17.65) we can easily find the solutions for 

(2) 13) 121 

T M , 7'°“, and 7° 6 . These have the form 

% = p(2£/+Il-iv*). 

< 3 ) 

TOO =pu a(2f/+n- vpf) + pif, (1 7.68) 

or, 

T " = pi*nP — y®®p. 

to 

Hence, (17.45) yields the following formula for g 0(1 ; 

J -40,-40,-20.,— ea> 4 , (17.69) 

whore 

®.= -«ir£rr‘ ,v - <J, * =G $ Tx^rT^ 1 • 



(17.70) 
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are known as the generalized gravitational potentials. 
Since (see Vladimirov, 1984) 




V(Pi‘ 

Ix-z'l 



= -Cjp(x-,fl|x-x'|<i’i', 



the final expression for g» 0 proves to be 
(t> r 

g M = 2£/ : — GdJ j p(x', 0 | x — x' | d>z' - 4®, - 40, - 2d), - 6<I>,. (17.71 ) 



Combining the formulas (17.58) and (17.71) for the metric coefficients g mn of the 
tensor of the effective Riemann space-time, we obtain, to within the post-Newtonian 
approximation, the following: 

g K = l-2U+2U*-Cdl $ p (x'. 0 | x — x' | tPz' 

— 40, — 4®, -2d), -60» t + O(**), (17.72) 

f*-4T.»V* + 0M. (17.73) 

f?aS = Y„»(l+2 y)+0(a‘). (17.74) 

Until recently the demands made on the various theories of gravitation were 
reduced to the necessity of obtaining Newton's law of universal gravitation in the 
weak-field limit and of describing three effects accessible to observation, namely, 
gravitational redshift in the Sun’s field, the bending of a beam of light passing 
in the neighborhood of the Sun, and the Mercury perihelion shift. Insufficient 
accuracy of measurements in these experiments and the small body of experimental 
data explain why we now have a large number of theories of gravitation that 
provide a successful explanation for all of theso effects. 

To test these theories it is necessary, on the one hand, to increaso- the accuracy 
of measurements in the old experiments and suggest new experiments and, on the 
other, to develop appropriate theoretical tools, since the present requirements 
imposed on the theories of gravitation are clearly insufficient because of the large 
number of theories meeting these requirements. 

Lately, with the development of relevant experimental techniques, especially 
astronautics, and the increase in accuracy of measurements, new possibilities 
have emerged for more precise measurement of the parameters of the orbits of 
various planets (primarily the Moon) and measurement of the time delay of radio 
signals in the Sun's gravitational field, and for new solar-systein experiments. These 
experiments will enable narrowing still further the range of viable theories of 
gravitation. To facilitate comparison of the results of experiments conducted with- 
in the solar system with the predictions of the various theories of gravitation in 
which the Riemannian geometry for the motion of matter is the natural geometry, 
Nordtvedt and Will, 1972, and Will, 1978, 1981, developed what became known 
as the parametrized post-Newtonian (PPN) formalism (for the history of the PPN 
formalism see Misner, Thorne, and Wheeler, 1973 (p. 1049)). 

In this formalism the Riemann-space-time metric generated by an object con- 
sisting of a perfect fluid is written as the sum of various generalized gravitational 
potentials with arbitrary coefficients known as post-Newtonian parameters. Using 
modified Nordtvedt-Will parameters, we can write the Riemann-space-time metric 
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as follows: 

S'„=l-2W+2P^-(2Y + 2 + a J +i I )® 1 +E li 4 

+ 25„<D„ -2|(3y+ 1 -2P+ y ^,+(1 +y (1),+ 3 (Y+yJ>J 
— (a, — a,— + — (2aj— o,)u)“7 a , (17.75) 

fta = 4 (^Y + 3 + a, - a, + y v.e V s + i- ( 1 + a, - 5.) JV„ 

+ ^(0,-20,) w a U + a,w»U^, (17.76) 

«a» = Ya#(»+2Yt/). (17.77) 



where the io° are the spatial components of the velocity of a reference frame with 
respect to a certain universal rest frame of reference (for some theories of gravita- 
tion this is the velocity of the center of mass of the solar system with respect to 
the reference frame in which the universe is at rest), in formulas (17.75)-(17.76), 
in addition to the generalized gravitational potentials introduced earlier in (17.56) 
(17.57), and (17.70), we have introduced the following potentials: 



<X>, 






(17.78) 

(17.79) 



Uat-G \ 

g rp(»'. opt *-. a {f «•-»; 

i I *-«'!* \Ll x—*' I 



i *— *■ i* 

* — X' 

1 *' - *■ I 



<Pz\ (17.80) 

• ].(x — xOjdVdV. (17.81) 



To each theory of gravitation for which the Riemannian geometry is the natural 
geometry for describing the motion of matter there corresponds a set of ten values 
of the post-Newtonian parameters p, y. a„ o„ a,. Ei, E s , Ej, Ei. and £»• fro™ the 
point of view of solar-system experiments, one theory of gravitation differs from 
another only by the values of these parameters. Note that in order to compare the 
various theories of gravitation the metric tensor g m „ of each theory must be written 
in terms of the coordinates used in writing the components (17.75)-(17.77), since 
otherwise comparison of the post-Newtonian parameters loses all meaning. Hence, 
after determining the metric g mn generated by the gravitational field of the solar 
system we must change to a “canonical” coordinate system in which the metric 
tensor g mn assumes the form (17.75)-(17.77). 

A characteristic feature of the standard post-Newtonian expansion (17.75)- 
(17.77) is the fact that in “canonical” coordinates the off-diagonal components of 
the spatial part of the metric tensor g„„ vanish, while the nonzero components 
of g„ n do not contain terms of the type 

a; j’p|x-x'|iPx'. (17.82) 



Our solutions (17.72)-{17.74) for g„„ contain, in contrast to (17.75)-(17.77), a 
term of type (17.82) in g 00 . Hence, we must change to the coordinate system in 
which solutions (17.72)-(17.74) assume the form (17.75)-(17.77). 

Performing the coordinate transformation 

x'" = x» + E° (x), = z“. 



(17.83) 
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with £° (:r) ~ 0 (e*), we arrive at the following formulas for “transformed" metric 
coefficients: 

loo = loo 2do£o> loa 63 loa ^a€o« lafl = loft- (17.84) 

Selecting £» (x) in the form £„ (z) = (6/2) d„ p (x', <) | x — x' | fix' and com- 
bining (17.84) with (17.72)-(17.74). we find the following expressions for tho 
metric coefficients g' mn in the canonical system of coordinates: 

gi, = l — 2i/-t-2£/*— 4®, — 4<J>, — 2® 3 — 6®, + 0(e*), (17.85) 

gi* = ?yatV t -jN. + 0(*), (17.86) 

?i» = Y«»(i+2^. (17.87) 

where in deriving (17.86) we employed the identity 

^--{(y.^-NJ. (17.88) 

Comparing formulas (17.85)-(17.87) obtained in the post-Newtonian approxima- 
tion for the metric coefficients g m „ in the RTG framework with formulas (17.75)- 
(17.77), we arrive at the following values for the post-Newtonian parameters: 
Y-l. P = l. a 1 -o,-a,-£ I = S t -£, = E,= 5 u ,-0. (17.89) 

We note in passing that when the source of the gravitational field is a spherically 
symmetric object of radius r„ the metric (17.85)-(17.87) assumes tho form 

+ 0(i£L), **«<>. (17.90) 

g 0( = Ya9 (l + ^) +0(^1), 
where the total mass M of the source is defined thus: 

Af = 4n \ p[1+n + 3p/p + 26]r*dr. 

0 

To establish the theories of gravitation that in the post-Newtonian approxima- 
tion enable us to describe all solar-system experiments it is sufficient to determine 
on the basis of all of these experiments the values of the ten post-Newtonian param- 
eters and to select only those theories whose post-Newtonian approximation 
leads to values of parameters coinciding with those obtained in experiments. Then 
these theories of gravitation will be indistinguishable from the viewpoint of any 
experiments conducted with post-Newtonian accuracy. Further selection of theories 
of gravitation will be related either to increasing the accuracy still further or to 
seeking possible ways of studying gravitational waves and studying various 
phenomena in high gravitational fields. 

As shown in Will, 1971b, the fact that the parameters a„ a,, and a„ are equal 
to zero has a specific physical meaning: each theory of gravitation in which a , = 
a s = a, = 0 does not contain a preferred universal rest frame of referenco in 
the post-Newtonian limit. In this case, on passing from the universal rest frame 
of reference to a moving frame the metric of the effective Riemann space-time in 
the post-Newtonian limit is form-invariant, and the velocity u’ a of the new system of 
coordinates with respect to the universal rest frame will not enter into the metric 
explicitly. Since (17.89) is valid, RTG belongs to such theories. 
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The linear dependence of parameters 5 and a also carries a certain physical 
meaning. As shown in Lee, Lightman, and Ni, 1974, if 

a, = 0, & 3 =0, ct, - E, - 2S„ = 0. 8,-6- (17.91) 

a. + l, + =0, 35* + 2l u =0, 5, + 25 * = 0, 

the post-Newtonian equations of motion make it possible to determine quantities 
that are time independent in the post-Newtonian approximation. It has been 
demonstrated, however, (see Denisov, Logunov, Mestvirishvili, and Chugreev, 
1985) that, generally speaking, it is possible to interpret these quantities as energy- 
momentum and angular momentum (i.e. as integrals of motion) only in theories 
of gravitation that contain the law of conservation of energy-momentum tensor 
of matter and gravitational field taken together. For example, in GR relationships 
(17.91) are valid but a detailed analysis shows that the quantities that are time 
independent in the post-Newtonian approximation are not the integrals of motion 
of the system Consisting of matter and gravitational field. 

Within the framework of RTG an isolated system is characterized in the pseudo- 
Euclidean space-time by all ten laws of conservation in the usual sense, laws that 
in the post-Newtonian approximation result in ten integrals of motion of the 
system. The fact that in RTG the relationships in (17.91) aro valid corroborates 
this conclusion. 



Chapter 18. RTG and Solar-System Gravitational Experiments. 
Ambiguities in Ihe Predictions of GR 

In this chapter we demonstrate that the predictions made in RTG concerning 
gravitational effects are unambiguous and agree with the known body of experim- 
ental data and that the respective predictions of GR are ambiguous. 

The subject matter in this chapter is organized as follows. First we consider the 
standard effects: the equality of the inertial and gravitational masses, the deflec- 
tion of light and radio signals by the gravitational field of the Sun, and the Mercury 
perihelion shift. Next we analyze such effects as the time delay of radio signals 
in the gravitational field of the Sun, the period of revolution of a test body in 
orbit, Shirokov's affect, and the precession of a gyroscope moving along a circular 
orbit in gravity. In some of these effects the ambiguity of the GR solutions mani- 
fests itself in the very first order in the constant of gravitational interaction, 
while in the other effects the ambiguity manifests itself in the second order. 



18.1 Equality ol the Inertial and Gravitational Masses in RTG 

Gravitational experiments have established that the deviation from unity of the 
ratio of gravitational mass to inertial mass for objects of laboratory dimensions 
does not exceed one part in 10“ (see Braginsky and Panov, 1971). However, this 
does not mean that the gravitational and inertial masses of an object whose di- 
mensions are great coincide with the same accuracy. For objects of laboratory dimen- 
sions the ratio of the gravitational self-energy to the total energy is no greater in 
order of magnitude than 10'“. Hence, with an accuracy of one part in 10“ it is 
impossible to say how the gravitational self-energy is distributed between the 
inertial and gravitational masses in objects of laboratory dimensions. 

The ratio of the inertial mass to the gravitational mass for extended objects 
for which the ratio of the gravitational self-energy to the total energy considers- 
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bly exceeds 10 will be discussed in Chapter 20. Here we consider only 
the general corollaries to which RTG and GR lead in connection with this problem. 

In GR, as shown in Chapter 3, the value of the inertial mass depends on the 
choice of coordinate axes in three-dimensional space, which physically is meaning- 
less. Therefore, it does not follow from GR that inertial mass is equal to the active 
gravitational mass. On the other hand, from RTG it follows that the inertial mass 
and the active gravitational mass of an object coincide. 

Indeed, since the special principle of relativity forms the basis for RTG, the 
inertial mass of an island system is strictly defined and is given by the following 
formula: 

m i - J (18.1) 

In view of conservation of the total energy-momentum tensor in the Minkowski 
space-time, or <? p (t/J j", -+- If#)) = 0, it is obvious that m, is time independent. 
Note also that (18.1) is a scalar with respect to the transformation of spatial coor- 
dinates. 

Now let us write Eq. (8.28) for field tp 00 in Cartesian coordinates. Since in this 
case O 00 — <I> 00 , wo have 

□ = 16n (<S, + !»,)• 

As is known, far from the source this equation may lead to a solution of the typo 
r~' const only if + tfh) is time independent or very weakly dependent. In 
such conditions the equation for 'll 00 assumes the form 

V*®*--16*«j ) +flb) t 

whose solution will be represented as follows: 

fUQO — \ f d ‘ X ' 

J I*-*' I 

From this we find that 

<lx»~^2L as | x| ~r — oo. (18.2) 

In view of (8.1), for g 00 we have the following formula: 

On the other hand, if we determine g 00 from (17.11), (17.14), and (17.55), we get 

g“~ 1 + AU. 

with V the Newtonian potential. Since (in the system of units where c = G =1) 
we have V — Mir far from the source, with At , by definition, the gravitational 
mass of the object, we arrive at the following identity: 

m, = M. (18.3) 

which is what we set out to prove. 

We note in passing that within the RTG framework the quantity 

P n = J (© + ««#* 



(18.4) 
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is well-defined and constitutes the 4-vector of energy-momentum of the system. 
Similarly, the angular momentum of the system is also well-defined in RTG and 
is a tensor with respect to any coordinate transformations in the four-dimensional 
Minkowski space-time. 

In GR, as noted in Chapter 3, the value of the inertial mass depends on the 
choice of coordinates in the three-dimensional space, a result meauingless from 
the standpoint of physics. 

Now let us consider this problem in the light of the results obtained in Chapter 12. 
We will show that in view of the arbitrariness in the choice of solutions to the 
Hilbert-Einstein equations, the inertial mass (as defined in GR) may, generally 
speaking, assume any value and, therefore, there can be no equality between the 
inertial and gravitational masses in GR. As in Chapter 3, we base our calculations 
of the inertial mass (in the system of units in which c = G = 1) on formula (2.11) 
written in terms of Cartesian coordinates: 



m l = $h«o*(x)<iS 0 . 


(18.5) 


lyhere 






(18.6) 


In the last expression we have introduced the notation 




(x) ** — gg°° ( g® 6 - ) . 


(18.7) 



Since with respect to three-dimensional (spatial) transformations g°° is a scalar, 
g(i) -0»g(i'), where D=det(-^-) , 

and g°0 — g««gO 0 /gM j s „ second-rank tensor, the transformation law for m a ® ( x ) 
assumes the form 

m< * (*) ” D* mMV <**>• ( 18 . 8 ) 

where 

m»v <*•)=-* (x') ««"(*•)( g»v (xf) _ f°“K) ) . (1 8. 9) 



If for the z' v we take the spherical coordinates x' 1 = r, x' ! = 0, and x' 3 — ip, 
then on the basis of (12.41) with A (r) = 0 we arrive at the following formulas for 
the m** v (x'): 

m 11 (x') = —W 2 sin* 0, 



«*<*! St/illlWe, 

m * ( x -)- j ^*) 1 , 

YW-2M \ dr I • 

m>* v (z") =0 if (1=5.6= v. 



(18.10) 
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It can be shown that 



and, hence, combining (18.8) with (18.10), we get 



(18.11) 



Hence, taking into account the values ol the elements of the transformation matrix 
/ sin 0 cos q> sin 6 sin 9 cos8\ 

-^-=1 r cos 0 cos 9 r cos Osin 9 — r9in0|, (18.12) 



— r sin Osin (f r sin 6 cos 9 



we arrive at 



m" (x) = — B (r) sin* 0 cos* 9 — C (r), 

m** (x) = — B (r) sin* 0 sin* 9 — C (r), 

m“ (x) = -B (r) cos* 0 - C (r), (18.13) 

m 1 * (x) = — B (r) sin’ 0 cos 9 sin 9, 

m 1 * (x) = —B (r) sin 0 cos 0 cos 9, 

m a (x) = — B (r) sin 0 cos 0 sin 9, 

where 

<•*«> 

To calculate the inertial mass m, of a static spherically symmetric object, we can 
use the formula 

- TKT r 'j“ r f *- 0 ** *P. (18-16) 

which follows from (18.5) and (18.6). In (18.16) we have allowed for the fact that 
dS a = — rx a sin 0 d0 d<f. 

Since the transformation matrix dx y /dx* has the form 

/ sin0cos9 sin 6 sin 9 cos0 <i 

=1 r~ l cos 0 cos 9 r - ' cos 0 sin 9 — r-'sinOj, (18.17) 

\ — r' 1 (sin 9)/sin 0 r~' (cos 9)/sin 0 0 / 

on the basis of (18.13) we can easily calculate the integrand in (18.16) in spherical 
coordinates: 

*. -’in 6 “ [r 4 (fi + 0 + 2fl] sin 0. (18.18) 
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Integration in (18.18) with respect to angular variables yields the final formula 
for m,: 

"4“ —j J™ [ r *ir('7r) < 18 - t9 > 

If for W (r) we take the one-parameter family of solutions to the Hilbert-Einstein 
equations, or 

W (r) = Ir + (1 + X) M\\ (18.20) 



where \ is any finite number, then from (18.19) it follows that 

m, — M (18.21) 

in the class of solutions (18.20). 

In Chapter 12 it was demonstrated that the system of RTG equations for Ir (r) 
admits of only one solution that coincides with (18.20) at \ — 0, with the result 
that in this system of equations, in view of (18.21), the inertial mass m, is always 
equal to the gravitational mass M. Note that for Schwarischild’s solution, which 
corresponds to k = — 1 in (18.20), the inertial mass m, also coincides with the 
gravitational mass M. On the other hand, in GR, W (r) is an arbitrary function 
of variable r, whereby solutions (18.20) have no special meaning for GR. If one 
selects W ( r ) such that for r-e oo the asymptotic behavior of W (r) is 

W'(r)-r»[l+a*(-5£-)’ ,> ]\ (18.22) 

where a is any finite number, then on the basis of (18.14) and (18.19) we arrive 
at the following expression for the inertial mass m,: 

m, = ;W(1 + a*). (18.23) 



We see that, in viewof the arbitrariness in selecting a. the inertial mass mi may as- 
sume in GR any fixed value m i > M, which immediately implies that the energy 
of a system may also assume any value: hence, the results obtained by Ponomarev, 
1985, are erroneous. 

In conclusion we give the asymptotic expressions for the metric coefficients 
(12.41) as r— ► oo, when A (r) = 0 and W (r) is given by (18.22): 



hMotl— ^+0^). 
g ll (x-)~-[l+a*(^-) ,,2 ] + 0(f) , 
g„(x-)^-r a [l + 2a I (^) , ' J ], 
g M (x',=r-^[l + 2<z=(M-) ,/l ]sin a 8. 

The reader can now easily see that 



(18.24) 



limg m „ {z') = y m „ <z')- 



which implies that for the Riemann space-time with metric (18.24) there exists 
an asymptotically flat Minkowski space-time. 
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18.2 The Equations of Motion of a Test Body Along a Geodesic 
in the Sun's Gravitational Field 



In calculating the standard effects occurring in the Sun's gravitational field the 
common approach is to take for an idealized model of the Sun a static spherically 
symmetric ball of radius R„. The metric coefficients for objects possessing these 
properties wore determined in Chapter 12. There it was also noted that the solu- 
tions to none but the Hilbert-Einstein equations in the exterior of a static spheri- 
cally symmetric source contain two arbitrary functions. A (r) and W (r), and 
therefore GR cannot in principle give well-defined predictions concerning gravi- 
tational effects. On the other hand, the solutions to the system of RTG equations 
for the metric coefficients of the effective Riemann space-time are well-defined 
and unambiguous. Hence, in Chapter 12 we arrived at an important conclusion, 
namely, that there is no arbitrariness in RTG, and, therefore, that for the gravi- 
tational experiments considered below the predictions within the RTG framowork 
are fully unambiguous. 

Let us illustrate this with examples. To this end to describe gravitational effects 
in the solar system we take the metric coefficients to be 






W" 



V(r) ~ ( 



VWJT) -2 GM a 

VWTr j ' 

W (O / dVWJFj \ 2 

dr I ’ 



fit. <r) - -w (r). g„ (r, 0) ~ -tv (r) sin* 0. 



(18.25) 



These formulas transform from (12.41) if we set 

A (r) = 0, m = GMq, (18.26) 



where Mq is the Sun's active gravitational mass and G the gravitational constant. 
The condition A (r) = 0 does not change the essence of the problem and is chosen 
only to simplify matters. 

Within the GR f ramew ork. Y IV (r) is an arbitrary function of r, while in RTG 
it has the form Y ^ ( r ) — f + GMq. Note that in the exterior of the source 

YwV)>2CMq. (18.27) 



The equations of motion of a material particle or a photon are written in the 
form of geodesic equations in the effective Riemann space-time with metric (18.25): 



d'* m 
da > 



, i" ■fra dxt 
da ~da~ 



= 0 . 



(18.28) 



In metric (18.25), the nonzero connection coefficients P™, are 
r . _ _1 8V_ r , r* - ‘ ir 

oi w dr • 1 «• 2V dr ’ 2V IT ' 

r ^=— WIST' ^ = r* M sin*0, (18.29) 

r Ja = = ” 2 iv- "§7“ * TJ,= — sin0cos0. rj, = cotO. 

For brevity of notation in (18.29) we have left the function U (r) and V (r), not 
replacing them with (12.40). fn the final analysis, however, the connection coef- 
ficients (18.29) are expressed only in terms of IV (r) and 0. 
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Now let us write Eq. (18.28) explicitly. Combining (18.29) with (18.28). we get 
4*1 , 1 



_ dV it dr 
da 7 U dr do do ' 



(18.30) 



d ! r 1 iU I 


’ dt 


1 dV / dr \2 1 iW 


I dQ \2 




da * T 2V dr \ 


da 1 


+ 2V dr [do J 21' dr 


\ dal 












(18.31) 


d*e 

da 1 


1 df 

'(tt 


)*-• 


= 0, 


(18.32) 



d't , I dW dr dtp o dll 
do a ~ r W dr da da ' da 



-sr 6010 - 



o. 



(18.33) 



Since the field is isotropic, without loss of generality we can consider only trajec- 
tories that lie in the equatorial plane. Hence, in Eqs. (18.30)-(18.33) we can set 
0 ■= n/2. In this case Eq. (18.32) becomes an identity, while Eqs, (18.31) and 
(18.33) assume the form 



d’v 

~3a I " 



1 dV I dr \2 1 SW 1 dip \ 2 _o 

2V dr [ da 1 ~W dr [ do 1 


(18.34) 


1 dW dr dtp » 

IV dr da da 


(18.35) 


we easily find that 




dt c 

da ~ l Hr) • 


(18.36) 


dip J 

da “ W(r) ’ 


(18.37) 



whore c and J are constants of integration and also integrals of motion in the 
problem considered here. By redefining parameter o we can always ensure that c 
in (18.36) is equal to unity. Hence, in what follows we use, without loss of gener- 
ality, the following formula: 

dt 1 



da V (r) ' 



(18.38) 



Substituting (18.37) and (18.38) into Eqs. (18.34), we can write this equation 
as follows: 

dV 1 d I 1 \ 1 dV /_dr_\2 r _d_/_L\ -0 

-dF-~WdF\ir) — •* “ZF dr \ w) - u - 

Multiplying this into 2V ( drlda ) yields 

M v (-£) 2- W + w] = 0 - 

which implies that 

'(£)'- W + W"-* (,839) 



is also an integral of motion in the given problem. 

Let us establish how the proper time x is linked to the parameter o of the trajec- 
tory. We determine the proper time from the expression for the line element 

dx 2 = g M dfi + g„ dr 2 + g„ d&+ g a dtp 2 , (18.40) 
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with the metric coefficients specified in (18.25). Since 9 = ji/ 2, we can write 
(18.40) in the form 

(£)'-* (W-'rWy*- 

Allowing here for (18.37)-(18.39), we get 

dx 2 = E da 2 . (18.41) 

Since for massless particles dj 2 = 0, we conclude that for a photon 

E - 0. (18.42) 

while if the rest mass of a particle is nonzero, (18.41) implies 

£>0. (18.43) 

Using (18.38) and (18.41), we can link the proper time t and the temporal coor- 
dinate t in the Minkowski space-time: 

dx 2 = EU 2 dt 2 . (18.44) 



Similarly, from (18.37) and (18.39), excluding parameter <t and using (18.38), 
we find that 



if _ JV 
a iv 



(18.45) 




(18.46) 



The solvability of Eq. (18.46) requires that 




Finding dt from (18.45) and substituting it into (18.46), we gel 
JV/ / ir\t t /* 

—U + -w+ E “°- 

Combining this with (18.27) and (18.47), we finally get 
if _ .V't 2 t 1 1 E t-l/i 

dr -± W \~Fij W J*1 



(18.47) 

(18.48) 

(18.49) 



18.3 Deflection of Light, and Radio Waves in the Sun's 
Gravitational Field* 

Suppose that we wish to describe the trajectories of particles coming in from outer 
regions of space and passing in the vicinity of the Sun. Let us place the origin of 
the coordinate system at the center of the Sun and assume that the particle in 
question moves in the equatorial plane xy parallel to the x axis from + oo to — oo. 
It is convenient to describe the trajectory in terms of <p as a function of r. Since 
angle q> (r) is reckoned from the positive direction of the x axis, it is obvious that 
<P(+oo) = 0. 

If the particle were not deflected by the Sun’s gravitational field, the variation 
of angle q> over the entire motion would be ji, since <p ( — oo) — q> (-(-oo) =n. 



• See Logunov and Loskutov, 1988c, Logunov, Loskutov, and Chugreev, 1986, and Wein- 
berg, 1972. 
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However, as a result of the action of the gravitational field the particle trajectory 
deviates from a straight line, and the measure of this deviation can be characterized 
by the quantity 

69 = A<p — n. (18.50) 

To calculate A<p we write the solution to Eq. (18.49), which expresses 9 in terms 
of r, in the form 

f-±J*JF( 7 (18-5.) 

Combining this with formulas (18.25) for U (r) and V (r), we obtain 

<P= ’ ± J - (|/iv I W»/» (1 (l/fi'-2CM 0 ) + 2£»'G.M G ))i/2 ' < 18 - 52 ) 

This formula gives the shape of the particle trajectory in the Sun's gravitational 
field. Far from the Sun, that is, as r — 00 , we have W (r) ~ r", in view of (12.36). 
Hence, on the basis of (18.25) and (18.46) we have (as r 00 ): 






Since in this region of space the particle is in free motion, the particle's velocity 
drldt = v is constant and, hence E = const, which completely agrees with the 
meaning of E as an integral of motion. Since for a photon (in the system of units 
where c = 1) v = 1, wo have E = 0. For a material particle » < 1, and, there- 
fore, E < 1. 

Suppose that r„ is the closest distance from the particle's trajectory. Then, 
because ( dr/d<f) r 0 , we have the following formula for the square of the 
integral of motion J: 

W 3I2 

J1 ’V *.5 o m 0 ~ EW " < 18M > 

where we have used (18.48) and the formula that links U with W (see (18.25)) and 
have introduced the notation W„ = W (r 0 ). Substituting (18.54) into (18.52), we 
get 

<!’('•) -W 2 — SW a (YWt— 2GM Q )] llt \ d Vw\Vw\W*r'(\-E) + 2EWCM ri \ 

VW) 

x (V W 0 -2GMq)~ |M'3 /j -£'W , o (V'TF o - 2 GM 0 )| (YW-2GMq))-"\ (18.55) 

Since we will be interested only in the deviation of light and radio waves in the 
Sun’s gravitational field, in (18.55) we must set E = 0. In this case we have 

OO 

9 (r) = wV 1 J d YW I [ W 3 ’ 2 {\fwl- 2GAf©) - Wl' l (YW- 2GM e \p/\ (18.56) 
VW) 

If we introduce the notation 



(18.58) 
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we can write (18.56) in the form 



<45 



V(r) = Jo \ 



d Vw 






W w (Vw- Vw,) ( Vw-wJ Ww-w,))'* ' 



(18.59) 



The value of / 0 can be obtained from (18.54) if we put E = 0. Setting r = r, in 
(18.59) and integrating, we obtain 



where 



and 



27. r Vw,-2G.v n . 

V'int Vw,+WMq J ( ’ q) ' 


(18.60) 


. / w 9 —w, \in 




visin' 1 (—=i — ) , 


(18.61) 


v \ vw, -w^wr) • 


(18.62) 


V 

F(v, q) = f (l—g* sin* *)•■« dt 





is an elliptic integral of the first kind. 

Since the total variation of angle tp (r) when a photon travels from infinity to 
point r = r„ and then goes on to infinity is 2<p (r 0 ), for Acp we have 

In Appendix 4 we show that when V Wo > 2 GMq, from (18.63), in the second 
order in IGMqJY there follows the expansion 

A„ n+ ^ + iiy ( l|n-l). (18.64) 



Substituting this into (18.50), we find that in the second order in 2GMq/V W 0 
v VW. + w. 






(18.65) 



For r„ we take the radius of the Sun, and the relationship between (F 0 and r 0 
will be assumed to be 

W, = [r, + GA/ q (1 + X)]*, (18.66) 

where X is an adjustable parameter. For all values of X satisfying the condition 
r„ > GMq | 1 + X | (18.67) 

to within the second order in GM^r, we have 

6 ^_^ [(2+Jl) _!s 4 (18 . 68) 

In GR the range of admissible values of parameter X in (18.68) is limited only 
by condition (18.67), with the result that the prediction of GR concerning the 
deflection of light in the Sun’s gravitational field contains, in the second order 
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in GMoJr a , an ambiguity. In RTG, on the other hand, parameter X may assume 
only one value, X = 0, and therefore the prediction of RTG concerning this phenom- 
enon is unambiguous. Note that solution (12.76), which in GR was found by 
Schwarzschild, corresponds to the case with X = — 1, and hence the deflection 
of light in the Sun’s gravitational field calculated in the GR framework differs 
from the RTG result by 4 (GA/<n) 2 /rJ. If the accuracy in measuring the deflection 
of light and radio signals could be raised to a level at which second-order effects 
came into play, this ambiguity would become experimentally variable. 



18.4 The Shift of Mercury's Perihelion* 



Suppose that a particle of mass m 0 is moving along a closed curve around the 
Sun. To describe this motion we apply formula (18.49). As in Section 18.3 we 
place the origin of the coordinate system at the Sun's center and superpose the 
equatorial plane xy with the plane in which the particle moves. Since the trajec- 
tory constitutes a closed curve, there are only two values of r (<p) at which dr/dip 
0. We denote these values by r ± . Then from (18.48) we have 




(18.69) 



where W ± = IV (r ± ) and U ± = V ( r ± ). This can be used to find the integrals of 
motion, E and J *, which are given by the following formulas: 



wMW.-icm ( J + w-(VW.-2cMq)-igMqVw~,VwZ 
( Vw. + Vw.) Ww.- tcMq) ( y wl — 2CW 0 ) 

= ZCJHpH'.W. 

” (VW. + VW-)WW-.-iGM^WW.-'iGM Q ) ' 



(18.70) 

(18.71) 



In deriving these two formulas we allowed for the relationship between U and IV 
(see (18.25)). 

The angle q> (r) through which the radius vector r of the particle rotates (this 
angle is reckoned from the direction specified by r — r.) can be calculated accord- 
ing to the formula 



<p(r) = qi(r.)-f / 




\nxr. 



■ i yw 

(VW Itv>/»<1 -£)-/= (VW-2GM q ) + 2£U'G’.Wq]) ,/2 ’ 



(18.72) 



which emerges as a result of integrating (18.49) with respect to r and allowing 
for the relationship between V ( r ) and W (r) (see (18.25)). 

Putting W (r) = W + in (18.72) and allowing for (18.70) and (18.71), we obtain 



(p (r.) — q> (r )= f— = — = _\> 

\VW.VW.~2GM~VW.-2GM~VW.1 



ViT. 



X ( — — 
J IV IP 



i VW 



\rw: I V w (V w- yw.) (Vip.- pi?) ( Vw-w,) J‘« ' 



(18.73) 



• See Logunov and Loskutov, 1986c, Logunov, Loskutov, and Chugreev, 1986, and Wein- 
berg, 1972. 
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with 






yw.\'w_ 



v'»'. p'W'. — 2G.Wq Yw. — 2 CMq V IV. ' 
Integrating in (18.73) yields the following formula for 9 (r+) — 9 (r_): 



(18.74) 



(18.75) 



where 



and 



/ w,(Vw.-Vw. 8 76 

n/2 

f(4. «)= \ (1 — 9 , sin ! f)" ,/, dt 

is a complete elliptic integral of the first kind. 

Formula (18.75) is true for all IF* and 1F 0 satisfying the inequalities 

VW,>V» r -> H' 0 > 2 CM e . VW.> 6 GMq. 

It is shown in Appendix 4 that when y W ± > 2GAf©, (18.75) leads to the fol- 
lowing expansion for 9 (r+) — 9 r_), valid to within the second order in 2GA/®/ 

ytt',: 



,(r t )-,(r., i «[l+^(-L + -L) 



+ 



57(CJtfp)* 

TS 



Fif. tfw. • 

(iFr+irr)- 



51 (C^g)) 1 I 

8 VW. Vwl J ' 



(18.77) 



The variation of angle 9 when the particle moves from point r = r- to point 
r = r+ must be equal to the variation of angle 9 when the particle moves back, 
from point r = r+ to point r = r.. This means that the total variation of angle 9 
in the course of a complete rotation is 



A9 = 2 n + 3 nGA/ e (7=^ + 7=) + 7 *&*•<& (iT + 4 l ] 

51 n 

4 n Vw. Vw- ‘ 



(18.78) 



We see that the curve along which the particle moves is not closed. It processes 
in the direction of the motion of the particles, and the measure of this precession 
in the second-order approximation in GMq/V W ± is the quantity 



69 - A. P — 2n = 3nGA/ 0 ( + -±r ) + f « {GMtf (-£- + ) 

51 



. l /w, ‘ yw. • 
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We select the relationship between W ± and r ± in the form of the one-parameter 
family 

W ± = (r ± + (1 + X) GMqP. (18.80) 

Then for all values of the adjustable parameter X satisfying the condition 
r ± » GM S 1 1 + X| 



we have the following expansion of Sip in powers of Gilf©/r a 
order terms: 



+ 3n(GA/ e )* (-£- *) (;jr+-^-) . 



to within second- 



(18.81) 



The shift given by (18.81) can be expressed in terms of the characteristics p and 
e of the trajectory: 

6 ^^[ 1 _^ (l + e2)+ ^ a(l+ , )]i (ia0) 



whore 2 p is the lotus rectum (sometimes p is called the focal parameter) and e 
the eccentricity linked to r + and r- through the following relationships: 




r. + r- ' 



(18.83) 



As (18.81) clearly shows, the ambiguity in the prediction of GR concerning 
the shift 6<p manifests itself, as in the case with light deflection, in second-order 
terms in GM§Jr ± , and disappears in RTG since here X = 0. 

Applying formula (18.81) to the motion of Mercury around the Sun, we arrive 
in the very first order in GMQlr ± at the following value for 6<p (in seconds of arc 
per century): 

6 <p = 42.98"/century. 



The results of observation yield (see Misner, Thorne, and Wheeler, 1973 (p. 1113), 
and Will, 1981) 6<p s ,„ r = (41.1±0.9)7century. We see that the present level 
of experiments in this field is not sufficiently high to study the second-order correc- 
tions and, hence, to experimentally determine the value of X. 

Study of the Mercury perihelion shift is further complicated by the fact that 
a number of other factors, besides post-Newtonians corrections in the equation 
of motion, affect the perihelion shift. Among these are, say, the gravitational 
pulls of other planets in the solar system and the deformation of the Sun (the 
quadrupole moment of the Sun). The only indeterminate factor is the value of the 
quadrupole moment of the Sun, since the effect of all the other factors can be cal- 
culated with sufficient accuracy. 

The additional Mercury perihelion shift brought on by the Sun’s quadrupole 
moment J, is (in seconds of arc per century) 

«<P.aa = 13 x 10V,. 

Measurements conducted by Dicke and Goldenberg, 1967, on the Sun's apparent 
oblateness provided a value of the quadrupole moment J t equal to (2.5±0.2) x 
10- # , while later measurements by Hill et al., 1974, (see also Will, 1978, 1979, 
1981) yielded the estimate J 2 < 0.5 x 10‘ 5 . A comparison of the perihelion shifts 
of Mercury and Mars yielded an estimate J. < 3 X 10~ 5 (see Shapiro et al.. 
1972a, b). 
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Thus, the absence of direct measurements of the Sun's quadrupole moment 
results in a large indeterminacy, which makes it impossible to study the Mercury 

perihelion shift with good accuracy. 



18.5 Time Delav of Radio Signals in the Sun's Gravitational 
Field (Shapiro's Effect)* 



The purpose of the experiment is to measure the time of propagation of a radio 
signal in the gravitational held of the Sun. Here is how this experiment can be 
realized. A radar transmitter on the Earth sends a radio wave out to a reflector 
elsewhere in the solar system (Misner, Thorne. Wheeler, 1973, p. 1106). The 
reflected wave is then received on the Earth. The round-trip travel time is measured 
by a clock on the Earth. This quantity is compared to the round-trip travel time 
in the absence of the Sun’s gravitational field. In this way the time delay of radio 
signals in the gravitational field of the Sun is determined. 

To calculate theoretically the time delay of radio signals in the Sun’s gravita- 
tional field let us turn to Eq. (18.46). Since for radio signals E = 0, Eq. (18.46) 
yields 



it |V(r)|*/» r 1 jo ' 1 - 1/2 

H tHT'l/ow - - ii>rJ 



(18.84) 



We placo the origin of the coordinate system at the Sun's center and assume 
that the radio signal propagates in the equatorial plane xy. Lot r„ be the distance 
from the origin to the point where the path of the radio signal comes closest to 
the source of gravitational field. Then /* = WJUt, where W„ = W (r„) and 
Go = U (r„). It is obvious that in experiments of this type we must consider only 
paths of radio signals for which r„ > /? s . Integrating (18.84) with respect to r 
and allowing for the relationships between U (r), V (r), and W (r) (see (18.25)), 
we get 

,, > V'viri 

' <r °' r, “ £ (V W-2CMQ) uyw- V ^)(l'it r -if,)([/iv-«',)|‘'= • (I8 - 8(i) 

where W, and W, are given in (18.57) and (18.58), respectively. This formula gives 
the time that it takes the radio signal to propagate from point r, to point r. 

W t , with the result that the 

integral 



For V W„ > ZGMq we have Y 1F 0 > W, > 0 ; 
itegrai (18.86) can be represented thus: 



t (r 0 , r) = (2GM©)> /, (r) + (2 G.W 0 )» I, (r) + (2 GAT©) /, (r) + /„ (r), 
where 

2 



(18.87) 



Mr)- 



(vw.- 2CM g ) (W.-M.Wq) , yi?-' (lV> _ K' l)| l'> 

(v'tyj — W',) (IF,— 2C.t/ a ) 
wjWW'-xmq)' 



X [( / IV* — 2GMq) F (v, q)-(V w 0 -w,) n (v, 



'.(»•>= 



IV'H'.fH'.-B',)]'/* 



^ (v, ?). 



>)]• 

(18.88) 

(18.89) 



• See Logunov and Loskutov. 1985a. 1985b, 1986a, 1986b, 1986c, Logunov, Loskutov, and 
Chugreev, 1986, and Shapiro. 1964, 1979. 
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(18.90) 



X [w,F(v, „)+(Vw;-w t ) n (v, , »)] 

"a.-- 1 -.,)!) . (iB.81) 

w t yw „ v * », pyw t -i * I Mp-*' ' ' 

where q is given by (18.62), 

v=sin- , (18.92) 

F (v, q) is an elliptic integral of the first kind, and IT (v, o, q) is an elliptic integral 
of the third kind: 



n(v, o, ?)<= ( 



da 



•’ (l + o sin* o) V 1 —9’ »>■>* a ’ 



Suppose that in the selected reference frame the Earth has coordinates (r„, <p„) 
and the reflector, coordinates (r„, 9„). In Shapiro's experiments the reflector was 
Mercury in superior conjunction (9, — if„ ~ it). 

On the basis of (18.87)-(18.9i) we arrive at the following formula for the time 
it takes the radio signal to propagate from the Earth to Mercury in the Sun's 
gravitational field: 

Mr,, r„) -(2C« 0 )M/,(r,)+/,(r M )) 

+ (2GA/©)* I/, (r.) + /, (r„)l + 2GAf 0 (/. (r.) 

+ h M + U. (r.) + I, M- (18.93) 



If we select the paths followed by radio signals for which r 0 ~ and allow for 
the fact that W 0 » 2GAf©, while in the given experiment r, » r, and r„ > r 0 
and, hence, W, — IV ( r ,) > W 0 and W„ = W (/-„) » W a , wo find from (18.93) 
that to within the first order in GMq the following formula holds true for t (r„ r„) 
(see Appendix 4): 

!(r„ rJ«sx(»'.-ir t )V* + (Hf 11 -» f JW 



+ GM q [2 In 



Vw v +Vw»-w, _ / yw v -Vw, \ 
VW'-VW.-W, 'V'9'e+l / H'o' 



i/J 



, / V«r.-Vw. y/* 

" r t V^e+Y^ ' 



(18.95) 



For further analysis we need the equation describing the trajectory of the light 
signal W = W (9). This equation can be found from (18.49). If we put E = 0 
in Eq. (18.49), allow for (18.25), and integrate, we obtain in the first order in 
GMq the following: 

1 t+,cosx 

Vw ~ p 



(18.96a) 
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where 



T W 0 ■ 



x= *“'f%' sin ’ 1 ’- (l896b) 



In (18.96b), ip = 0 corresponds to the direction to the pericenter of the light 
signal. The angles reckoned from this direction for Earth and Mercury will be 
denoted by if, and 9„, respectively. Since in real experiments Y cos* i|i, » 
8GMq and Y IV u cos* i)> M 3> 8 GMq, Eqs. (18.96a) and (18.96b) yield, in the 
first order in GMq, the following: 

VWt* Vw c cos + GMq - GMq 

« YW U cos + GMq - GMq. (18.97a) 



Substituting (18.97a) into (18.96a) and retaining terms up to the first order in 
GMq, we find that 

*(«. |0*= /W^sin <p,+ Y^Y, sin >f u — GMq (sin if, + sin ijg 



+ GMq In 



(1-t-sin $«)(<-(- sin ♦m) 

(1— 3infc)(l-sinih,) ‘ 



(18.97b) 



To calculate the variation in the flow of time caused by the Sun’s gravitational 
field, we must subtract from (18.97b) the value of the time it takes the radio 
signal to travel from point r c to point r u in the absence of the Sun's gravitational 
field. 

Sending G to zero in Eq. (18.97b) and bearing in mind that 1V,.„ and i|i,, B de- 
pend on G, wo got 

t, = lim t ( e , p) = p, sin q>, -f p„ sin tp u , (18.97c) 

where 

Pe.n = lim Y W,'l, <p,.„ = lim <18.97d) 

0-0 G -*0 

Let us establish the meaning of the limiting quantities p,.„ and <p,.„. Since 
the line element with metric coefficients (18.25) tends to 
ds* =» dt* — dp* — p’ (d9* + sin* 6 d<p*) 

as G -*■ 0 and lim — p. and the latter coincides with the lino element 
o-o 

of the Minkowski space-time in standard coordinates (t, r, 0, q>), we conclude 
that p a r and, hence, p,. B = r, M . 

Putting G = 0 in Eqs. (18.96a), and (18.96b), we find that 



where 



— = — cos q>, 
' P* 



p 0 = lim Y 1 * 0 . q> = 
c— o 



Equation (18.98a) implies 



lim ip. 
c-o 



(18.98a) 



r, cos tp c = r„ cos 9 „, (18.98b) 
where tp eiU are the values of the polar angle for the Earth and Mercury, respec- 
tively. 
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Subtracting (18.97c) from (18.97b), we arrive at the formula for the time delay 
of the radio signal in the Sun's gravitational field: 

At = f (e, n) - (18.98c) 

But since the function W (r, GMq) is not determined by the Hilbert-Einstein 
equations, the dependence of W, „ on r,. B and GMq is unknown within the 
framework of GR and, therefore, the right-hand side of (18.98c) cannot be cal- 
culated unambiguously. Let us illustrate this ambiguity with the example of 
the one-parameter family of functions 

W (r, GMq) = |r + (1 + X) GMqV, (18.98d) 

where X is an arbitrary finite parameter. It is easy to see that for such a choice 
of W (r, GMq) the solutions (18.25) at G = 0 are transformed into the metric 
coefficients Vmn of the pseudo-Euclidean space-time in spherical coordinates. 

Bearing in mind the spherical symmetry of the problem, in view of which 
'I 1 * + ’I’k = 9. + qy, we introduce the notation 

tf*. “ <P« — 6. 'ft. = fV + 6- (18.98e) 



Then, combining (18.97a), (18.98b), and (18.98d), we arrive at the following expres- 
sion for 8 in the first order in GMqi 



GMq (cos If ,— cos f„) (2 — X cos <J> cos 9,.) 
(r, sin 9a+r„ sin 9„) cos 9, cos (ft, 



(18.98f) 



Substituting (18.98d), (18.98e), and (18.98f) into (18.97b) yields the following 
expression for the time the radio signal takes to propagate in the Sun’s gravita- 
tional field: 



t(e, p) = r, sin q>, + r„ sin +■ XGMq (sin q> e + sin <p „) 
+ GMq In (1 _ 5iI1 it,)(l - sin 9 B ) ’ 



(18.99a) 



The same quantity can be expressed in terms of radial distances, which are deter- 
mined, according to metric (18.25), via (18.98d). • Since by definition 



Vr ,-Hi-H)c» 6 l ,/i 

i L rr ( i -x)cWQ J dr ’ 



with r 0 the radial arithmetization number corresponding to points on the surface 
of the Sun, we integrate and arrive, in the first order in GMq, at the following: 



which yields 



*.,» a: r,. B — r„ + GMq In (r,, B /r 0 ), 



(18.99b) 



1, — ~ r, — r u + GMq In (r c /r M ). 

In the first order in GMq this equation allows for an inversion of the type 
r, — r B ~ i« — i B — GMq In (!«/!„) as a, 
and, therefore, allowing for (18.98b), we easily find that 



cos qv 

t a = a — — - , 

COS <Pn — COS <pe 



r M 



cos 9c 

C0S9u— cos9r 
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Substituting these expressions into (18.99a), we find that 



t(e, |i) = a 



sin (<p.+ft.) 



■+■ XGMq (sin q> e + sin <p„) 



COS«Pii — cos?, 

, „„ . (I + sin<F,)(l + sintp^l 
” r ' ® n <1 — sin «p c ) (1 — sin <»>„) ' 



(18.99c) 



Formulas (18.99a) and (18.99c) demonstrate that already in the first order in 
GMq, the magnitude of the time it takes the radio signal to travel in the Sun's 
gravitational field cannot be found unambiguously in GR since the Hilbert- 
Einstein equations do not fix the value of parameter X. Hence, the statement 
made by Ichinose and Kaminaga, 1987, that the predictions of GR are unambi- 
guous are simply erroneous. Note that the above-mentioned ambiguity in the 
prediction of GR was remarked on earlier (e.g..see Brumberg, 1972), but no 
meaningful conclusions were drawn. 

Substituting (18.99a) and (18.97c) into (18.98c), we arrive at the following 
formula for the time delay of radio signals in the gravitational field of the Sun: 



M = \GMq (sin + sin q> B ) + GM & In ■ • (18.100a) 



The presence in (18.100a) of the indeterminate parameter X makes it impossible 
to find a definite value of At remaining with the framework of GR. 

In RTG the value of parameter X is well-defined (it is equal to zero), and there- 
fore for the time delay of radio signals in the Sun's gravitational field we have 
an unambiguous formula: 

aGMQln << _, in ^ )( ,. |i „ fr) • (18.100b) 



At a 



Note that if the relative frequency shift of a radio signal propagating in the 
Sun's field is calculated on the basis of (18.98d), then In the first order in GMq, 
we obtain (see Logunov and Loskutov, 1987b) 



We see that 6,,„ is independent of the parameter X. We will derive (18.101a) 
when considering the ambiguities of the predictions of GR. 

Here is another example. It is often stated in the literature that if the time 
delay of a radio signal in a gravitational field, At (r„ r„), is expressed in terms of 
the periods of revolution of the Earth, T„ Mercury, T u , and a test body orbiting 
the Sun along an orbit of radius r = r„ ~ Rq, T 0 , then At (r„ r M ) is independent 
of the choice of (12.72) or (12.76) as solution. We will now prove this statement 
to be erroneous. For the sake of simplicity we assume that the above noted objects 
revolve about the source of gravitational field (the Sun) along'circular orbits. 
Then, under the above-stated arithmetization of space with line elements defined 
in (12.72) and (12.76) we arrive in the first order in GMq at the following results 
(see Logunov and Loskutov, 1986a, 1987a): 



rl'K 



i + |3 

.3/2 



(18.101b) 



(18.101c> 
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We see that according to GR the periods of revolution of tire objects in the orbits 
Provo to be, in the variables (r, r. 6, <p), different for different metrics. If in (18.101b) 
and (18.101c) we pass from numbers r to observables 1,,, and 6, ,,, in terms of 
these measurable variables the ambiguities in the theoretical values of T n ,,» 
remain. The difference in the periods of revolution corresponding to metrics (12.72) 
and (12.76) can be explained here by the fact that although the physical radial 
distances to the orbit in different metrics coincide (in the first order in G.\Tq ) , 
the velocity of an object differs from metric to metric (Logunov and Loskutov, 
1986a). 

If we now express the time of propagation t (X = 0) (or f (X = —1)) in terms of 
the periods of revolution 7 0 .«.ii (X = 0) (or 7V. B (X = —1)) and introduce, for 
the sake of simplicity, the notation 

>t,> 

• 

then for both metrics, (12.72) and (12.76), the t vs. T relation is the same: 

+(&£r+( w). <«»“■> 

To determine the effect of gravitational time delay proper, which actually con- 
stitutes the goal of such studios, one must also isolate the time t„ necessary for the 
radio signal to cover the distance from the Earth to Mercury in the absence of the 
Sun’s gravitational field. This means that we must additionally calculate the 
lime l„ it would take the signal to propagate from (e) to (p) in the flat metric y th 
and express this time, via (18.101b) and (18.101c), in terms of the revolution 
periods T. In the initial arithmeli 2 ation of space, 

Correspondingly, with metrics (12.72) and (12.76), that is. with (18.101b) and 
(18.101c), wo have* 

'• e - o). vvr= it + vEfnr-ov, [ (-£=£ ) ” + (-£=£-) . 

(18.102b) 

/„ (X - - 1) = yl‘- V x + Yti- L\. (18.102c) 

Thus, the time delay due to gravitation, At = t — t 0 , is defined differently in 
metrics (12.72) and (12.76). For GjWq, L x , and L„ much smaller than L e „ we 
obtain 

At(X = 0) = 2GA/ 9 ln^±Jg^i, (18.102d) 

A/(X=-l) = 2GiVf e ln^±^±il|^~2GAT 0 . (18.102e) 



• Here we introduce L ± quite formally; however, when the percenter of the radio signal’s 
path is far from the Sun’s surface, this quantity can be realized via an auxiliary test body orbit- 
ing the Sun along a circular orbit with r = r L . 
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The calculation of t can be carried out if from t he sta rt we pass from coordinates 
(t, r, 0, <p) to variables (t, p, 0, <p), with p = Y W (r), in terms of which 

ds*=(l dP-[\ --^£-)’'dp»-p i (d0 2 + sin l 0rf IJ . 1 ). (18.102f) 



On the basis of expression for the line element we can obtain, in the first order in 
GA/q, the following formula for I: 



f=|/pi— rt+Vp?— pj 



+ < 



„„ In,.. Pe + Vpj-Pi . /P»-Po\l/2 , ip,- 

G M 2ln Pc -vp;-pi + t p^r) +(^+?r) ) 

and for the periods T„ , iU we have 






Although the link between t and the experimentally measurable that 

follows from the above formulas is unambiguous, the time delay At will again be 
different for different metrics g,», since, introducing the metric tensor y u, of the 
flat space-time in the arithmetizations r in order to calculate f 0 , we again arrive at 
(18.102d) and (18. 102e) if we take p to bo equal to r + GM® and r, respectively; 
and the introduction of a flat metric y<* (p) leads to an ambiguity because of the 
indeterminacy in the value of p„: say, for p 0 “ GM® we have 

and for p„=>0 wo have 

«o = Kpl-Pi + /pJ-Pi. 

so that for GMq, pj., and p 0 much smaller than p„. B wo again arrive at formulas 
(18.102d) and (18. 102o) for Af. Note that the value of Af calculated on the basis 
of (18.102e) does not agree with the experimentally observed value (see Shapiro, 
1979). 

Finally, we note that in terms of the variables (/, p, 0, tp) solution (18.102f) 
is not the only solution to the Hilb ert-Ei nstein equations. Indeed, as already noted 
in Chapter 12, the function p = if W (r) can always be taken as one of the variables 
in whose torms the Hilbert-Einstein equation is written, with the result that 
(18.25) will also be solutions to this equation, the only difference being that in 
the latter solutions p plays the role of r and the function IV (p) plays the role of 
IV (r), that is, ambiguities in t and A/ emerge because of the arbitrariness in the 
choice of W (p), as was the case earlier in the initial arithmetization in terms of 
( t . r, 0, <P>- 



18.6 Period of Revolution of a Test Body in Orbit* 



To determine the period of revolution of a test body in orbit we will start with 
Eq. (18.46) and the equation for the trajectory 



r — 



E , 

1 -f-e cos qy 



(18.103) 



See Logunov and Loskutov, 1986b, 1986c, and Logunov. Loskutov, and Chugrcev, 1986. 
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where 



P = 



2r.r- 
r,+r. ’ 

?^1 — 



'.+r- 



3 Cm 



(18.104a) 
(18.104b) 

r. is the minimal distance from the center of the source of gravitational field to 
the path of the test body, and r + is the maximal distance. 

_ Since the motion is finite, for t! and we have (18.70) and (18.71), respectively. 
From (18.46) it readily follows that 



it 

dr 



\'WV 



--t* . (18.105) 

Vv\W— J’U— KWJV* ' ' 

Placing the origin of the coordinate system at the center of the source of gravita- 
tional field, superposing the equatorial plane xy with the plane in which the test 
body moves, and integrating (18.105), we arrive at the following formula for the 
period of revolution of the test body: 

? . ir V m . ( i8.io6) 

J yv [w-M-amyi* J VV[w-j'u-euwvi' v ' 

The origin of the last integral in (18.106) can easily be traced if we note that under 
a complete revolution, that is, when (p varies from 0 to 2n, the test body does not, 
according to (18.103), return to the initial point but is found at the point 



r, = r(q>=2n) = 



(18.107) 



1 c cos 2 ny 

Allowing in (18.106) for the relationship between functions U and V and the 
function W (r) (see (18.25)), we obtain 

M? T_T \ dVw(vw) >n 

V&l FivI 

where W x = W (r ± ), W, = W (r t ), and m is the mass of the source of gravitational 
field. Substituting into (18.108) the expressions (18.70) and (18.71), we find that 

V~w\ 



.(2 Y_ f‘\ dVW( V W)^ 

' J_ J / (V W — 2Cm)|(l-£)H’>/*-y»(|/H' — 2Gm) + 2GmEW\'f ’ ' ' ' 



f {VW, + VW.){VW.-2Cm)WW.-2Gm) 1 I/S /„ ' f f"‘t 

L 2Cm(Vw,VW.-2Gmy'H'.-2Gmy'H'.) J t ^ _/ 



with 



i VW iVW) 1 !' 

(|/fy- 2 Cm) UVWI-VW) ivw-v’wl) (/iF-ivjiv* 

2Gm V'iv7 VW. 



(18.109) 



Wo 



V V W-— 2 Gm X'W, — 2Gm y W. 



For FW_>2 Gm we have W 0 <.y W., with the result that 
sented os follows: 



(18.110) 
T can be repre- 



r (p Vt'.^-V'lV-) (pH’.-2C«) (t' tf, — 2Gm) -I 1 ' 2 

L 2Gm (/tFI y iFT— 2Cm\livl-2Gm\/wl) J 

X {(2Gm) 3 (2?^(r + , r.)-7 3 (r„ r.)] + (2Cm)*|27 a (r + . r4-7,(r„ r.)| 

+ 2Gm (2/j (r + , r.)-7,(r„ r_)l + [2/.(r+, r.)-7 0 (r„ r.)|), (18.111) 




where 
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(r+, r.) = — 



(]/H’-2Gm)(2Gm-ti' 0 ) [\/W. (V'W. -#„)!'/> 

{ywl—wjn f-2-, 

V 2 ’ (Vw.-W.) (ZGm-ywZ) 

+ (2Gm-yW:)F(n/2, ?)] , 



M r +. r.) = 



K/iv: (!/»■.-<?, )]!/> 



*>/2, ?), 



7i ('+. '•-) 1 



\VW.(\Tw.-W,)\'l' 



(VW.-W jn(4. *) + «W 2 , ,)]. 



/ 0 (r + . r.)= — jr{-~ 



h(r„ r.)-. 



(xW„- i)(iVTPI-i) (V^F. _#,)■/« 

xf#.-VIF3n(i t < 

' (V'W'.-W.Xxy'rt'.-i) 

+ H ' o (*/ W ; :- 1 ) F ( ji / 2 , •)]} ar _ 0 . 

2 

(j/iv:-2C ra ) (2Gm_fig (FWI-iVo)]’/* 

x r ( / F :-^ 0 ) n ( x . 

' (V'H'.— »VJ(2Gm — Vw.) 

(2Cm — yW~_) F{X, ?)] , 

I, ('» r.) t- ~ ^(X. ?). 



/. (X. r.) L „ 

[VWL{Vw.-wj,\'i' 



x[(/ty_-g’ o) n(x, v ^f- - ? ) + >V(*. ,)] 

1 



1^.0— £ { 



w-l) (X V'H'.-l) 

x [(#,_■/ wyn (x, 

V (VM'.-fi'oX'V H'.-l) 



9 ) 

(18.112a) 

(18.112b) 

(18.112c) 

w ) 

(18.1 12d) 

? ) 

(18.113a) 

(18.113b) 

(18.113c) 



(18.113d) 
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Here 




i.Vwl~w,) Vwi \ 

(vw.-yw. y /a 

VW.-w . ) ’ 



iVw.-wj(Vw,-Vw_) j 1,1 
(VWl-VnTJi (Vw,-iv,) J 



(18.114a) 

(18.114b) 

(18.114c) 



If the path of motion of the teat body is such that r s »Gn t and r, »Gm and, 
hence, y \V ± Gm and Y 1V7 3> Grn , then (18.11!) yields the following formula 
for the period of revolution (see Appendix 4): 



V'iClm 



JCm __ 1 \{Vw.-VwMVw i -yw.)Yi' 

yar.+yw. * yw.+ywi 

(18.115) 



Let us now take the one-parameter family V IV (r) = r + (1 + X) Gm as the 
solution to the Hilbert-Einstein equations. In this case, obviously, 

VW'i = r t + (1 X) Gm (18.116a) 

and 

yW~, = r, + (1 + X) Gm 

t^r.-Hl + X) Gm + -^- (-^-) [ ***£ + 'J Y ■ (18.116b) 



where we have allowed for the approximate expression for r , to within terms of 
the order of (Cm) 1 , an expression that can be obtained from (18.107), (18.104a), 
and (18.104b). Then for all values of parameter X satisfying the condition 
r ± 3> | 1 + X | Gm we obtain, if we combine (18.115) with (18.116a) and 
(18.116b), the following formula for the period of revolution: 






3(l + X)Cw 
r.+r. 






r_ \ 1/2 r. + r. 
2r, 



]}• 



(18.117) 



We see that the period of revolution of test bodies within the GR framework is 
not determined unambiguously because the value of X is not fixed in GR. On the 
other hand, in RTG X = 0, so that the predictions of RTG concerning the period 
of revolution of a test body are unambiguous: 



T~: 






■- \>« r.+r. 



3 r. 



]}• 



The last formula reflects Kepler's third law in RTG with corrections. 



18.7 Shirokov’s Effect* 

Shirokov's eflect is that if a test particle moving in a spherically symmetric grav- 
itational field along a closed orbit is acted upon by a weak perturbation, it will 
oscillate both radially and azirauthally. This problem is of interest to us from the 



• See Shirokov, 1973. 
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methodological angle. Hence, we will consider a simplified version: we assume 
that the test particle moves uniformly along a circular orbit of radius r = const 
To determine the infinitesimal 4-vector g r of a deviation from the geodesic we 
start with the deviation equation 

-^- + /fj u u>u'p = 0, (18.118) 

where s is the parameter of the trajectory, and 



; dx* 

“ — dT ' (18.119) 

with i‘ the spherical coordinates, that is, = t, z l = r, x ! = 0, and x 3 = m 
Obviously, u‘ is the 4-vector of the rate of change of the unperturbed coordinates 
x with respect to parameter s and satisfies the following equation of motion (the 
geodesic equation): 

-^- + r»uV = 0. (18.120) 

Moving the origin of the coordinate system to the center of the source of gravi- 
tational field and superposing the equatorial plane xy with the plane in which the 
test particle moves, we get 0 = jc/2, which means that 

*-=“ ! ^°- (18.121) 

Since, by assumption, the orbit is circular, r = const, and we have 

u' = -i-~°. (18.122) 

Allowing for the uniformity of the motion and the validity of (18.29) (18 121) 
and (18.122), we find that (18.120) yields v ' 






(18.123) 



g m „u"u n ~1, 

and (18.25), (18.121), and (18.122) are valid, we obtain 

V ( r ) (“®) a — W (r) (u s )’ a 1, (18.124) 

which, when combined with (18.123), can be used to find (u°)‘ and (u 8 ) 2 : 

' 1 UW dr i , / w \ ’ (18.125) 



(u o ) 2 = _l_dH L 1 

1 ’ UW dr d , / W \ ’ 

•5r Io (— ) 

(■■>)» L_ & 1 

' ’ UW dr i . I W \ • 



(18.126) 



Let us now return to the deviation equation (18.118). An identical form ol this 
equation is 

^ + 2TLu" + 5=- fu”*" ~ 0. 



(18.127) 
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This combined with (18.29) and with the fact that 9 = n/2 yields 

ds 3 



-*■+■4-0. 



4+»4+*4+*-a. 



ds 

-4* = 0, 



■in 1 






where we have introduced the notation 

a = 2u*rj,, b = 2r>«, e = 2r;,u>, 

/ = -^ a -(n°) , + -^-(u^, e = (u*) 1 , *=.2rj,u». 

Note that in the current problem the coefficients a, b, c, /, e, and k are constants. 
Equation (18.130) yields 



(18.128) 

(18.129) 

(18.130) 

(18.131) 

(18.132) 



where 



5’ = % exp (fOr), 

1 e and, by virtue of (18.132) and (18.126), 



Q- 



1 din U 

-W—iT- 



4-m' 



(18.133) 

(18.134) 



If in the remaining equations, (18.128), (18.129), and (18.131), we carry out the 
substitutions 

1° = 12 exp (las), S'-gJexp (iws), I 3 = £ exp (has), (18.135) 

we obtain 

— <a 5 U + ioaili — 0, 

-(o^+Jkog + fco^ + Z^O, (18.136) 

-<a=|J + f(ai|; = 0. 

The condition that there be nontrivial solutions to these equations yields 

a 1 = I — kc — ab. (18.137) 

Suppose that we have taken the one-parameter family 
W <r) = [r + (1 + X) Cm)* 

as tho solution to the Hilbert-Einstein equations, with X an adjustable parameter 
and rn the active gravitational mass of the source of gravitational field. Then com- 
bining (18.134) with the relationship (12.40) that links U with yW , we obtain 

|r+(X-4)Cm||r + (X+1)Cm]‘ ’ (18.138) 



On tho basis of (12.40), (18.29), (18.132), and (18.137) we can write the following 
formula for a> 3 : 



rn 1 = Q* [2 r+l> -~ 2) Gw 1 1 

1/ r+(t-i-X)6*m 

For all values of X satisfying the conditions 

r »Gm |X4-1 |. r»6m | X — 2 |, 



(18.139) 



(18.140) 
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formulas (18.138) and (18.139) yield 

o*~n;(i -i^-) , 

~ q; ( i - 3(X + 2) Cm ) , 

wilh 

QJ = Gmlr 3 . 

This results in the following formulas for the periods of radial and 
oscillations in the first order in Cm: 



(18.141) 

(18.142) 

(18.143) 
azimuthal 



+ <«•!«) 

£-[l+-^-]. (18.145) 

We see that in GR in the very first order in Gm, the formulas do not provide an 
unambiguous answer but that in RTG, where X = 0, we have well-defined values 
for T, and T „ = T 

7 ’-^-(‘ + J 7 L ) • (18.146) 

T *- T w~T£. (18.147) 



18.8 Precession of a Gyroscope in Orbit 

Suppose that a gyroscope is moving along a closed orbit around a massive object. 
Then the change in the 4-vector of the intrinsic angular momentum S„ of the 
gyroscope is described by the equation 

-^s- = r (18.148) 

whore z" — (t, i“), with being the spherical coordinates. 

Since this problem interests us only from the standpoint of the ambiguity of 
RTG and GR predictions, to simplify matters we will assume that the gyroscope 
follows u circular orbit in a spherically symmetric gravitational fiold and that it 
is point-like. Hence, it is advisable to use the term "spin” in relation to the 4-vector 
of the intrinsic angular momentum S„ of the gyroscope. Spin S„ is orthogonal to 
the 4-vector u" = dz"lds of the velocity of the gyroscope in orbit, and, therefore 

u°S,= -u*S a . (18.149) 

Setting n = a in (18.148) and allowing for (18.149), we get 

-^-= -rS a s # u»-r* va s # -!^l-i-r§ a 5 # B 0 +rJ«v v - (le.iso) 

Let us place the origin of the coordinate system at the center of the source of 
gravitational field and superpose the equatorial plane with the plane in which the 
gyroscope moves. In this case, obviously, 8 = n/2 and therefore 

u-= — = 0. 

ds 

Since by assumption the orbit is a circle of radius r = const, we have 

u< = "3T = O' 



11-0297 
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with the result that the 4-vector of velocity, u™, assumes the form 

u" = (u», 0, 0, u 3 ). (18.151) 

If we now take into account the expressions (18.29) for the connection coefficients 
I'mn, the fact that 6 =» n/2, and (18.151), we will find that (18.150) yields 

(18.152) 

(18-153) 

■fL-iy,*. (18.154) 



We see that the component S, is conserved. 

For the trajectory considered here we already know the velocity components 
tt° and u 3 . The values are given by (18.125) and (18.126), respectively. 
Multiplying (18.152)-(18.154) by (u 0 )' 1 and introducing the notation 

u“ = u a iu" = d&ldt, (18.155) 

we obtain 

TT = -(n,-r,* 1 )S J u’. (18.156) 




(18.157) 



-£-“=W. 



(18.158) 



Obviously, w 1 = v* = 0, while for v ’, in view of (18.125) and (18.126), we have 

Now let us prove that Eqs. (18.156)-(18.158) imply that the scalar product of 
the 4- vectors S m , 

5.5""rW„ (18.160) 

is time independent and, therefore, is conserved. Allowing for (18.25), (18.149), 
(18.155), and (18.159), we find that (18.160) with 0 = n/2 yields 

Finding the time derivative of this expression and allowing for Eqs. (18.1561- 
(18.158) yields 

4 (S.S-) - w> A [4- (14 - ru - p. ( 4 - ^ -fif) ] . 

If we employ (18.29), we can demonstrate that 

4(1-.— r;j— Mi- ,}, d fw )' <*“ 2 > 

whereby 

(18.163) 

which is what we set out to prove. 
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Lei us introduce Ihe 3-vector Z with components 

' yv ' 1 yw *' 
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Z,= -rsine(-l — - 



w V' 2 ? 
i VW ' 3 



(18.164) 



wyw dVw 

with respect to spherical coordinates. It can easily be shown that 

- <Z Z) = v a,, ZaZ B = ( S m S ”), (18.165) 

which implies, with the aid of (18.163), that | Z | is conserved. 

We now wish to find the Cartesian components of Z. To this end we employ the 
vector transformation law 

Z| > = -TTT z a- (18.166) 

Ox M 

where the primes on the symbols indicate that the respective quantities refer to 
a Cartesian system of coordinates. 

Since the motion occurs in the (x' 1 . x '*) plane (i.e. 6 = ji/ 2), the transformation 
matrix diP/dx' # has the form 



Oz* 

IP* 



^ o 

r 
0 



— 0 



0 - — 



with Ihe result that (18.164) yields 

~f (*'%+-£- *>)• 

2,= -7-2,- 



(18.167) 

(18.168) 
(18.169) 



Substituting the expressions (18.164) into (18-I67)-(18.169) with 8 = n'2, we 
obtain 

*;-T[f (18.170, 

(1,171, 

z;= tV 5 *- (18 - ,72) 

Let us denote the Cartesian components of the velocity vector v' by o' 1 and o'*: 



dz’> 



dz 



It is easily established that o'* and o'* are related tor 3 = dy/dt in the following 
manner: 

o' 1 = — x'V, o'* = i'V. (18.173) 
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Differentiating (18.170)-(18.172) with respect to t and allowing for Eqs. (18.156)- 
(18.158) and for (18.173), we find that 

dZ ‘ _ 1 f o f 1 r i / 1 1 dV \i/sn 

~3i~ r t 1 L Vv n \w & y'iv dyW I J 
1 du \ '/a 



■Vv 



WVW d\/W 

J ^ L = f { U ' 15 1 [W - r “(‘r“ ' 



w) m - • <*■*«> 

n 



r* 

du 



Vv ‘“Vir wyw d yw 

+ v ' >s, l(iv~Wvw~17w) - "v7F (r «‘ ~ r,,,) ]} ■ ( ,8 - 175 ) 



-fi = 0. (18.176) 

Solving Eqs. (!8.170)-(18.172) for Si, S 2 , and S, and substituting these into 
(18.174)-(18.176) and allowing for the identity (18.162) yields 



tj*— ^■H-( r^r; l -r^r;j-/>](«.'- J :'._ v i I >.) i (I8 . 177) 

1*— ( r i, r :, - r :,r; I ) ,/ »i ( B , «»'i— p'ii'>), (18.178) 

(18.179) 



Here, in deriving (18.177) and (18.178), we have allowed for the fact that the 
velocity vector v' is orthogonal to the radius vector x'. 

It can be seen that (18.177)-(18.179) can be written in vector form: 

-fl=i-(Z'xfl). (18.180) 

where 

o-M-ffirt-r.ry'*) (i-xv) . (ls.isi) 

Equation (18.180) shows that vector Z' precesses around vector Q with a rate | Q |. 

If for the solution to the Hilberl-Einstein equation we take the one-parameter 
family of functions 

W (r) = [r + (1 + X) Gml*. (18.182) 

where X is an adjustable parameter, and m the active gravitational mass of the 
source, then we find that 

mi - iv'i i‘-(rur°. 1 -w /, i ■= m | « - (-^rrw)‘ /z I- < l8183 > 

If the radius of the gyroscope's orbit is much greater than Gm, for all values of X 
satisfying the condition r » | X +• 1 | Gm Eq. (18.183) yields, to the second order 
in Gm/r, the following expansion: 

|0|~4-^-|t'||1— £=-(x + -J-)|. (18.184) 

This expansion shows that the ambiguity, due to the GR approach, in the expres- 
sion for | R | manifests itself in the second order in Gm/r, while the value of | 17 J 
in RTG is well-defined because here X = 0. 
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18.9 GR and Gravitational Effects in the Solar System. Conclusion 

Generally, the properties of space-time can be established in experiments. Indeed, 
suppose that we know the equations of all the timelike geodesics and all the iso- 
tropic geodesics in a selected system of coordinates. Then the space-time metric 
tensor in this system is determined to within a constant factor (for the proof of 
this statement see Petrov. 1966). But from tho physical viewpoint the geodesics 
are the lines along which test particles move. Hence, by studying light propagation 
and the motion of test bodies it is possible in principle to determine experiment- 
ally the geometry of the effective Riemann space-time. 

Can we determine the geometry of space-time if we remain in the GR framework? 
The Hilbert-Einstein equation in a chosen system of coordinates is valid, gener- 
ally speaking, for any arbitrary functions of four metric coefficients. In other 
words, Hilbert-Einstein equations do not determine the Riemannian geometry. 
The common approach in GR to determining the four unknown metric coefficients 
in a given coordinate system is to use the so-called coordinate conditions, which 
are four additional uoncovariant equations for the metric coefficients. 

The Hilbert-Einstein equations and the coordinate conditions enablo us to 
determine, in a given system of coordinates, the Riemannian geometry of space- 
time and to calculate this or another gravitational effect. The choice of the coor- 
dinate conditions in GR is completely arbitrary, and it is assumed that this choice 
does not affect the physical results in a given system of coordinates. But this 
choice does influence the functional form of the metric coefficients and, hence, 
depending on the form of the coordinate conditions in a given system of coordi- 
nates, we have different geometries of the Riomann space-time. And in view of the 
above statement different Riemannian geomotrics lead to different predictions 
concerning the propagation of light and the motion of test bodies. All of this has 
been demonstrated using solar-system gravitational effects as examples. 

Summing up, we can say that GR is incapable, no matter what the advocates 
of this ideology may say, of making definite predictions concerning the geometry 
of the Riemann space-time and gravitational effects. This constitutes still another 
important defect of GR. 



Chapter 19. Post-Newtonian Integrals of Motion in RTG 

The covariant conservation law (6.28) for the total energy-momentum tensor 
density t mn in the pseudo-Euclidean space-time can be written in terms of Cartesian 
coordinates thus: 

0 n l mn = d„ U|jy + fffil = 0. (19.1 ) 

On the basis of this law we can easily derive the respective integral conservation 
law 

-d„ J l* n <lV = §C'’'<iS a . (19.2) 



If the energy flux for matter and gravitational field across the surface bounding 
the volume of integration is nil in (19.2), then 

§e"dS a = 0 



(19.3) 
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and we arrive at the law of conservation of the total 4'm omen turn of an isolated 
system: 

^- 0 , 

where 

/>"= (19.4) 

In this case, in view of the symmetry of the total energy-momentum tensor density 
f mn , the angular momentum tensor of the system is also conserved: 



J Ix’fi 1 — x‘fl n ]dV. 



The fact that the A/°“ components are conserved implies that the center of mass 
of an isolated system, specified by the formula 

x - ' = — p> — • (196 > 

is in uniform rectilinear motion with a velocity 



Thus, to describe the motion of an isolated system consisting of matter and 
gravitational field it is sufficient to determine the 4-momontum P n (19.4). Note 
that a real system cannot be strictly isolated because of the motion of its con- 
stituent parts, which causes emission of gravitational waves, and because a rea'I 
system exchanges matter with other systems in the form of electromagnetic radia- 
tion, particles, atoms, and the like. Hence, in general, we cannot ignore the energy 
fluxes for matter and gravitational field. There are astrophysical processes in 
which these energy fluxes play the leading role. Taking them into account enables 
us to understand and predict many an astrophysical phenomenon. At the same 
time, however, for systems within which the energy fluxes for matter and gravi- 
tational field are small, condition (19.3) is met with a certain degree of accuracy. 
Then, with the same degree of accuracy we can state that the 4-momentum of such 
a system is conserved. These are the systems to which the post-Newtonian formalism 
can be applied. 

To find the explicit form of the 4-momentum P n in the post-Newtonian approx- 
imation, let us turn to the identity (6.26). We write this identity in a Cartesian 
system of coordinates: 



Multiplying both sides of (19.7) by dV and integrating over a sufficiently large 
volume, we obtain 



Assuming that 



a 0 $ t°dV + §t«dS a = $ V„KdV. 
^ dS a — 0, 
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we find that 

d,Pn= frmTSdV, (19.10) 

whore in view of the definition (19.4) 

?„ = ?.*$ (19.11) 

Equation (19.10) is exact to the same degree as the energy flux of matter and 
gravitational field across the surface bounding the integration volume in (19.18) 
is close to zero, that is, as (19.9) is valid. 

Let us now employ Eq. (19.10) to determine the explicit form of the 4-momentum 
P„. This can be done if we represent the right-hand side of (19.10) in the form of 
the time derivative of a certain expression. Since our goal in this chapter is to 
find the integrals of motion in the post-Newtonian approximation, it is natural 
to consider the right-hand side of (19.10) in this approximation. Let us write the 
expressions for each component of V m 7”"* for the energy-momentum tensor density 
of matter: 

v m r»» = -i- + rS 0 T“ + 2r$ a r° + 1 V*. (19.12) 

v m 7' m “=5 0 7 ,oa + d v r a +no7 x "+2rt v r°-i-rjv7’ l! ', (19.13) 

where 

r ‘e, = y«*' ^^+S,g lt -d lgf ,). (19.14) 

Using the post-Newtonian expansion of the metric, (17.72)-(17.74), and the fact 
that 

p | x — x' | dV = AT 1 — V* -(. 0(e 5 ), 
wc find that (19.14) yields, to required accuracy, 

a = (W + 0 ,l/ -Ty^oU) + 0^), 

= «e + 2 (d'V* - v-»Y«,a o n + O (a*). 

rlo = 4 -^ + (l-2f/)a“£7_i.a“|27/»-40 1 -4<I> s -2<t,-6<I> 4 | 

+7-S-( Ar ‘-H + 0(^. 

Moreover, with post-Newtonian accuracy Eqs. (17.51)-(17.53), (17.67) and (17.68) 
yield 

7™ = p ( 1 + U + n — 1 n.i>v ) + 0 (e‘) , 
r <ta = pu“[H-n + £/-i yv uv] + P^ + 0(c ! ). (19.16) 

T a * = pv a ut (l - jU v n' , + n + C/ + p/p)-i>«Bp-|-0(e«). 
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Substituting (19.15) and (19.16) into (19.12), we obtain 

v m r™» - 4- [p ( 1 + y + n - 1 u vl ; v ) ] 

+** [pu 0 ( i + v + n - -I vj * ) + /w“] 

-p-%— 2p^d a u+0(e‘). (19.17) 

Similarly, substitution of (19.15) and (19.16) into (19.13) yields 

(> (l+n+y-l^’ ) + P s>] 

+ d B — pv aS + p«M (l + n + (/--|f v f v )] 

, +TP-^-+P [i + n+U-^y^) gau 
- 4p4/W + ('>d» (20, + 2<X> 2 + <!>,+ S<t> t ) +2pv a 4jj- 

+f > j^r + /, p v$ W - «• y») + pfv 



+ 2pi/‘v»d t U + pW *V + O (e»). 



(19.18) 



The formulas just obtained, (19.17) and (19.18), can be simplified if we take 
into account the continuity equation (17.49) and the Newtonian laws of motion 
of an elastic body, 



with 



P t— » W + ^- 
p ii= -pdj,\ 



(19.19) 



and the following relationships: 

'ait 1 a , 1 «rar;W rra »1 

p -ar = 2 ar (P^) + IT ^ -ar - — J • 



The result is 

+ d =[po a (i + n+f/— 4 y «i ,v ) 

-ir^-^+4r c/5a ^]+ 0 ( e ‘)- 
v»r" = 4- [p#“ ( 1 + n + o- 1 1 ,-^) + 1 p <jir - n] 

+ 5 S [pu“i;B (l +fl + U — + pv*v* 



(19.20) 



(19.21) 
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- / >(i+2f/)Y’6+ pv* (A 1 ® - n] 

+ 4p ^ + 2p±(Uxfi)+'p<f l U +2pViTU 
+ p (n + 2u* + 3p/p) 3°l/ - 4po*0% - 1 prW, (Ai®— V“) 

+ (20, + 2C>; + <!>, + 30),] + 0 (e»). (19.22) 

Substituting this into the right-hand side of (19.10), allowing for the identities 
$ pina 8 i/+,) (1 <i> J |dF=o, 

| p\Udfl +dfi t \4V = o, 

J fpa^+^fjrfV-o, 

J plPd^+djtD.IrfV-O, 

(j pv*dg (A® — V°) rf K = 0, 

\-%-cTUdV ~ 2 \ p(n"0-+ N a )dV~ 0, 

f „ f (19.23) 

^ pVrfK- - \ ptfiUdV, 

J pdJJdVneO, 

j pvJ) t VdV- $ pu v d ( A' v dV => 0. 

and taking into account the fact that the volume integrals of spatial divergence 
vanish after transformation into surface integrals, we obtain 

-k^-srS p(i+n-±U-L V ^)<lV, (19.24) 

5 [p"“ (l+n-^t/-- J-nxJ+P^. + yP^a]^- (19-25) 

In deriving the last formula we employed the fact that the lowering and raising 
of indices in (19.22) can be achieved by using the metric tensor of the Minkowski 
space-time. The final expressions emerging from (19.24) and (19.25) are 

^[i+n-^U-jVyiNjdV, (19.26) 

pa= § [p^(l^- ^ -■5• ^/ -T < '^ v ) +/ ’ y! ‘ + 4•P A '"] rf,, (19.27) 
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Chapter 20. Do Extended Objects Move Along Geodesics 
in the Riemann Space-Time? 

In Chapter 17 we gave formulas (17.75)-(17.77) for the metric coefficients of the 
Riemann space-time in terms of sums of various generalized potentials with ten 
arbitrary coefficients p, y, a,, a„ a„ | 2 , £„ and known as post-Newton- 
ian parameters (the parametrized post-Newtonian, or PPN, formalism). To each 
theory of gravitation in this formalism there corresponds a dofinite set of post- 
Newtonian parameters. Hence, by determining the values of these parameters 
we can select from all the gravitational experiments only those theories whose 
post-Newtonian approximation leads to values of the parameters coinciding with 
those obtained from experiments. 

In this chapter we first consider the ratio of the gravitational mass to the inertial 
mass and establish the relationships between PPN parameters that follow from 
the requirement that there must be post-Newtonian laws of conservation. Then 
we study the equations of motion of the center of mass of an extended object, 
the equations of geodesic motion of a point-like object in the vicinity of the Earth's 
center of mass, the deviation of the Earth's center-of-mass motion from the refer- 
ence geodesic, and a number of questions pertaining to the problem of the motion 
of objects along geodesics. We also analyze the motion of the Earth's center of 
mass in gravimetric experiments and list the effects connected with the presence 
of a preferred reference frame and those associated with the anisotropy in relation 
to the conter of the Galaxy. By investigating these problems we can arrive at 
bounds on the values of PPN parameters. 

The problem of the ratio of the gravitational mass of an object to its inertial 
mass was posed by Sir Isaac Newton and to this day remains a topic of theoretical 
and experimental studies. It emerges practically in every theory of gravitation. 
It is well known, for example, that when Newton was constructing his theory of 
gravitation (see Newton, 1687), he was forced, in order to experimentally solve 
this problem, to carry out a series of measurements of the periods of oscillations 
of pendulums of the same length but made of different materials. On the basis of 
these experiments he incorporated into his theory a postulate according to which 
the force of gravity is proportional to the amount of matter (or mass) in the object 
irrespective of the composition and/or size of the object. Thus, in modern terms, 
Newton clearly understood that each object is characterized by two types of mass, 
namely, the inertial mass as the measure of inertia in the object and the gravi- 
tational mass as the measure of gravitational charge. 

At present, in the terminology introduced by Bondi, 1957, it is customary in 
every theory of gravitation to distinguish between three types of mass: the inertial 
mass ni|, the passive gravitational mass m p , and the active gravitational mass m a . 
The inertial mass characterizes the ability of an object to acquire one or another 
acceleration under the action of forces of a nongravitationsl nature; it enters into 
Newton’s second law, m,a ri = F a , and is defined by this law. The passive gravi- 
tational mass characterizes the eSect that gravitational fields have on the object; 
it is defined by the expression 




Finally, the active gravitational mass of an object characterizes its ability to 
generate a gravitational field. 

In different theories of gravitation the interrelation of these three masses may be 
different. In Newtonian mechanics, for instance, Newton’s third law requires that 
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the active and passive gravitational masses be equal, while the fact that the pas- 
sive gravitational mass is equal to the inertial mass is postulated. 

Actually, the question of how these three types of mass relate to each other 
comes down to the question of how the various interactions contribute to the 
inertial and gravitational masses of the object. It is well known, for example, that 
the study of the motion of various elementary particles and ions in electromagnetic 
fields has revealed that the strong, weak, and electromagnetic interactions con- 
tribute equally to the inertial mass of an object, the contribution being equal to 
the energy of each interaction divided by c*. with c the speed of light in empty 
space. 

But in principle there is no reason why these interactions should contribute 
equally to the other two types of mass. In other words, there is nothing that im- 
plies that the field responsible for one interaction cannot be a stronger or weaker 
source of gravitational field, all other things being equal, than all other material 
fields. In this case the active mass of an object would not be equal to the inertial 
mass, and the difference would be the greater the higher the fraction of the energy 
of the given interaction in the total energy of the object. Hence, in the most gener- 
al case the possibility cannot be excluded that the value of the active mass of the 
object will differ from that of the inertial mass: 

m, = m, + 2 *hu* . 

A 

where E A is the energy of the field responsible tor the Ath interaction, and i|„ A 
is a dimonsionloss parameter characterizing the nonequivalence of the contributions 
of the Ath field to the inertial and active gravitational masses of the object. 

By analogy, the possible difference in the action of an external gravitational 
field on different types of matter can be described by the following formula lor the 
passive gravitational mass of an object: 

+ S' (2°.l) 

A 

Thus, only if ^ pA =» tj, a = 0 will the gravitational properties of differont forms 
of matter be the same: otherwise gravitational interaction ceases to be universal. 

Numerous experiments have been staged to establish the relationship between 
the various types of mass for the same object. Initially the objects involved had 
laboratory dimensions. The most famous experiments measured gravimotrically 
the ratio of the passive gravitational mass to the inertial mass and were conducted 
by Braginsky and Panov, 1971, Eotvos, Pekar, and Fekete, 1922, and Roll, Krot- 
kov, and Dicke, 1964. The main idea of all'these experiments can be formulated 
as follows. 

Let us assume that not all the q pA in (20.1) vanish. Then the passive gravitation- 
al mass of an object is generally not equal to its inertial mass. The equations of 
motion of a point-like object in an external homogeneous gravitational field assume 
the form 

+ 2 'Ip a^) g ■ 

A 

This implies that the accelerations 

a =( 1+ 2lpa^r)g 
A 



( 20 . 2 ) 
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acquired by different objects in a gravitational field will differ, and the difference 
will be the greater the greater the change in the second terra on the right-hand 
side of Eq. (20.2) brought on by the change in the substance comprising the object . 
Hence, if two objects with the same inertial mass but of different composition 
are placed at the ends of the beam of a torsion balance in an external gravitational 
field, the resulting torsion pendulum will be subjected to a torque M=(m lp — m JP )x 
(r X g) proportional to the difference in the passive gravitational masses of 
these objects. 

Measuring the value of the torque acting on the pendulum inakos it possible 
to determine this difference at least in principle. However, to ensure greater 
accuracy in measuring the ratio (m, p — m, p )/mi, the setting is somewhat changed 
in practical experiments so that the torque caused by the difference in the passive 
gravitational masses ot the two objects changes as a result of this modification 
according to a harmonic law with a frequency equal to the resonance frequency of 
the pendulum. To this end either the torsion pendulum was rotated in the Earth's 
gravitational field or use was made of the natural rotation of the Earth (together 
with the torsion pendulum) about its axis; in the second case the Sun was taken 
as the source of the external gravitational field. 

All experiments of this type have been conducted over the years for a large 
number of substances and have shown, with a high accuracy, the absence of any 
dependence of the ratio t| = (m, p — m, p )/m i on the type of substance. The series 
of experiments conducted by Eotvos and his group (see Eotvos, Pekir, and Fokete, 
1922) between 1890 and 1922 yielded an estimate | q | < 5 X 10‘®. Later, the 
groups of Braginsky (see Braginsky and Panov, 1971) and Dicke (see Roll, Krot- 
kov, and Dicke, 1964) established experimentally that |q | < 10~ ls and | t| | < 
10'“, respectively. The accuracy in determining q achieved in these experiments 
was great enough to establish the fractional contribution of the strong, weak, and 
electromagnetic interactions to the passive gravitational mass and the inertial 
mass of a point-like object. Indeed, since the ratios of the energies of the strong, 
weak, and electromagnetic interactions are different for different substances, 
lt IA /m i c a — 0 for each of these interactions. Hence, assuming that 

the upper bound on | q | is caused by the nonequal contributions to m p and /n ( 
of only one of these interactions, we can find the bounds on the q P(l . 

Such an analysis shows (see Will, 1981) that the strong-interaction energy and 
the electrostatic energy of the nuclei provide equal contributions to both masses 
with an accuracy of about one part in 10 10 , while the energy of the static magnetic 
field of the nuclei provides equal contributions to both masses with an accuracy 
of about one part in 10*. Moreover, the accuracy achieved by Braginsky's group 
makes it possible to claim that the weak interaction also makes a fairly equal 
contribution (q pi0 < 10'*) to the passive gravitational and inertial masses of 
an object. 

Although these results are interpreted as proof of the equality of the inertial 
and passive gravitational masses, this does not mean that objects with greater 
dimensions have gravitational and inertial masses that coincide with the same 
accuracy. For an object of laboratory dimensions the gravitational self-energy, 
elastic stress energy, and the like are extremely low in comparison with the object’s 
total energy. For one thing, for an object of mass m and characteristic dimension a, 
the ratio of the gravitational self-energy to the total energy of the object is 

Gm z g _ Gm ^ Gpg 1 
me * ~ r 2 a c 1 

where p is the density of the object. 
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This ratio is equal, by order of magnitude, to about 10~ a for objects of labo- 
ratory dimensions. Hence, if the accuracy of measurement is one part in 10 ls , noth- 
ing can be said of how the gravitational self-energy is distributed between the 
inertial and gravitational masses of the object. Consequently, the results of gravi- 
metric measurements can serve only as proof that the gravitational mass is equal 
to the inertial mass for an object of laboratory dimensions, that is, an object whose 
gravitational self-energy, elastic stress energy, and the like are negligible if com- 
pared with the total energy of the object. To determine the ratio of the gravitation- 
al mass to the inertial mass for an extended object, we must either drastically 
raise the precision of gravimetric experiments involving objects of laboratory 
dimensions (which is impossible at the present level of technology) or carry out 
measurements that involve objects of greater dimension, say planets, for which 
the ratio of the gravitational self-energy to the total energy is considerably higher 
than for objects of laboratory dimensions. 

But since gravitational measurement of the ratio of the passive gravitational 
mass of an extended object (a planet) to its inertial mass is impossible, we must 
look for phenomena in which the difference between these masses will manifest 
itself. One is the effect of deviation of the motion of the center of mass of an extend- 
ed object from a geodesic in the Riemann space-time. The first to notice this pos- 
sibility was Dicke, 1962, who suggested that the ratio of the gravitational mass 
to tho inertial mass for astronomical bodies differ somewhat from unity if the 
gravitational self-energy of such bodies varies under change of their position in 
the gravitational field of other bodies. Later this effect was also studied bv Dicke, 
1969, Nordtvedt, 1968a, and Will, 1971a. 

Having in mind further application of the results of his calculations to thosystom 
consisting of the Sun and a planet in the solar system, Will, 1971a, demonstrated 
on the basis of the PPN formalism that the equations of motion of the center of 
mass of an extended object (a planet) in the gravitational field of a point-like 
source (the Sun) at rest assume the form 

m,a“ = mJ a iR\ 

where nti is the inertia) mass of the extended object, m, is the active gravitational 
mass of the source, o“ are the components of acceleration of the center of mass of 
the extended object, and H is tho distance between the point-like source of gravi- 
tational field and the center of mass of the extended object. Assuming that the 
velocity of a spherically symmetric extended object is zero, Will arrived at the 
following formula for vector /'»: 

-£=_ n a{l_[ 4{ i_ Y — 3 — a.-S. + a, — ^(0, + !, — yjn], (20.3) 

where n “ = R a !\ R |, and the specific gravitational self-energy of the extended 
object meets the condition 

n= -2^rSTT^T d32rrf ’ I '‘ Kl - 

Will, 1971a, first defined the passive gravitational mass in accordance with the 
condition /“ = — n a m 0 . Using this definition, he arrived at the conclusion that 

-££-=1 -[4P- T -3-a,-i 1+ .o J -i(a, + | s -?,)]n. (20.4) 

Within this approach the presence of post-Newtonian correction terms in (20.4) 
was interpreted as the result of breakdown in some theories of gravitation at the 
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post-Newtonian level of the equality between the passive gravitational mass and 
the inertial mass of an extended object. It was also stated that the equality of the 
passive gravitational mass and the inertial mass in the post-Newtonian approxi- 
mation would mean that the center of mass of the extended object moves along a 
geodesic. Here it is important to note that the motion of a test body occurs, by 
definition, along a geodesic, which is determined from the principle of least action: 
the functional S = \ L dt takes the least possible value on a geodesic curve. The 
equation of this curve is given by varying the Lagrangian function 
, / tlx' dxh \i/2 

over the coordinates of the particle of mass m placed in the gravitational field 
corresponding to metric gt » in Ike Riemann space-time. 

In conditions of a real experiment it is difficult to determine whether the center 
of mass of an extended object moves along a geodesic. One approach to this prob- 
lem has been to determine from experiments the values of all the required post- 
Newtonian parameters and, using Will's formula (20.4), find the ratio of tho passive 
gravitational mass to the inertial mass of an extended object and establish the 
pattern of motion of the center of mass of this object in relation to a specific geo- 
desic in the Riemann space-time. 

The first to suggest an experiment of this type was Nordtvedt, 1973. By cal- 
culating the motion of the Earth-Moon system in the Sun's gravitational field, 
he suggested the existence of a number of anomalies in the Moon's motion whoso 
observation might make it possible to measure combinations of post-Newtonian 
parameters. One such anomaly is the polarization of the Moon's orbit in the direc- 
tion of the Sun with an amplitude 6 r ~ qf, where l is a constant of the order of 
ten meters, and 

H = (4(1 — y — 3 — E, — a, + a t ) — -1- (I, + a, — 5,) — ^ 

To discover this effect, an analysis was made of the data obtained from measur- 
ing the Earth-Moon separation by laser ranging. As a result one group of research- 
ers (see Williams el al., 1976) concluded that q = 0±0.03. while another 
found a close result: q = — 0.001 ±0.015. Using these estimates and Will's 
formula (20.4) for the passive mass, a number of researchers concluded that tho 
ratio of the passive gravitational mass of the Earth to its inertial mass should be 
close to unity: nip/m, = l±(f.5 X 10-' 1 ). Thus, the data from laser ranging of 
the Moon would seem to suggest (and this was done by Shapiro, Counselman, and 
King, 1976, and Williams et al., 1976) that in the post-Newtonian approximation 
the passive gravitational mass of an extended object is equal to the object's inertial 
mass and that the center of mass moves along a geodesic in the Riemann space- 
time. 

In a later work. Will, 1981. did not assume that the velocity of the extended 
object is zero and wrote the equations of the motion of the center of mass of the 
extended object incorporated in a double system in the form 

m,a° = — m p o a U + m,t§ -)- m,a £ir , (20.5) 

where the passive gravitational energy m p of the spherically symmetric extended 
object is defined, as before, via (20.4), the fl«ir are generated by the gravitational 
self-energy of the extended object and for a totally conservative metric theory are 
zero, U stands for the Newtonian gravitational potential of the second object in 
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the system, and the ajj, named N -body accelerations by Will, contain only one 
(nonkinematic) parameter characterizing the extended object, its mass, and are 
independent of the object's inner structure. 

However, this definition of passive mass is incorrect. As we will shortly show 
(see also Denisov, Logunov, Mestvirishvili, and Chugreev, 1985, and Denisov, 
Logunov, and Chugreev, 1986), if the passive mass defined in this manner coin- 
cides with the inertial mass, Eq. (20.5) is not reduced to the equation of geodesic 
motion of a particle placed in the total gravitational field of two extended objects 
(say, the Earth and the Sun) at the center of mass of one of these (the Earth). 

It, therefore, seems natural to define the passive gravitational mass of one 
extended object, the Earth, in such a manner that by setting it equal to the iner- 
tial mass we ensure that the equation of motion of the center of mass of the Earth 
coincides with the equation of the geodesic motion in the total gravitational field. 
Hence, depending on the ratio of the passive gravitational mass to the inertial 
mass, the center of mass either follows a geodesic or does not. 

The novelty of this approach lies in the fact that the equation of motion of the 
center of mass of an extended object is compared not to the equation of a geodesic 
in the effective R iemann space-time, whose curvature is created only by the second 
extended object, but to the equation of a geodesic in the total gravitational field 
generated by both objects, including the one the motion of the center of mass of 
which is being investigated. 

In this approach the formula for the ratio of the passive gravitational mass to 
the inertial mass of the Earth in the gravitational Bold of the Sun assumes the 
form (see (20.36)) 

-Sf- ”<+? (*-»““*•) ^®(°)+ (3 + y-^ + T fc.) Q«. 

where f/© (0) = (j p©rff7| x | is the Earth’s gravitational self-potential at the 
Earth's center of mass. The difference between this formula and Will’s lies in the 
presence of a term proportional to L'© (0). Clearly, for the values of the PPN 
parameters in the RTG formalism Will's formula implies that in the post-Newtoni- 
an approximation the inertial and gravitational masses are equal, while formula 
(20.36) implies that this is not so. In this chapter wo suggest specific physical 
experiments whoso results will enable interpreting the motion pattern for extended 
objects. For objects of laboratory dimensions, when the gravitational self-poten- 
tial is extremely low, m B = m, in RTG. 

20.1 Post-Newtonian Conservation Laws in Metric 
Theories of Gravitation 

Metric theories of gravitation occupy a special place among the different theories 
of gravitation since, although there can be many different postulates lying at 
their base, the action of the gravitational field on matter is achieved in them 
through the metric tensor of the Riemann space-time. Hence, if the metric gener- 
ated by sources of gravitational field is known, then to calculate the motion of 
matter within the framework of a metric theory of gravitation there is no need to 
know in detail the basic equations of this theory. 

A common approach to a unified description in the post-Newtonian approxima- 
tion of metric theories of gravitation is to employ the PPN formalism in which 
the metric coefficients of the respective Riemann space-lime have the form (17.75)- 
(17.77). 
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All subsequent calculations will be carried out in an inertial reference frame 
whose center of mass moves uniformly and rectilinearly. For this the following 
conservation laws must be valid on the post-Newtonian level of accuracy: the laws 
of conservation of energy, conservation of momentum, and conservation of angul- 
ar momentum, with all three applied to matter and gravitational field taken to- 
gether. Strictly speaking, the laws of conservation exist only in those metric 
theories of gravitation in which the covariant equation expressing the law of con- 
servation of the material energy-momentum tensor in the Riemann space-time 
can be represented in the form of a covariant conservation law for the sum of the 
symmetric energy-momentum tensors for the gravitational field, tjj,, and matter, 
f(M)’ in the pseudo-Euclidean space-time (see Logunov and Mestvirishvili, 1984, 
1985a, 1985b, 1986b, Vlasov and Logunov, 1984, and Vlasov, Logunov, and Mest- 
virishvili, 1984): 

V,7'* = 0,(1“ + &,)-<). (20.6) 

where V, and D, are the symbols of covariant differentiation with respect to the 
Riemannian and pseudo-Euclidean metrics. For a perfect fluid we have 

7“ - y—g (|p + P (1 + ri)| u*u* - pg“). (20.7) 

Since in the pseudo-Euclidean space-lime there exist ten Killing vectors, on the 
basis of (20.6) we can obtain ten corresponding integral conservation laws (for 
energy, momentum, and angular momentum). 

Within the PPN formalism, however, there can only exist necessary but insuf- 
ficient conditions for the existence of ten conservation laws. As (20.6) implies, for 
this we must represent the covariant derivative of the tensor density 7“ with 
respect to metric g, h in the form of the sum of a time derivative and a three-dimen- 
sional divergence term (D, = didx 1 in Cartesian coordinates). In this case the 
quantities under the differentiation signs will be the components of the tensor 
t(g) + ‘(M)' 

Let us write with post-Newtonian accuracy the components of the material 
energy-momentum tensor density (20.7): 

7" = p [ 1 - j + n + V + O (e*) ] , 

7’ 0B = fW“[l -|t> v u v +n-HC7-l-p/p‘+0(e*)'], (20.8) 

7°® = pu“t)» — y“»p + O (e«) . 

whero p=pV — g u* = p (l+3yC7 — ~ ojf + O (e*) ) is the conserved mass den- 
sity of the perfect fluid, a quantity that satisfies the continuity equation 

v 'P““17=[4-e + l^H = 0 - < 20 - 9 > 

At 0 the covariant conservation law ViT 1 " =R i T“‘ + r^ n T mn — 0 assumes the 
form 

7t[p (l + H — yt' v t' , + f/)] + d a [po a (l+n— i^-ftf + p/p)] 

— P — 2pu°d a (!/ = pO (e s ). 



( 20 . 10 ) 
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Let us transform the last two terms on the left-hand side of (20.10). Employing 
the equations 5' d t U — 4np and O' d t l"° = — 4jipo°, we obtain 

P TT + - 4i { a *° + 3! ^ L d ' U8 ' U ) 

^{^T + ^T 

+ (ai+ fll )pw + a.e/|0*v»-o»y')}, (20.ii) 

with a, and <z 2 arbitrary numbers. Hence, 

C + <»> = P [ 1 + n - ~ u v u T + ( 1 - „,) u] + d t U<RU + p 0 (e.«) , (20. 1 2) 

y (CM> = P* [i + n - £ vf - + (1 _ a, - «,) V + p/p] 

+ -^- L - ,+ &- 2 W (d»v“ - srvt) 

~ J & Uda -lT + P°(« S )- (20.13) 

At k =• a, after lengthy calculations, the covariant conservation equation is 
transformed to the following form: 

?i7‘“~-S-<48 + l5ii)+ -~$-(^8+f8>) +S“, (20.14) 

where 

<88 [l + n-| + (2y+ 1 )U+ p/p] 

- Ta- "pvw — S- < 4 V + 2 + «*. -20, + 2{, + 4S„) ^ 

+ It a ^ Uufi +-^ < 4 v +4+a,) d t u [d=n- dtv*\, (2o.i5) 

and vector S* is defined thus: 

5“ = [ + (31, + 2? J p - (5, - U JL dJJd'U 

- ? j+l ' 2 +2?l ° pOyV" - djf-A - Ojpy'u.,] SPU. (20. 16) 

The sum + t( Jf) is symmetric in indices a and p, but since we will not need 
it in what follows, we do not give it explicitly. 

It can be demonstrated that vector S a cannot be represented in the form of a 
four-dimensional divergence of a combination of the generalized gravitational 
potentials and the characteristics of the perfect fluid. Since in metric theories of 
gravitation containing ten conservation laws vector S a must be equal to zero, 
this implies that the PPN parameters in these theories necessarily satisfy the 
conditions 

Sa = o, 35a + 2l a =0, = l w , I, + 2l w = 0, a a - 0. (20.17) 

As is known, if we require that the angular momentum be conserved, then the 
tensor i|„, + / ( 'm> must be symmetric. Comparing (20.13) and (20.15), we see that 

12-0237 
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*5) + ( (M) = + «5) only if 

a, = a, = 0 , a, = - 2 y, a, = 0 . (20.18) 

Thus, the requirement that there be post-Newtonian conservation laws leaves 
only three PPN parameters independent: y, p, and 1„. The other parameters are: 
Si = | 4 = — (2/3) a, = a a = a 3 = 5s = 0. This is what is 

known as the completely conservative PPN formalism, and within this formalism 
we will operate. 

Note that all these limitations on the values of the PPN parameters were ob- 
tained by Lee, Lightman, and Ni, 1974, who used the pseudotensor approach. 
This approach, however, is physically meaningless; a critical review of it can be 
found in Denisov and Logunov, 1982d. 

20.2 The Equation of Motion of the Center of Mass of an 
Extended Object 

We start the derivation of the equation by defining the radius vector 1'“ of the 
center of mass of the extended object: 

= j('S) + 'fo>)X a </K, (20.19) 

where ni| is the inertial mass, or 

m .= 5(«>+'?y<iK. 

For the function tg, + ffo we take the expression (20.12) transformed to local 
lorm: 

'T«) + <?m.=P (l + n-if/— (20.20) 

which is easily interpreted in the following manner:*p is the density of the rest 
mass of the object, pn and p V the densities of the internal and potential energies, 

respectively, and —(1/2) pi\u v the density of the kinetic energy. On the basis 
of the diflerential conservation law 




we arrive at a uniform and rectilinear motion of the center of mass of a double 
system: 



i '»■(■)!?„ +m| ( ,)r°, I (‘(Mi-hQ-O' 
dl m„„- t--», (l) j <<(B)+0 dv C ° DS 



( 20 . 21 ) 



In addition to the inertial mass we introduce the rest msss of the extended object, 
M = J p dV, which, in view of the continuity equation, is time independent. As 
shown in Fock, 1939, 1959, the post-Newtonian variation in the weighting func- 
tion in the definition of the center of mass for extended objects has no effect on the 
equations of motion of spherically symmetric extended objects in the lowest order 
in LIB, which is the ratio of the characteristic size of such objects to their separa- 
tion. For this reason all calculations involving the equation that describes the 
motion of the center of mass of an extended object will be based on p rather than 

on C> + 
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The post-Newtonian equations of motion of a perfect fluid can be obtained, 
following Fock. 1939, 1959, by writing the covariant conservation equation 
VtT ,l ‘ = 0 at * = a. In the completely conservative PPN formalism we have 

p [ r " 1 - ( i + n + u ) - P v°v* + y“<w] 

-f p<W- 2 <p + v) pUd°U + (v- 2) pd*U + u<*-§r 

(- d“/j ( n — u v yv + p/p) _ yu^p^U + (2y + 1 ) pu“ -^r 

+ 2 (v + 1 ) pt>» (d,F°- d“K ( ) + pis"® = 'pO (e«), (20.22) 

where dldt = dldt -(- is the convective derivative, and 

4> - (V + 1 - C.) ®| + 5» (» - <t>„> + <3 V + 1 - 2p - 2|J 4>, 

+ (P, + (3y - 2g„) <J> 4 . (20.23) 

Let us consider two spherically symmetric objects that occupy volumes V© 
and F®, those of the Sun and the Earth, and are separated by a distance much 
greater than the Earth's radius: R^IR = 0 (e). The conserved density of mass in 
this case can be written in the form p ( x , t) = p® (*, 1) + P© (*, *), with p® 
nonzero within the Earth's volume and p® nonzero within the Sun's volume. 

Wo denote the radius vector connecting the centers of mass ol the Sun and 
the Earth by /?“ and the unit vector directed along R a by n“ w R a IR. Let us now 
integrate the equation of motion (20.22) over the Earth's volume in the geocontric 
nonrotating comoving (inertial) reference frame and expand each term in this 
equation in powers of R~ l to within O (/!"*). If wo introduce notation for the 
integrals characterizing the distribution of matter in the extended objects, 

n <'> “ -m; J’ TTrrj <Px\ P M = $ Pl d>x\ *=©,©. <20 24) 

v ©= i' p ©" a <Px '' n © = TT “ j Po 0 d,x '’ 

we arrive at an equation describing the acceleration of the Earth's center of mass: 
«“i>= + (3 + y--4p + f (20.25) 

where the post-Newtonian contribution to the Earth’s acceleration is 
= -^r- { n« |' (V + 1) V&V& + A (n,F®) J + 1 p © ~ n © 
_(4 +7 _4P+^S„)S2©+(2p+2 T + l)flf @ /ft 
+ 2 (P + Y) Mq/R\ - (2y + 1) V©V®n v | , (20.26) 

with the Earth assumed to bo a point-like object. 

The above expression for o® > represents the acceleration of the Earth's center 
of mass averaged over the short-period internal motion of matter in the two extend- 
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ed objects. In this case, as shown in Denisov, Logunov, and Mestvirishvili, 1981, 
the following tensor virial theorems hold true: 

3/> e = Q e and J pqv*v, dV=> + ZPq—Qq. (20.27) 

These were used in deriving (20.25). 

To answer the question posed at the beginning of this section and concerning 
the motion of the Earth's center of mass, we must compare this motion with an 
idealized pattern, namely, with the motion of a test body in a Riemann space- 
time whose metric is formally equivalent to the metric generated by two moving 
extended objects. Then the fact that the expression for the acceleration <j<“, of the 
center of mass of an extended object coincides with that for the acceleration a,“, 
of a point-like object would imply that under similar initial conditions the center 
of mass of the extended object (the Earth) and the point-like object move along 
the same trajectory and are governed by the same law of motion. Since a point- 
like object moves, by definition, along a geodesic, the center of mass in this case 
moves along a geodesic, too. But if the expressions for a,“) and o,“) differ in post- 
Newtonian correction terms, the center of mass of the extended object will not 
generally move along a geodesic in the Riemann space-time. Such an approach, 
among other things, makes it possible to allow naturally for the contribution of 
the gravitational self-field of a given extended object to the space-lime curvature. 

20.3 The Geodesic Motion Equation 

We wish to study the motion of a point-like object in the vicinity of the Earth’s 
center of mass. Let us write the geodesic equations as follows: 

•^r+ri.„u"u" = 0, (20.28) 

where ds ** (gi» dx' dz") 1 ' 1 is the interval (or the invariant physical separation), 
and u' = dx‘Jds is the 4-vector of velocity. At i = a we have 

avta) 

•S ) 3T— = +V I 1 — v^fk — 2(P + y)f/| 

+ 2 (v + 1) V (0) . [#*V‘ - d'P 0 ! - 

- 2 (V + 1) Vfe.VV.tf - <2v + 1) Vfo, ■ 

— ‘-(4V + 3— 2U-*£-- l+ fr +0(t«), (20.29) 

where Vjo. is the velocity of the point-like object with respect to the Earth’s center 
of mass and <I> is given in (20.23). 

We expand all the potentials entering into (20.29) in power series in R~‘ to 
within O ( R~ 4 ). Collecting like term yields 

«f.> _ _ <ru m + ai + -5a. K4p + 2 Y - 1 - 3i„> d“tf® - u-„M a tf®i 

+ - {«“ [ - 1 + fV<o)V(,)t + ( 2(5 - 4 - 2£* ) tf® 

— 2(7+1) Vfo.Ve.]— 2(v + l) Vfo>VV, 

+ (2v + 1) V?o>V§y». + 2 (y + I ) vgvfo 
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— (20 — §~2S„,)n«t/§?-(l— 2y— 4P 

4-5|u.) n t r'd a V& — 

+ -f- (" U Y« + 2n e v u( + 3 n<n ,, nv ) (d^/* 6 - rV^i/®) } 

+ TT- (r“ - 3n“«,r*) + N a + [ (Y «r% - 3^) n t 

+ j n“n B n v (V' v r l r* - 3rt*r»)] , (20.30) 

where r° is the radius vector of the test body reckoned from the Earth's center of 
mass, (7® and f/® 8 are the Earth's gravitational potentials at the point where the 
point-like object is situated, and 

The post-Newtonian acceleration aj is caused completely by the Earth's gravit- 
ational field: 

aS= d°t/® IvVfo.Vo,^ + 2(04- Y)</®] 

- ** I (■ Y + 1 - iu ) D,® + (3y + 1 - 20 + U <*>«>■ + 1*3© 

+ (3 Y — 2fce) tt>4®| — (2y + 1) Vfcwl 
- 2 (v + 1) Vf 0) V?, 0JU 9 - 2 ( V + i) V Wt (**P|_,9“V&) 

_, Y+1 , J -*L tSfBe. J 




The symbol © on the potentials <J>,, d>„ <I> 4 , and V a signifies that the corre- 

sponding integrand contains the conserved density only of the Earth. 

We are interested in the acceleration of a point-like object whose position and 
velocity coincide with those of the Earth’s center of mass. With post-Newtonian 
accuracy. P(“) ~ V® + 0 (e J ), while all the gradients of the Earth's gravitational 
self-potentials vanish (see Denisov. Logunov, and Chugreev, 1986). Moreover, 
t"© 8 (0) = —(1/3) Y“»C'e(0). Hence, a? = 0. and the expression (20.30) for the 
acceleration of a point-like object can be written as follows: 

“(“> = - [l - -§ (4P ■ - 3— y 5„) U 9 (0)] + N* . (20.32) 

20.4 The Earth's Passive Gravitational Mass 

Comparison of the expression (20.25) for a“) with the expression (20.32) for o“ 0) 
suggests that the two quantities are not equal and, hence, the Earth’s center of 
mass does not move along a geodesic in an arbitrary completely conservative metric 
theory of gravitation. We will postpone the discussion of this question until 
Section 20.5. Here we will only interpret this important fact through the in- 
equality between the Earth’s inertial mass and passive gravitational mass. 
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We multiply Eq. (20.32) by the inertial mass of the point-like object, which 
according to (20.19) is defined thus: 

= i-^a. + 0(e‘)] , 

with m 0 the rest mass of the point-like object. The product is 

'" 1 ( 0 . = - '".to."" [4 ( 4p- 3 - - £ ) U 9 (0) + jv“] . (20.33) 

Since a point-like object moves, by definition, along a geodesic, its inertial and 
passive gravitational masses are equal, with the result that we car. rewrite 
Eq. (20.33) in the form 

m M °?o>= -'"p<o."*-^ + m 0 [-L-^„'* ( /,p _ 3 — ^Iw) tf®(0) + AT*] , 

(20.34) 

because m c(0 i = m, l0) in this case. This equation forms a basis for defining the 
passive gravitational mass of an extended object. If we define it in such a manner 
that the fact of its equality with the inertial mass transforms the equation of 
motion of the center of mass into a geodesic motion equation, then for the Earth's 
gravitational mass we have, with due regard for (20.34), the following equation: 

fl “ 1 1 ' “ “ ^ "S " + [t -T^ n “ ( ' ^ ~ 3 ~ T *-) U *> (°) ■ + *“] • (20.35) 

with 

■5f“ 1 +T(^-®-T*-) or «( 0 )+(3 + r- 4 H-T«-) 1 ^ < 20 ' 36 > 

Thus, we can say that the deviation of the motion of the center of mass from 
the motion along a geodesic is due entirely to the deviation from unity of the ratio 
of the Earth's passive gravitational mass to the inertial mass. Let us now give 
expressions for these masses: 

= + + 0(e‘)l , 

r / , 0 , (20.37) 

[14 n©+ (3 +v— 40 + — lu.) ft® 

+ f (♦-3 -tS-) £, «(0)-T tP-+° (■*)]• 

Finally, using the numerical values of (/© (0) and fi© listed in Chugreev, 
1985, we arrive at the following formula for the mass ratio: 

-3*.-l + (4p_3-£fc.) 7.6x10-+ (3+ T — 40 + ^6.) 4.0 x10- 

Since in RTG P = y — 1 and g„ = 0, in the post-Newtonian approximation the 
Earth’s passive gravitational mass is not equal to the inertial mass: 

— !£- = 1 + 7.6 x 10— 

"1.® 
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20.5 Deviation of the Motion of the Earth's Center 
of Mass from the Reference Geodesic 



Let us consider the difference in the accelerations of the Earth's center of mass 
and of a point-like object moving in the vicinity of the center of mass. Equations 
(20.25) and (20.32) imply that this difference is of the post-Newtonian order of 
smallness. Hence, the deviation r“ of the point-like object from the Earth’s center 
of mass can be expected to be small: r^/f© = O (e). This means that for the accel- 
eration of the point-like object we can take its expression at the Earth’s center of 
mass, (20.32), but allow for the Newtonian term d^Ua, in it. According to (20 251 
and (20.32), 

- ®B>' “ -?£■ LT (■ 4 P - V - “s- ) Me (°> + ( 3 + Y - W ) Qe] 

-«/®(r) + 0(lO-“Jj£). (20.38) 

Since r“ is small, we can employ the following approximate formula for d a £/® (r): 
(r) - d a V m (0) + <f*U B (0) r e + 0 ((r/J©)») , (20.39) 

where d“f/®(0)=0, and 

^®(0) = jj < f* + 3y°y»ly*) d'y + •£ p® (0) r' B --y-p® (0) Y“ 6 - 

Thus, we arrive at the following equation for the radius vector r* = r°- ( t ): 

TRT” '(■ P© (0) r“ = 6“ -(- O ((r/f®) 5 ), (20/.0) 

where the driving force b* is directly proportional to the deviation from unity 
of the ratio of the Earth's passive gravitational mass to the inertial mass, (20.36): 

t 20 - 41 ) 

The solution to the oscillation equation (20.40) with zero initial conditions can 
be written as 

ra = '^’( cos “» t - 1 )’ (20.42) 

where the period of oscillations corresponding to frequency <i>„ is 

r= lr = /-s4w^ 55 min - 

Solution (20.42) implies that the plane in which these oscillations occur is 
fixed by vector n, which slowly rotates with a frequency corresponding to a period 
of one year. 

The amplitude of the oscillations is 




= ( 4 P - 3 - f -^) f/ ®(°)+( 3 + V - 4 P + xM Q ®] 

— 1-2 X 10-*(4P-3-^-&,)cm-j-7.5 x 10-* (3 + v _4p + ^. &«,) cm. 

(20.43) 




184 



The Relativistic Theory of Gravitation 



Although this value of the amplitude constitutes a small quantity, its post- 
Newtonian order of smallness is e=f®, with the result that this effect can be de- 
tected in experiments that possess post-Newtonian accuracy. We also note that 
the oscillation amplitude is independent of the Earth’s rotation. 



20.6 The Law of Motion of an Electrically Charged Test Body 

Experimentally, the above-discussed effect can be observed only indirectly, for 
instance, by studying the motion of a test body near the Earth’s surface with the 
aim of determining the spectral composition of the relativistic Earth tides and 
isolating the waves that must be observed if we assume that the Earth’s center of 
mass moves along a geodesic. 

Duo to the smallness of the post-Newtonian correction terms in the acceleration 
of gravity, gathering experimental data requires a long time. Hence, the test body 
must be at rest in relation to the laboratory, which means we must compensate 
for the acceleration of gravity by applying a force of nongravitational nature to 
the body. Following Nordtvedt, 1971, for such a counterforce we take the electric 
force acting on an electrically charged test body. The value of the electric field 
strength will be directly proportional to the force of gravity acting on the test 
charge and will be expressed in terms of nonelectromagnetic quantities, with the 
result that our calculations hold true for ordinary gravimetric instruments. 

Thus, the electric counterforce is an auxiliary element and its use is justified 
only because we can then easily calculate the post-Newtonian corrections which it 
introduces into the calculation of the components of the acceleration of gravity, 
which are directly measurable by gravimeters and lilted pendulums. Here, as we 
will shortly see on the assumption that the Earth's center of mass moves along 
a geodesic in the total gravitational field of the Earth and the Sun, the amplitudes 
of some relativistic tidal waves change. Experimental measurement of the mag- 
nitude of such waves gives an idea of how the Earth’s center of mass moves. 

Let us take the law of motion of a test charge e of mass m in the combined grav- 
itational field of the Earth and the Sun and in an electromagnetic field, charac- 
terized by a 4-potential A', created artificially on tho surface of the planet. The 
Lagrangian function is well known for this motion; 

- m (*<» J 5TTr) 1,2 -'*.‘' 4 ‘ TT— ?SS- $ V~gF,J"dV, (20.44) 



where F , k — ViA„ — is the electromagnetic field-strength tensor. 

Varying the action that corresponds to tho Lagrangian function (20.44), wo 
arrive at tho Maxwell field equations in the Biemann space-time: 

V,/’“ = 4n/\ (20.45) 

If, for the sake of simplicity, we assume that the electromagnetic current j k 
is generated by moving point charges that is, 



jk _ r a 6 (r— 1 „) dz » 

V=r 



(20.46) 



with 6 (r — r„) the common Euclidean delta function and r„ the radius vector 
of the nth charge, then Eq. (20.45) for k = 0 assumes the form 



vM °=-'Jp-‘ 40 + 4 * 2«.«< r — r„)[l + (l-7)tfJ 



+ (3 - y) d*A'dJJ + O (.4%‘) , 



(20.47) 
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with V 2 >■ The solution to this equation can be written with post-Newto- 

nian accuracy as follows: 

+^[2 S -ir g p f -pw S-pjfr]. (20.48, 

a a 

We use this solution to find the expression for the law of motion of an electric 
test charge in the electromagnetic and gravitational fields. Varying the Lagrangian 
function (20.44) over the coordinates of the charge leads us to the following equa- 
tion of motion: 



u*V*u' + r^u’u" - JL. F lk u k . 



(20.49) 



For i = a this equation transforms into 

<** = ^r- = “<“>+ , (20. 50) 

wher? r“ is the radius vector of the test charge reckoned from the Earth’s center 
of mass, and a<“) is the contribution to the acceleration caused by gravitational 
interaction and is defined in (20.30). The contribution to the acceleration caused 
by the Lorentr. force and its post-Newtonian corrections, which we have denoted 
by a“„, is given by the following formula: 

““■» - V {»*• [ ■ 1 - <2V + 3) V + 4 V ( * 0) F (0)e ] - 2d*UA<, 

+ ^‘VW - - 4- .4“} . (20.51) 

In this formula it is sufficient to employ the following expression for the vector 
potential A a : 

' ~ ^ I r — r u | > 



where !'“ is the velocity of the lest charge in the geocentric nonrotating comoving 
reference frame in which all calculations will be carried out. 

Selecting the charge and mass of the test body so that the electric force com- 
pensates for the acceleration of gravity g and restricting the accuracy of calculations 
by 10-’ 4 (the sensitivity of the current crop of gravimeters is 10 - 18 ), we obtain 

fl ' m = ~0r (^ a l * — <2+ 3y) 0 + VfoVw.l -2Vf 0) Vf 0) £« + «£»), (20.52) 

where we have introduced the following notation for the field acting on the 
test charge: 






(r a -rg)|V We (r t -r; ) |» 
lr— r„| s 
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Here we have allowed for the {act that, within the chosen accuracy, U (r„) = 
U (r) and V% — Vfo). The Newtonian potential V at the surface of the Earth 
is defined thus: 



U = - 






M~ 



Mr, 

| o’ I 

+ H ~ R 



■ »V®- 



(20.53) 



20.7 Transformation to Physical Coordinates 

Time t and coordinates r°, in terms of which the above relations have been written, 
are coordinate quantities. They are related to the physical observables x and 1“ 
through the following formulas: 

(20.54) 

dx~Vfadt + -^rd'«. (20.55) 

In the post-Newtonian approximation these formulas become simpler: 

dl 2 = — g a edr a dr*\\ + 0(e , )|, (20.56) 

dt = l^ rf ‘[l+0(e‘)|. (20.57) 

Nordtvedt, 1971, used (20.53) to integrate Eq. (20.50) and found that (/i is 
assumed constant) 

<B= (‘ + V-^ 1 ) ^ “ T ^ * ,r ‘ r * + T jr- '*'*«* (20.58) 

We will use this formula later. Note, however, that tlie absence in it of a term re- 
sponsible for the contribution of the Earth’s gravitational field is due to the fact 
that the corresponding post-Newtonian corrections to the acceleration of gravity 
are timo independent and. therefore, need not be taken into account. 

The corrections to r® in (20.58) have a post-Newtonian order of smallness. Hence, 
to write the equation of motion of the charge in physical coordinates it is sufficient 
to transform into these coordinates only the gradient of the Newtonian potential, 
and the electric field E a . The quantity p©(r) iPr is the element of the 
Earth’s rest mass, with the result that p®(r) <Pr = p®(l) iPl, Combining this 
fact with (20.58) yields 

<W e (r)-W®(l)(l+2 T ^)-I»«^. f.d't/® 

+ Y^! 0 - - r TT- + 3m“m») «, + 0 (10-'V), (20. 59) 

where »i“ — l a ll is a unit normal to the surface of the Earth, and — 
Afefqf JpgrWr is the moment of inertia of the Earth per unit mass. Similarly, 
for the electric field the transformation is 

(r) = 2 7^7^ = E* (I) (l + 2y-^ +2y 
« 

+ V Pn'EJ + O (10-»g). 



(20.60) 
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Note that formula (20.59) coincides with the result of Nordtvedt, 1971 (arrived 
at in another manner), while in the electric field transformation formula obtained 
by Nordtvedt there is no last term of (20.60). 

The correction terms that emerge as a result of the transformation to invariant 
time have the form 

^=('+2^^-+ VfaV* + V?. ( Vf 0 (20.61) 

20.8 A Formula lor the Strength ol the Compensating Electric Field 

Let us now write the condition for the compensation of the acceleration of gravity 
in an inertial reference with respect to which the Earth rotates with an angular 
velocity 12: 

^- = <B x (ft X l))“. (20.62) 

This equation describes the rotation of vector I of constant length about vector $! 
with a constant angular velocity | Q |. Let us find the second derivative of 1“ 
with respect to t. Using the definitions dr*ldt = Vjo, — and dli a ldt — 

— *© and the order-of-magnitude estimates MpJR = O (10"*), rlH = 
o (10" s ), and n-(V® — V 0 ) ~ O (e®V Q ) = 0(10"*), with e© =• 0.167 the 
eccentricity of the ecliptic, we obtain 

+ <20.63) 

Before we write the final expression for the strength of the compensating electric 
field, several remarks are in order. 

First, let us go over to the positive scalar product of two vectors, a-b = 
—o e 6' > 0. 

Second, in view of the spherical symmetry in the distribution of matter in the 
Earth, we employ the following expansions of the gravitational potentials and 
their gradients for 1 1 | > /©: 

- A V’/!\ 

O'© 6 = (y° 6 4 3m»m6,] , (20.64) 

[dm’mSm' + y*tm‘ + 

— + m'Y° B + 5m°mPm')J. 

Third, we employ in our discussion the Newtonian value of the electric field 
strength: 

■jr & - ^^© + (« X (0 x 1))«. (20.65) 

Fourth, we note that Will, 1981, has analyzed the /f "’-post-Newtonian contri- 
bution to the acceleration of gravity. Using the data obtained by Warburton and 
Goodkind, 1976, (see also Melchior, 1978) through the employment of a supercon- 
ducting gravimeter, he established the upper limit on the PPN parameter 

|L,| < 10->. (20.66) 
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Hence, in /?'--post-Newtoman terms this parameter can be set equal to aero, since 
if we allow for this limit the corresponding terms will be smaller than the limiting 
value of 10‘ l4 g. 

Fifth, we introduce a new notation for the Earth’s orbital velocity in the helio- 
centric reference frame ( Vq is the Sun’s velocity in the geocentric reference frame): 

V'o = u“. 

With all these remarks in mind, we can write the final formula for the compen- 
sating electric field strength in the following form (l = l$): 



-^£j g= jlVtl +( QX(fi X l))a 

- < m “ w- y - 3 “ 3 *» + ■'*?» 

+ 2L,n«m • n (1 - /*) - m<- (m • n)*^ (2 - 5/*)} 

+ -fir- {(3+ V — ^P)[Sj.n a + ~Y~i~ ( n “ — m “ m n 3m“m-n)) J 

+ 2(y + 1) |u a n-(fl x I) — n a (ft x I)- v| | 

+ (w»-3n»m-n) 

- 4 ( n° + 2m a m ■ n — 5m a (m • n)*| + 0 (f 0"“g). (20.67) 



Note that the last two groups of terms are the Newtonian quadrupole (oc /?’*) 
and octupole (oc II - 1 ) tidal accelerations. The subscript “ng” on the electric field 
strength signifies that the Earth's center of mass moves not along a geodesic and 
the acceleration of the center of mass is described via (20.25). 

Let us now see how the electijic field strength (directly proportional to the accel- 
eration measured by gravimetric instruments) changes if we assume that the 
Earth's center of mass does move along a geodesic. For this we only need to sub- 
stitute dFjo) (0)1 dt, the acceleration of a point-like object at the Earth's center of 
mass described via (20.32), for acceleration dV%ldt (—o’,). This changes the field 
strength in comparison to E as can easily be deduced from (20.25) and (20.32), 
by the following quantity: 

i-X'-i -- {t (*- 3 ~i r «-) y ®<°) 

+ (3+ V -4P + -^-|„)Qg ) }. ,20.68) 



This difference is equal to the driving force in the oscillation equation (20.40) 
and proportional to the deviation from unity of the ratio of the Earth’s passive 
gravitational mass to the inertial mass. 

On the basis of (20.67) and (20.68) we can arrive at a formula for £% by per- 
forming the following substitution in the formula for 

(3 + V - 4P) £2® - 4 < 3 “ 4W (<>)• 



(20.69) 
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20.9 Studying the Motion of the Earth's Center of Mass by 
Gravimetric Experiments 

As is known (see Melchior, 1978), the vertical projection of the acceleration of 
gravity is measured by gravimeters and the horizontal projections, by tilted (hori- 
zontal) pendulums. 

The vertical projection of Ef, t is given by the following formula: 



=^-+/®!(Q.m)*-Q*J 

- M - Y - 3 - 36. ( i + ■/«) - («• • ")* E. (1 - 3^ ®) ] 
+-^{(3+V-4P)m.„(fi e+ 4-^*) 

+ 2 (y+ 1) I(m- v) n • (fly I) — (mn)(Q x l)-v]} 

- T — (m - n) 13 - 5 (m • n)»] + O (10- ,s g). (20.70) 



Here we are interested only in the spectrum of the post-Newtonian term propor- 
tional to 11® since absolute measurement in a gravimetric experiment of the har- 
monics corresponding to this term will enable us to answer the question of whether 
the Earth’s center of mass moves along a geodesic. 

We denote the sidereal frequency of the Earth's rotation about its axis (i.o. 
rotation considered with respect to fixed stars) by £2 and the sidereal frequency of 
the Earth's revolution about the Sun, by <o. If wo assume that at t = 0 the Earth 
is at perihelion, then in the geocentric ecliptic coordinates, a system generally 
accepted in astronomy, the following expressions (see Duboshin, 1975) for vectors 
n, ni, and v and tho quantity R-‘ hold true: 

n*=» — [cose>T-(- e® (cos 2arr — 1 ) + -g- ej) (3 cos 3orr -f cos cur — 4)J e* 

— [sin cot +e® sin 2eit + A (3 sin 3(uT + sin ait) J e f -)- 0(*&), 

m = cos 0 cos (Qt — q>) e, + |cos 6 cos a sin (£2x — q>) -f sin 0 sin a| e„ (20-71) 

-(-(sinBcosa— cos Osin a sin (Or — cp)]e., 

v - (sin cut e x -cos cut e„) (A/©/p)‘/» (1 + O (e®)|, 

/<-' ~ P~' (1 - 1 - «® cos err + e® (cos 2<ax —l) + 0 (ej,) ] , 

where 0 and cp are the geographic latitude and longitude of the point where the 
gravimeter is positioned, and a = 23°27’ is the obliquity of the ecliptic. The unit 
base vector e x points to the perihelion and lies in the ecliptic, the vector ej is 
orthogonal to this plane, and e ff is normal to e x and e,. The astronomical unit p 
is equal to 1.496 X 10 13 cm. 

From (20.70) it follows that the spectral composition of the £2®-term is deter- 
mined by the scalar product m-n, since within the assumed degree of 
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accuracy wo can neglect the annual variations in R and assume that R = p. Sub- 
stituting the expansions from (20.71), we obtain 

m-n= - * l ~ c ”°* coa8 cos[(Q + (o)t — <pl 

— (1 + cos a) cos | (£2 — ta)x — q>J 

— sin 8 sinasinoit-fO(e®). (20.72) 

Since (1 + cosa)/(l — cos a) = 23.1, in what follows we consider only the 
(13 — (ii)-wave. Its amplitude is maximal at 0 = 0°, that is, at the equator. In 
this case, using (20.71), we arrive at the following expression for the Newtonian 
wave at this frequency (in the theory of tidal waves denoted by (S,)»): 

(5 ,)o-o" = -jg (1 4- cos a) (23 — 10 cos a — 25 cos 1 a) cos | (£2 — o>) t — if | 

= — 0.65 cos [(S3 — <u)t— (p)nGal. (20.73) 

Here wo use the unit of nanoGal to measure the amplitudes of tidal waves: 

1 nGal = 10-» Gal, I Gal = 1 cm/a*, g = 982.04 Gal. 

It is characteristic that the Newtonian quadrupolo (£2 — (o)-wave (oc p- 3 ), 
which generally has an amplitude of about 10* nGal, is aero at the equator, while 
the oclupole wave (20.73) is equal, in order of magnitude, to the relativistic 
(£2 — (ii)-wave, whose amplitude is 

4U40 -«)-(3+ Y— ip) («®+ •'«) J± f ai cos I(Q— o) t -<p| 

= 0. f 4 (3 + v— 4p) cos [(£2 — to) t — < p] nGal . (20.74) 

If the Earth's center of mass were to travel along a geodesic, then, according to 
(20.69), the gravimeter would have measured the following wave instead of (20.74): 

d| =0 * = ^ - [-§- (4p — 3) l/© (0) — 5 - (3 + y — 4f>) /©] 

X <+ ‘ oig cos[(Q — m)t — if) 

= - (0.48 (4P - 3) + 0. 14 (3 + y - 4P)| cos |(£3 - u) t- if) nGal. (20.75) 

Note that for y = p = 1 the wave <4eLo>(£2 — to) vanishes in RTG, while 
has an amplitude of 0.48 nGal. 

If in a gravimetric experiment no non-Newtonian additional term to wave 
(Si)a=c* is discovered, this is proof that the center of mass does not move along 
a geodesic. Note also that no choice of latitude can make the relativistic w-wave 
commensurable with the Newtonian o-wave. For this reason we do not consider 
the relativistic u-wave, just as we do not consider the (£3 + io)-harmonic. 

20.10 Studying the Motion of the Earth’s Center of Mass by Tiltmeters 

Using horizontal pendulums and tiltmeters, we can measure the variations in the 
tangential components of the acceleration of gravity (see Melchior, 1978). At 
present there are many types of horizontal pendulums and tiltmeters (Backer, 1984, 
and Melchior, 1978). 
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Let us project the general expression (20.67) for the electric field strength onto 
the unit vector o tangential to the surface of the Earth: 

E ng - o= (H x (« X 1)) o-2E„ (m-n) (n-o) (1 -J 9 ) 

+ -^ {(■>•«) (3+ V-4P)[Q»+f-^-(l-^-)] 

+ 2(y+ 1) I(v-o) (n-<Q x 1)) — (n-o) ((0 x l) v)|} 

— 3 (n-o) (m-n) — j- (n • a) (1 — 5 (m - n)=)-^|& 

+ 0( 10-'»g). (20.76) 

The projection of the electric field strength for the caso where the Earth's center 
of mass travels along a geodesic can be obtained by introducing the substitution 
(20.69). Let us write vector a in the selected coordinate system: 

o ■= — (sin p sin (Or — <p) +sin dcos pcos(S3x— q>)| c A . 

+ (cos a (sin p cos (S3x — <p) — sin 6 cos p sin (S3x — cp)) 

+ sin a cos dcos p) e„ 

+ (cos a cos 6 cos p — sin a (sin p cos (Ox — ip) 

— sin#cospsin(S3x— <p))(e,. (20.77) 

By direct substitution we can see that o s = 1 and o-m = 0. Vector a is charac- 
terized by an azimuthal angle p such that p = 0° when a points north. 

The spectral composition of the terms characterizing the motion of the Earth's 
center of mass is specified, as (20.76) implies, by the scalar product n-o: 

n-o™ - — sin J p + cos I psin ! #cos [(S3 + <«) x — 6 — cp| 

+ l+ ‘”- J^sin 1 p+cos 1 psin J ft cos | (S3 — o>) x— 6--rp| 

— sinacosdcospsinwx + 0(e e )„ (20.78) 

where 6 = tan" 1 (tan p/sin d). As in Section 20.9, we do not consider the (Q -f o>)- 
component. 

By selecting two parameters, latitude bnd azimuth, we must find experimental 
conditions in which the background Newtonian wave is minimal and the relativ- 
istic one is maximal. Employing (20.71) and (20.78), we con easily show that at 
6=0 andp = ±90° the Newtonian quadrupole (S3 — o>)-wave (oc p-’) vanishes, 
while the octupole tidal (S3 — e>)-wave (oc p-‘) is 

(5,)o_ 0 *,p- 90" = ®j®- ( 5 cos ! a — 30 cos a -f 21 1 sin ( (Q — <o) x — cp| 

= — 0.23.«in ((S3— u)x— q>] nGal, (20.79) 

and the relativistic (S3— <o)-wave i9 

A»'. 0 '.o=90" = -j£r (3 + y — 4p) (1 +cosa) (S3® 

X sin [(S3— o»)x— cp) 

= 0.93 (3 + y — 4P) sin [(S3 — w) x — cp] nGal. 



( 20 . 80 ) 
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For y = p = 1 the last wave vanishes and, hence, it is theoretically predicted that 
there is no deviation from the Newtonian value (20.79). 

If we were to assume that the Earth's center of mass moves along a geodesic, 
then instead of (20.80) we would arrive at the following expression for the rela- 
tivistic (Q — o>)-wave: 

/lS=,OM>-9o , = _ fy^r (1 +cos a) £ 2 T 7 ~ — ^©) (3 + y— 4f) +2 (3 — 4(1) £/$ (0)J 
X sin|(Q — <o)t— tpl 

= (0.48 (3 - 4P) + 0. 1 4 (3 + y - 4P) 1 sin [(Q - u) t— < pl nGal . (20.81) 

At y = P = 1 the amplitude of this wave is 0.48 nGal, which is twice the Newto- 
nian amplitude. 

If as a result of experiments no such harmonic is discovered, it can be stated 
that the Earth's center of mass does not move along a geodesic. 

In conclusion let us give an expression for annual waves at the equator, where 
there is no Newtonian quadrupole wave and tho quadrupole wave (S„) is commen 
surable with the relativistic wave: 

— ^(3+ Y~ 4P) + 1 1 ] si,, asinu>T 

= —0.41 (3 + y — 4f)) sin ur nGal. (20.82) 

(£ a )ft-«-o* => sin a (1 2 — 5 sin 1 a) sin cox = 2. 1 1 sin car nGal, (20.83) 

(») = sin a[|j (3 + Y - 4p) (3 - /©) + 2 (3 - 4p) U 9 (0) ] sin on 

= (0.21 (3 - 4(1) - 0.07 (4(1— y — 3)) sin err nGal. (20.84) 

At y = P = 1 the amplitudes of these waves are, respectively, 

A"« = 0, S a = -0.41 nGal, A* = -0.21 nGal. 

If the wave A* is absent from such measurements, we can say that the Earth's 
center of mass does not travel along a geodesic. 

It must be emphasized that the relativistic tidal waves on the Earth considered 
in this section will become detectable by measurements when the present accuracy 
of gravimetric and tiltmeter measurements has increased by a factor of 50 to 100. 

Aside from the variations in the acceleration of gravity at the Earth's surface, 
the fact that the Earth's cefiter of mass does not travel along a geodesic may be 
studied by investigating the post-Newtonian corrections to the separation between 
the Earth and an artificial Earth satellite. 



20.11 Studying the Motion of the Earth’s Center of Mass in an 
Experiment Involving an Artificial Earth Satellite 

As in gravimetric studies of the acceleration of a test body that is at rest with re- 
spect to a teirestrial laboratory, an artificial Earth satellite may be considered, 
in the first approximation, to remain at a fixed (in time) distance from the center 
of mass of the planet. Extending this analogy, we can say that in the case at hand 
the centrifugal force plays the role of a counterforce compensating for the Earth’s 
gravity. The difference here lies in the fact that the test body in a gravimeter doe9 
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not move along a geodesic because a counterforce of a nongravitational origin acts 
on it, while the motion of a drift-free artificial Earth satellite can be described by 
a geodesic equation. Moreover, in gravimetric experiments the directly measurable 
quantities are the components of the acceleration, while in experiments involving 
artificial Earth satellites the measurable quantity is the Earth-satellite separation. 
Derivation of the experimentally measurable quantities in this case generally 
follows the pattern just considered. 

First let us note that as a result of transferring from the coordinate variables I 
and r to the physical variables t and I the acceleration of the satellites becomes 

+ 2v-^^-m«(m.n)-t-0(fO-'»g). (20.85) 

Here we have allowed for the fact that with an accuracy sufficient for our purposes 
V< 0 ) • m = 0 and V’o) = M$ll for an artificial Earth satellite traveling along a 
circular orbit of radius l with a velocity V (0 ) (the reference frame is the same as 
before). 

We will need the following combination of gradients of gravitational potentials, 
which can easily be calculated if we employ the fact that the Earth is spherically 
symmetric: 

■y KYrt + 2n,Vas T 3n„n,n ( ) (0°“/*® - 

+ m“(m-n) — |/©-y-) 

+ na (T-l'*-F--' T 7 ®^-)}. ( 2086 > 

where /® = Af@%‘ jj p®zW is the reduced fourth-order energy moment. Sub- 
stituting into (20.85) the expression (20.30) for dVfo^dt and dV®ldt and employing 
the transformation formula (20.59) for a Newtonian potential, we find that the 
satellite acceleration in the geocentric inertial reference frame is expressed thus: 

y£-= - ^- + A“+ ^2-lm«(4p- v -3-3L,) + 21 UJ n“(m.n) 

— 3m a (m-n) 2 ] 

+ — p-[yn°(4P— 3— y— 3^— 3^, (m-n) ! ) 

m” (m-n) ( 2 p— -|-H — (m-n)* — 5 “ 5“)] 
+ 2I?„, (n - V (0) ) + 2( Y -r 1 ) ( n »( V (0) . v)-n« (n . V,,,)) } 

— ~ip (/“ — 3n“ (I . n)) + [2m'‘(m • n) -j- n a — 5n“(m • n) J | 

+ O(10-«g). (20 87) 
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The post-Newtonian corrections, which we denote by A“, are due solely to the 
Earth's gravitational field proper. Since these terms are time independent (in 
a reference frame that rotates together with the Earth), they will he of no interest 
to us. It must be emphasized that the terms discarded in (20.87) and proportional 
to second- and fourth-order moments of inertia provide a contribution exceeding 
10~ ls g only for satellites in near-Earth orbits. 

Formula (20.87) gives the acceleration of an artificial Earth satellite with re- 
spect to the Earth's center of mass, whose motion in turn is specified by Eq. (20.25). 
If we assume that the Earth’s center of mass travels along a geodesic in the total 
gravitational field of the Sun and the Earth, then in (20.87) we must introduce 
the substitution (20.69). Let us now calculate the post-Newtonian corrections to 
the Earth-satellite separation. 

We assume in the first approximation that the satellite is moving along a cir- 
cular orbit of a constant radius 1; the plane of the orbit is fixed by the direction 
tn which the conserved (specific) angular momentum 1 = 1 X (dlldx) points. In 
ihe second approximation we have 

i (I) - I . + e (t), L (t) = L + x (x). (20.88) 

Allowing for the fact that the force of gravity is compensated for by a centrifugal 
barrier, or that 

M 9 IP - IMP, (20.89) 

we find that 

-£j- + £J*e = 2 +6- m, -£-=1X6, (20.90) 

where the oscillation frequency Q coincides with the orbital revolution frequency 
of the satellite, Q = (A/®/l*) i/ *, and 6 stands for all post-Newtonian and tidal 
corrections to the acceleration. 

If the projections of the above quantities vary according to the harmonic law, or 
6-m *= A cos tax + B sin tax, (20.91) 



we find that 



(m X 6)-L/L = C cos a>x + D sin wi, 



A-2W$D_ co, + B + 2(QI»)C jin ~ t (20.92) 



The geostationary orbit is most suitable for observing a satellite. In such an orbit 
the satellite appears to hang stationary over a point on the Earth's equator at an 
altitude of approximately h = 3.6 X 10 4 km. In this case, the radar observation 
of the satellite is not restricted by the time of observation. The distance to the 
satellite is determined from the time it takes the pulses to travel by multiplying 
this time by the speed of light, since, as shown by Baierlein, 1967, all relativistic 
effects associated with deflection and delay of the beam in the Earth’s gravitational 
field can be ignored. 

Let us now consider the harmonic composition of the scalar products m-n and 
L-(m X n), since these products determine the Earth-satellite separation har- 
monics to which the terms containing Q® and I/® (0) contribute. Employing 
(20.71), we find that 

m-n = — - + ^ l6 ° cos (fl — a>) r 1 ~^° 9a cos (Q -f at) r, 



(n. X n) • L IL- 1 ' ° sin (Q — ta) x + sin (Q + to) x. 



(20.93) 
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with 12. u, and a defined earlier when we discussed the motion of the Earth’s cen- 
ter of mass in gravimetric experiments. 

Let us consider the (Q — u>)-harmonic of the Earth-satellite separation. Accord- 
ing to (20.87) and (20.9t)-(20.93) we have 

«"■ ('» - T$- 1± 3T L {»(3+t— « p+4r W Q# 

+ (3+y - '^P + -|g- (39 cos 5 a — 42 cos a + 127))} 

XH 1 + 0 (WQ)J cos (Q — •>) t+ s« (t). (20.94) 

In the case of geodesic motion the expression for the (Q — u)-harmonic of ew (t) 
is obtained by introducing the substitution (20.69). 

The term denoted in (20.94) as e„ (!) is the Newtonian contribution to r (t): 

*» W " ( I + cos a)(3 cos* a + f4 cos a — 1 3) 

XlH-0 (io Si) ) cos (Q — 1 «) r 

~ 16.4 cos (Q — w) t in. (20.95) 

In HTG v «= (J = | and J.,,, = 0. whereby for the uongeodesir motion of the center 
of mass the separation e"« is equal to the Newtonian value, or e"' = r„, while 
if the center of mass travels along a geodesic (with the same values of the 1TN 
parameters), we have 

e* = 15.92 cos ($2 - u>) t m. 

If us a result of statistical processing of the data on the Earth-satellite separation 
no such half-meter additional term is discovered, this fact may serve ns an indirect 
indication that the Earth's center of mass does not move along a geodesic. 

The modern level of experimental technique (sec Vcssol, 1984) provides hope 
that the satellite experiment suggested here will soon be realized. 



20.12 Effects Associated with the Presence of a Preferred 
Reference Frame 

A theory of gravitation in which at least one of the parameters a,, a,, or a, is 
nonzero possesses a preferred reference frame. Predictions of sucli theories of grav- 
itation concerning standard effects will coincide with the results of observation 
only if the solar system is chosen ns the preferred reference frame. However, it is 
more reasonable to assume that the solar system, which moves with respect to 
other stellar systems, is no different from such systems and. therefore, cannot bo 
taken as the preferred universal rest frame for such theories. Since a preferred rest 
frame must in some way be distinguishable from other reference frames, it is 
reasonable to link this system with the renter of mass of the Galaxy or even the 
universe. In Ibis case the solar system will be moving with respect to the preferred 
rest frame with a speed of about ltl-’c, which is of the same order of magnitude as 
the orbital speed of the solar system with respect to the center of mass of the Gal- 
axy. This enables the observation of a number of effects associated with the motion 
relative to the preferred rest frame (see Mistier, Thorne, and Wheeler. 1973), which 
makes it possible to estimate the parameters a,, a t , and a 3 . 

In theories .of gravitation with a preferred rest frame the gravitational con- 
stant (!, measured in gravitational experiments, will depend on the Earth's motion 
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in relation to such a rest frame. For the fractional change AG/G we have (Misner, 
Thorne, and Wheeler, 1973) 

Tr“(T L+a »— ' a 0 wv 

+ -J- I (» • er) 2 + 2 ( W • e,) (v • e r ) + (w • e,) 1 ) , 

where v is the Earth's orbital velocity, w the velocity of the Sun with respect to 
the preferred rest frame, and e, the unit vector directed from the gravimeter to the 
Earth’s center. 

Because the Earth rotates about its axis, vector e, changes its orientation with 
respect to vectors v and w, which results in a periodic variation of the scalar prod- 
ucts v-e, and w e, with a period of approximately 12 hours. This leads to re- 
spective periodic variations in the value of acceleration of gravity, namely, for 
a point of observation at the latitude 0 we have 

' ^ 3a,lO“cos : 0. 

By analysing the results of gravimetric experiments, Will, 1971, 1981, found 
that the fractional change in g does not exceed 10 _u , or | Ag |/g < 10"". This 
yields the following bound on a,: 

| a, | < 4 X 10“ 

The motion of the Earth around the Sun also leads to periodic variations in 
w-v with a period of about one year. These variations result in the Earth being 
stretched and compressed which, in turn, leads to periodic variations in the angular 
velocity of the Earth’s rotation duo to the variations in the Earth’s moment of 
inertia, 

TT- 3X10- (o,+ 4- 
From the results of observations it follows that 

| “> + -§■ a, — a i | < 0.02. 

The motion of the solar system with respect to the universe's center can lead to an 
anomalous shift in the perihelion9 of the planets. For Mercury (Will, 1981), the 
additional contribution to the perihelion shift (in seconds of arc per century) is 
6<f>„ = -123a, + 92a, + 1.4 X 10*a, + 636*. 

Comparison with observed results and unification of all the bounds on the a's 
yield 

I 6„ | < 2 X 10- 3 , | a, | < 10-*, | a, 1 < 4 X 10“, | a, | < 2 X 10*’. 

In RTG a, = a, = a, = 0, and. therefore, the described effects are not present. 

20.13 Effects Associated with Anisotropy with Respect to the 
Center of Mass of the Galaxy- 

In the theories of gravitation in which parameter is nonzero there can bo an- 
isotropy effects associated with the gravitational field of the Galaxy (Will, 1973). 

If we assume that the mass of the Galaxy is concentrated at its center at a dis- 
tance R from the solar system, the gravitational field generated by this mass will 
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lead to periodic variations in the reading of a gravimeter with a period of 12 hours: 




where K, m. and r are the moment of inertia, the mass, and the radius of the Earth, 
respectively, e, is the unit vector directed from the gravimeter to the Earth's 
center, and e„ = RiR. 

Another effect of this kind is the anomalous perihelion shift of planets, a shift 
caused by the anisotropy associated with the Galaxy: 

fifo = cosI P cos ' <«-*). 

where \ and p are the angular coordinates of the center of the Galaxy, and to is the 
perihelion angle of a planet in geocentric coordinates. 

Comparison with the results of observations yields the following upper bound 
on | w : 

I l u I < io-*. 

In HTC = 0, and, therefore, all the effects associated with the anisotropy- 
caused by the gravitational field of the Galaxy are absent. 

Chapter 21. The Pcters-Mathews Coefficients in RTG 

As is well known, in addition to GR other variants of the theory of gravitational 
interaction are being actively discussed in the literature. At present there are rough- 
ly two avenues along which research of gravitation theories is being done: One 
examines the extent to which the theories obey general theoretical requirements, 
namely, the completeness of a theory and its self-consistency, the covariance of 
the basic equations and additional conditions, an analysis of the solution to the 
problem of the energy-momentum of a gravitational field, and other similar aspects. 
This work has made it possible to narrow the range of theories requiring further 
investigation and, at the same lime, brought to light the logical contradictions 
inherent in the theoretical scheme of GR from the standpoint of physics, primarily, 
the absence of conservation laws for matter and gravitational field taken together. 

The second avenue analyzes the extent to which the predictions put forward by 
various theories agree with the results of gravitational experiments and seeks exper- 
imental situations in which different theories must provide different predictions. 
The interest in these aspects has grown considerably since experimenters achieved 
post-Newtonian accuracy and theorists built the PPN formalism, the basic the- 
oretical tool for an analysis of post-Newtonian effects. These studies have further 
narrowed the range of viable theories of gravitation that claim to correctly de- 
scribe physical reality. 

At present, in connection with the discovery of the binary pulsar system PSR 
1913 -f- 16 and the possible existence of similar systems, the literature contains 
studies of the possibilities of employing the results of observation of such systems 
as a new experimental test for various theories of gravitation. There are two main 
reasons why researchers are interested in these systems. First, in the case of a com- 
pact binary system containing a pulsar, there is the possibility, statistically anal- 
yzing the radiation emitted by the pulsar, of determining the parameters of the 
orbit of each component in the system with a high degree of accuracy. Second, the 
characteristics of binary compact systems (the component masses being roughly 
equal to the Sun's mass, the size of the orbits on the order of the Sun's radius, the 
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revolution periods small, and the eccentricity sufficiently great) make these systems 
the most favorable objects for observing a number of fine gravitational effects. 
For one thing, they offer the possibility of indirectly measuring the energy lost 
by such systems to gravitational waves. 

In addition, we may also expect that direct detection of gravitational waves 
emitted by binary systems will become possible. Then establishing the radiation 
pattern and spectral characteristics of gravitational radiation will further broaden 
employment of the results of observation of such systems as a crucial test for the 
majority of theories of gravitation. 

To analyze the emissive power of compact binary system in different theories of 
gravitation and compare the results of observations. Will, 1977, suggested using 
the following general expression for the energy lost by a binary system to gravi- 
tational waves: 

TMQ.-Q.) 1 ] ■ (21.1) 

where k , and k, are the Peters-Mathews coefficients, k a the dipole radiation coe- 
ficient, m and M the reduced and total masses of the system, R the separation be- 
tween the components, v and R^tfilR the total and radial relative velocities of the 
components, and Cl, and Q, are defined, as usual, via (20.24). 

In such an approach, to each theory of gravitation there corresponds a definite 
set of values of coefficients k t , and k„ that characterizes the theory in the weak 
gravitational wave approximation to the same extent as the set of post-Newtonian 
parameters characterizes the post-Newtonian limit of this theory. By comparing 
the values in this set with the values found in experiments it will be possible to 
establish a correspondence between the prediction of each theory of gravitation 
and the results of observation. 

As (21.1) implies, the energy lost by a binary system to gravitational waves is, 
generally, not a positive quantity: for A, < k, or fc* < (I the right-hand sido of 
(21.1) may become negative for some binary systems. Hence, in theories of grav- 
itation in which k , < A, or k a < 0 there may be an emission of gravitational 
waves carrying negative energy, which is physically meaningless. Hence, such 
theories must be excluded. 

After the values of the coefficients A„ A,, and A d are found from the results ot 
observation of binary systems of the PSR 1913+16 type, the restrictions imposed 
on theories of gravitation become more rigorous. Let us find the value of these 
coefficients for RTG. To this end we consider the case of two neutron stars moving 
along an orbit in the gravitational field generated by these stars. We wish to cal- 
culate the energy lost by such a system to gravitational waves. In accordance with 
the model commonly used in such cases, we assume that both stars are spherically 
symmetric and static. In addition, we assume that the gravitational fields gener- 
ated by these stars have a strength that enables us to use the post-Newtonian 
formalism in determining the. motions in the system. Since in compact binary 
systems the value of the gravitational self-potential at the surface of an object, 
^seir, * s considerably higher than the potential of gravitational interaction, U 
we will assume that fi ~ U K „ ~ e and t/,„, rs; e s . This means that the ratio of 
the characteristic dimension L of each star to the separation R between them 
must coincide, in order of magnitude, with e, or L!R ~ e. 

The components (15.34) of the gravitational field can conveniently be written as 

a> sB =--i [0>5 _ -i- E*\ (21 .2) 
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where r is tho distance from the center of mass of the binary system to the obser- 
vation point, 

^ (ro— j-T**.**) IfW. (21.3) 

with 

q = T* + 2n a T 0a + n a n,r*, n“ = X a / |X,\ (21.4) 

Let us find the post-Newtonian expansion of q. If for the energy-momentum ten- 
sor we take expansion (19.16), we get 

? = p[l + 4-o I -t- n -H7 + p/p + 2nvO v + (ii v t> v ) : + 0(e s )]. (21.5) 

Since (21.3) contains the retarded value of (21.5), we must, allowing for tho esti- 
mate o ~ e, expand lgl fel in the neighborhood of the retarded time l' = t — r: 

l*W = 1 (O - 9 (O n v X' 1 + -i- V <<’) (O,^) 1 + p O (e>), 



whore X v is the radius vector of the points of the objects in the reference frame con- 
nected with the center of mass of the binary system. From (21.5) and (19.19) it 
follows that 

17U-P [* + 4-‘ ,, + n + l/ + P/p + 2n v u'’H- (n v t> v ) 1 + 2njX'*n v d v {/ J 

+ (put) + y (n.r )* d„d a (puM) 

— i- (/iX)'- h | -pCfU + dtp) + 2n y n t X t d a (p^v") 



— 2n >i X t ‘n y d'‘ p + pO (e 5 ). 



( 21 . 6 ) 



Substituting this into (21.3), integrating the result, and allowing for the fact 
that for static spherically symmetric objects 

^•=T Hn„ Aft— 

in relative variables (see Denisov and Logunov, 1982d) we obtain 

+4 - , - Vr w,Q ' ] ^ 

+ m(l -~-)tfi‘ut(n y Ry 

+ m 111 '7r' — «vfl v (a a fl B + o*fl") + m/r-0 (e») , (21.7) 



where A/ — A/, + A/- and m = MyMJM. Using the Newtonian integral of energy 
~r~ — const + 0(e‘) (21.8) 

and introducing tho notation 



+(!--%-) £+ 4 ^+^ ]. 



(21.9) 
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we can conveniently write (21.7) in the form 

£“0 = { 1 + (2 - } 

+ m — ' '=!*' n v /f v (n-fl" + uW) 

+ m (l - tPv*(n,Jiy + mIPO(e*). (21.10) 

To establish the components of the gravitational field, we find the second time 
derivative of (21.10) and, allowing for the post-Newtonian equations of motion, 
substitute this derivative into (21.2). As a result we obtain 

«■*-— 7 '-[PV*.-±P*p^ 

X {w[l + (2— £) 4-2 (1 - *) KUV 

+ -^-(flV+flV) [(3 --!£=-) (l - H^notfi 

_3 SiL -^ L n ^_ 3 _ in.) 

+ ^[-2 + 3(2 + ^)-«-(4 + ^)u* + 6(l_^)ii!^l 

+2(1 -^)>W- S < s f ,-^ W a ]} + 0W . (21.11) 

To determine the coefficients k. t k t , and k 6 in RTG we must retain in (21.11) 
only terms of the order of mtVr : 

®“ ,= — y- [J?f8-r J- r*l\e] (e*)} . 

Finding the second time derivative of this expression and substituting the deriv- 
ative into (15.53), we arrive at the following expression for the intensity of energy 
omission in the form of gravitational waves by a compact binary system in RTG: 

■35- “ -W- { <"*«*- OP {nj<y + 4 («,*»)« (*„«')’ 

- + JL /i v u v n a u® (/?„„«)> 

+ 4r ( fl . l ”) 2 ( fl a^) I + W*^) 1 (*«»“)*} - 

Integrating with respect to the solid angle and allowing for 

J dQn*rt* = — 4p y«», 

J dQn“7!Bn*n s = i~ [y“V» + yavyW + yaSySv], (21.1 2) 

J dfin“nl | n v = 0, 
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we get the following expression for the energy lost (per unit time) in a compact 
binary system to the emission of gravitational waves: 

(21.13) 

Comparing (21.1) with (21.13), we obtain fc, = 12, k t = 11, and k a = 0. Thus, 
there can be no dipole gravitational waves in RTG, and the Peters-Ma thews coeffi- 
cients can be found from the results of observation of the double pulsar system 
PSR 1913+16. 

A final remark is in order. If in GR we assume that the space-time coordinates 
are Cartesian (which is impossible in principle because no global Cartesian coor- 
dinates can be introduced in a Riemannian geometry), for the case of a weak grav- 
itational field we obtain formula (21.13). This is explained by the fact that if 
we assume the space-time variables in GR to be Cartesian, the energy-momentum 
pseudotensor is equal to the gravitational-field energy -momentum tensor in RTG 
in Galilean coordinates. However, in other generally admissible coordinate sys- 
tems this is not so, with the result that formula (21.13) for the energy loss does not, 
generally speaking, follow from GR. And, in general, what formula for radiation 
can there be in GR if selection of the proper reference frame is able to destroy the 
gravitational field? What we are dealing with here is one of the most profound and 
basic delusions in theoretical physics. Apparently, this is because dogmatism and 
faith penetrated GR so deeply and took such firm root that Einstein's ideas re- 
ceived no critical analysis or necessary creative theoretical development for a very 
long time. It will take considerable time before this dogmatism passes into history. 
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Hero wo demonstrate that llio Riemann-Christoflel curvature tensor the 

Ricci tensor R m „, and Hie scalar curvature R are form-invariant under the d„ -*■ 
D„ transformation, where D„ is the operator of covariant differentiation with 
respect to llie motric of the Minkowski space-time. We also express and It 
in terms of g m " and give other useful expressions used in the main text. 

The definition of the Riemann-Christoflel curvature tensor is 

— a„rip+ rinrfp— ripT?,,, (At.i) 

where the connection coefficients ri„ are expressed in terms of the metric tensor 
g ro „ in the following manner: 

ri„ d,g m ,). (At .2) 

According to RTG, the variables z" on which g„„, g m ", d„ and other quantities 
depend aro curvilinear coordinates in the Minkowski space-time. Hence, combining 

+ Y ?,*g,p (A 1 .3) 

willi (A1.2) and performing relatively simple calculations yields 

1 mu = Gran -f- Yran, (A 1.4) 

where the connection coefficients yin can be expressed in terms of the motric 
tensor of the Minkowski space-time, Ymn. thus: 

Vi. - -J- V* v (^mV,ft + d„Y,ra -d,v„„), (A 1.5) 

and 

GL = 4- g** { D m g,„ + D„g,„ - D„g m „). (Al.fl) 

Note that the Gi„ constitute a third-rank tensor with respect to general coor- 
dinate transformations. 

If (A1.4) is substituted into (Al.l), we get 

Rnnp = dpCiu — d.Gip -f Gi„G|p — GipGfft -f- yfpCift -f- YmuGip 

vfnGip— vipCf,, + dpYi„ — d„Yip-f- yin Via — YmpYn.- 

Tho last four terms in this expression constitute the curvature tensor of flat space 
and, hence, are identically zero, so that we get 

i»p = dpCi„ — d,Gip + Gi„Gfp — CipCf,, + yfpGi,, -f yi.iGip 
-vf.Crap-YipG?.. 



(A1.7) 
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As noted earlier, the Gj, n constitute a tensor, in view of which for d p G„„ we have 
<* p GL ■= D p Gi„ -yifiL + vU<?t« + (A1 .8) 

Substitution of (A1.8) into (Ai.7) yields 

BLp = D r (& n - + CranCfp — Gj,pGf„. (A1 ,9) 

We see that the Riemann-Christoffel curvature tensor does not change under the 
-*• D p transformation or, in other words, f?„ np is form-invariant under such 
transformation. 

Contracting (A1.9) on the indices k and p yields the Ricci tensor 

- D p G p mn - D,G p mp + cLGfp— GL pGf„. (A1 .10) 

Similarly, contraction of the Ricci tensor with the metric tensor g™ n yields the 
following expression for the scalar curvature R: 

R - * mn R m n = g"" (D,G p m .-D.Gl,)+r H lGL,G? p -G‘ mp CU (Al.lf) 

Comparing (A1.10) and (Al.li) with the standard expressions for the Ricci tensor, 

R mn = a p K„ - d„rs,p + ri,„rfp _ 

and the scalar curvature, 

r = g mn R nn - g™" (d f r p mn -oji, p ) + r n (rLrf, - rUrfc), 

we see that these quantities are form-invariant under the d„ -*• D„ transfor- 
mation. 

Let us now establish an important relationship between the covariant deriv- 
atives D„A P ^‘... and 7«AjS,"., where V„ stands for the operator of covariant 
differentiation with respect to metric g m „. By definition, 

+ I*, A*;;;. + . . . 
-ripA&v.-.-r'.Aj}: . 

Replacing the rj,„ with (AM), we get 

v„a£. = d K A h t tv. + : . + ySm&.v. + • • • 
-yppAliw-.-yLAli::: 

+cuiL: 

-OS::.-gLa5?.:; 

Combining this with the definition of a covariant derivative D n A p li ' , we get 

Vn^Ji.v. = ; . + cS.^::, + . . . 

- G'„pA%\\\ -G'„A K P J: . (A 1 . 1 2) 

If we recall that V„g*’ = 0, then (A1.12) yields the following well-known for- 
mula: 

A,g*’ + G*,g , »+G’,g»‘s 0. 



(A1.12a) 
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Let us now express (A1.10) and (Al.ll) in terms of the tensor densities 



v-tr*. p=-f™. 



(A1.13) 



First, however, we will derive a number of expressions for the densities of the 
metric tensors of the effective Riemann space-time, or (A1.13). Obviously, 



Since 

(A1.14) yields 



r n gnH = 6?. 

0,6 r « + V?6i - V^sr - 0. 



(A1.14) 
(A 1 .15a)- 



o, tir*g. k ) = d p (?""?„,) + V 

0. (A1.15b> 

Consider the formula d p g mn = (/'^"gg’”"). We write it in the form 

+ (Al.f6> 

But d v V — y = Y — vvj» and. in view of the fact that — g/( — Y) g m " is a 
tensor, 

5 » (■ -£3 - D > (-£* •“) ~£3 V5^ - -£3 *f\ 

(At. 16) yields 



dr*"'" = O r >" _ Y ~?" - yrf* + vj,?"". ( A1 .1 7) 

Reasoning along similar lines, we can show that 

dpgmn - D~g mp 4- v‘ m g,„ + Y‘ „<r*m - v£kfaa . (Ai.18> 

Substituting (A1.17) and (At. 18) into (At. 15b) yields 

O, (?'«„) ■= O,?™?., + g~0,?. k = 0. (A1.19) 

We write (A1.17) in the form 

D„r n = a t M~g e ™ + V^gdrg™ + + yl-g”" - yUn- (A1.17.) 

Combining d p Y —g = Y — g r£, with (A1.4) and (A1.17a) yields 

Op ?"" = v —gGUr" +V~ (dpT" + g*"r^ 4- g-*r"») 

~V' = *(fi J,,, C3 l + g"»Gj,). (A1.17b) 

On the basis of (A1.2) and (A1.6) combined with (A1.15b) and (A1.19) we can 
easily demonstrate that 

^r" + «* n rj + r*C, = 0, (A1.20) 

and 

**"G3, + g"‘C;*=-0 J> g-". (A1.21) 




Hence, (A1.17b) yields 
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Dplr"^ -g(D p g™ + G k pk g m ‘). (A1.22) 

Similarly, starting with (A1.18), we can show that 

Dpgmn y— iPpimn — Gpgg mn )• (A1.23) 

Let us express G£„ in terms of g mn . To this end we take D p g mn from (AI.23) 
and substitute it into (At . 6 ). The result is 

Gin = Gin + - 5 - 6 iGi, + -i- 6 Ucii — j- g n , n g t ’‘Gp l , (A1 .24) 

where 

Gi„ = -j- ( D *>gp, + D„g p „ — D r g mn ). (Ai .25) 

Contraction of (A1.24) on indices k and n yields 

Gmn ““Gmn, (A1.26) 

which means that (A1.24) can be represented in the form 

Gin — Gin — 4" — Y ®»Gii + -i- gmng^G'pi, (Al .27) 

whore 

Gi * = 4-«* n Om?an- (A 1.28) 

Substituting (Al .27) into (A1.10), we arrive at the following expression for the 
Ricci tensor: 

H - - °r 5 - + (?„»?*&,) - GinGK, + 4- Gi,GS„ 

— 4 Hi*g™Gl. p Gi, — 4 *mi g rk Gt, p Gl,. (Al .29) 

If we combine this with the RTG equation 

£>p?’* = 0, (A1.30) 

we obtain 

<o) i ~ _ _ 

^‘“1 S PkD ? <°***" + D n tkm- Dpg mn ) + i- g»D p (LnGi,) 

-Gi p G, p „ + ~ GL,Gjn - -1 J,n?‘GL p Gj, - Smig^GipGj, . (A1.31) 

Here and in what follows the symbol (0) above the Ricci tensor and above R sig- 
nifies that Eq. (A1.30) has been taken into account. 

Let us now go on from quantities with the tilde mark to quantities without that 
mark in (A1.31). Combining (A1.23), (A1.24), and (A1.26) with (A1.31), we get 

<0) J 

Rmn = ~2 g^Dp (D m g k „ + D„g lim —D l ,g mn — G q mq g kr ,—Gl q g km ) 

+ G p pGi,-Gj, p GS,. 



(A1.32) 
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Contraction of (A 1 .32) with g mn yields 

((»> ( 0 ) , . . 

-WD, 

+ fr , (G*. P Cl,-Gl,,C%). (A1.33) 

If we use Eqs. (A1.3) and (A 1 .4) and perform certain transformations, we 
can write (A 1.32) and (A1.33) as follows: 

( 0 ) , 

/in,,, = T g»id r < *„g>„ + d H e„ m ~ g„ gmn - n„ gia - n, gkm )\+ n,n q - n„rs, 

— {t' r * [feiYp.I'm . — y fniYp'J'mn — y , (At. 34) 

R~g»e-' [o„ ( d mgi „ - 4- d kgm , - iv*.) ]+*"" (rs,r„ r mp r;;,) 

- U’V" (A 1.35) 

riieso formulas sliow that if in the expressions for the Ricci tensor and the scalar 

curvature H wo allow for the RTG equation (At. 30), ll m „ and II cease to be form- 
invariant under D m «-► d m transformnlioiis since the expressions inside the braces 
in (A 1.34) and (A1.35) are not identically zero. 

Thus, we see .that allowing for Eq. (8.37) in Eqs. (8.30) makes the latter de- 
pendable on the metric tensor of the Minkowski space-time explicitly. 

Various questions concerned with RTG require using different forms of the 
Ricci tensor /f„,„ and the scalar curvature H. A starting point for obtaining liie 
different forms of ll„,„ and II is the Ricmann-Cristoffel curvature tensor in form 
(A1.0). Since 

DpGl„- D„C" mp = i- D„g*« (D m g,„ + D„g,„ - 0,g„„) 

- 4 fliff** + D,.g mq - D.,g mp ) 

+ y (DpDmP;,, 0,,0, ( g mr |— D„D,„g Pk + D„D q g mp ), (At. 36) 

S|Binp= we have, in view of (Al.li), (Al.il), and (At. 36), the fol- 

lowing: 

Ulmnli —(DpDmgln — DAtmm— + D„D,g ml .) 

- D p g„G%„ + 0„g,„cr„ p + g lt (C»„g;„ - C’X,), (A 1 .37) 

where we have allowed for tlto formula 

- -g«D p g*, (A 1.38) 

which can easily be oblainod from the condition g**i> a( = 6* combined with 
(At. 15a) and (A1.3). 

Directly substituting (A1.6) we can show that 

- D pgl ,c% n + g I(t Gl„(4 = - e^cLci,, 

O n g|,Gm p — ffuCipCjn ~ gtqGn»,Gnl, 



(A 1.39) 
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whence 

Rlmnp — "Y (DpDmdln Dp&lf>mn ^n^mSpl "H ^n^limp) 

-gk,(<&n CJ,-G‘ P G«,). (A1.40) 

Convolution of (A1 .40) with tensor g' p brings us to the following formula for the 
Ricci tensor: 

ft mu = # ,l 'ft|mj.p ~~ g‘ P {DpD m g, n — D p Dig „„ — D„D m g ia + D„D,g mp ) 

(A1.41) 

We introduce 

CW'Gj (ftrff.,-4 D,e rl ) , (A1.42) 

which is a contravariant vector. If we take into account (A1.38), we can represent 
(A1.42) in the form 

G» =—(/>»«** + Gli«**). (A1.43) 

Comparing this with (A1.22), we get 

G>=- t/ L_ 0>g >a . (A1.44) 

Note that if g*’ satisfies tho RTG equation (8.37), then G* = 0. 

Combining (At .43) with (At .38), we can easily arrive at the following expres- 
sion for the covariant vector G p : 

G p ^g Pq G' = f'D>g pq -G , p ,. (A1.45) 

Later we will need the equation 

g”D n g pq -D n \n{-g). (At. 46) 

Let us prove its validity. Since (see (At. 4) and (At. 6)) 

G^ = 4-g , *0„g„- (At. 47) 

using the well-known representations rjl* = -yd„ln( — g) and T5 k = -j-X 
d„ln( — y), we obtain 

4 e‘ k D n g, h - 4 *. »“ (-Ef-) • <ai.48> 

Since In ( — g!( — y)) is a scalar, d„ on the right-hand side of (At. 48) can be re- 
placed with D„, and since D„ In ( — y) = 0, formula (At .48) yields (At. 46). Thus, 
in view of (At.48), we have the following representation: 

c£,=-|-D„ln(-g). (At. 49) 

Note that D„ In (— g) is a covariant vector. 

Acting with D m on (At .46), we get 

g”D m D ngpq ~ D m D n In (- g)-D m g p 'D n g pq . 



(A 1.50) 
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Note that since D m and D„ commute, (A1.50) implies 

D m g^D n g pq =D n g^D r .g pq . (A1.51) 

We could have arrived at the same result if (Ai .38) was used as the starting 
equation, since the latter can be written in somewhat different forms: 

D f g„,= <A1.52a) 

and 

Dpg"'= -f’V'JW (A1.52b) 

Substituting (A1.49) into (A1.45) and taking the covariant derivative with respect 
to x‘, we obtain 

- g n D,D K g„ ~ D,g«D t g„ - D,G p -\ D,D P In ( - g). (A1.53) 

Since 

D,t*D y g„ ± D '^ 

= Al* (?prG*« + -|-Dpg*,) , 

wo can rewrite (A1.53) as 

- g^ k D,D h g pq = D,t»g„ Gi, + -i- — Dfi p — j- D,D p In ( - g). (Al .54) 

Allowing for (A1.50) and (A1.54), we get 

-j- g' p - D„D m g fl + D„D,g mp ) 

= 4-( p - G " + °»C™) — ? g 'p (DmPtn , + D n g‘"g mT ). (A1.55) 

Let us define the covariant second-rank tensor G m „ thus: 

c»,„=4- (D " c * +D - G " )_G ” mG *- (A1-56) 

Then, combining (A1.55) and (A1.56) with (Ai.41), we obtain for fl m „ the 
following formula: 

«rn» = -T -« - -L G'p! (D m g'*g nr + D„g»g mr ) 

+G mn + g"‘g,A^- < A157 > 

We see that on the right-hand side of (A1.57) only the first term contains a co- 
variant second-order derivative of g m „ and that in terms of D p this term has the 
structure of the d'Alembertian operator. The other terms contain only covariant 
first-order derivatives of the metric tensor of the Riemann space-time. 

Let us now employ Gj,„ to introduce other tensor quantities: 

Gp. mn = e pkGm* = -^-(Aagpii + Dpgpm * Dpgmn)’ 

Cp=g km fG„. mn , 

G'. = g t "°trG‘„ n = ^ m rg ,p G P . 



(A1.58) 

(A1.59) 

(A1.60) 
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Combining (A1.60) with (A1.52b), we can easily obtain tho following repre- 
sentation for 

G'. *«= 4 - g km D m g tq - g*"O n g'*). (Al .61) 

Wo define the covariant second-rank tensor A mn thus: 

A -* = £*V* (Dfg^D^-G,, m .G b , „„). <A1 .62) 

If we now allow for the formula 

Gngpm = Cp.rnn 4- G„ fPR , (Ai .63) 

which can easily be derived from (Ai.58), we find that 

•4m, = fV* (C,. „ P G,. + G m , pl D^g nh ). (Al .64) 

|f we employ (A1.59) and perform certain transformations, X,. can be written 
in a somewhat different form: 



•4m, — -j- G%‘ Dngif , + + Gi*G„. (A1.65) 

On the basis of (A1.52b) and (A1.59) we can easily establish that 

GtDmiV-DmpO,.*. 

Then (A1.65) yields 

/Im,” --j- O m 1 + (A1.66) 



Equating (A1.62) with (A1.66), we get 

g 1 " 1 g" D r g m iDqg nh —GlfG„' h , — — i- D m g"’G „ , r , — 1- 0„g , *G m ., > 

+ ir H Gm t G», op- (A1.67) 

If we allow for this identity in (A1.57), we arrive at the following representation 
,or « mn : 

""" “ - T g‘‘ >D P D ig m n + G m „ + g”g“D pgmI D,g rh - G*»G„. (A1.68) 



Finding the covariant derivative of (A1.38) and performing relatively simple 
transformations, we get 

0,0,5*’ “ - f>pO,gm„ + «** (0,g„ n D p g mb 4- D tgmK D r g„„), (Al .69) 

whereby for fl m „ we have an alternative representation: 

G m „ ex — g m ^g qr g'‘‘D p D l g k, + G„ n — GZG H . (A1.70) 

liaising the indices in this formula yields the following expression for the con- 
travariant Ricci tensor: 

fl"" = 4" g‘ CD yD,r" + G" n - G'". *’G;„ (Al .71) 

whore 



l/l 14— 02j7 



G m " = g-V’G,* = 4 . (g^O.G- + g"*G,G" - D,g""G*). 



(A1.72) 
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N “" lel US write the scalar curvatur 0 in different forms. By definition, R = 
«mn« , so that (A1.71) implies 

=> T g"‘e™ D ,D<g mn + G- G%G?„ (Ai .73) 

whore G stands for the convolution 

G = ?-„G""=O.C- + G', l G". (A1.74) 

Taking into account (A1.44) and (A1.49), we get 

c “ D m D n g m ". (A1.75) 

If we write (A1.46) in the form -g p ,D„ g" = />„ In (-g) and act on it with 
operator £>„, we get 

g pq O n D m g” = D m D n ln(-g)-D m g pq D„g<«. 

Substituting this into (A1.73), we arrive at the following expression for R: 

R- -\g'>D x D p In ( — g) -4- + C - G*?G?,. (A1.76) 

It can be proved that the following identity holds true: 

-t O'S'GZ,. 

which after substitution into (A1.76) yields 

*- — j-«'"0,D„ln(-g) + G-i-D m g‘*f?r,. (A1.77) 

Adding and subtracting (1/2) G"0„ In (— g) on the right-hand side of (A1.77) 
and introducing the notation 

^=-4°™«* ,G "«-T 6 ' PO e ln (-«)- (A1.78) 

we represent (A1.77) in the form 

R= — □ (la V=g) + G+K, (A1.79) 

where Q is the generalized d'Alembertian operator, 

□ - r n D n D, - G n D„ = yL=- D m [V~g g""Z>„). (Al .80) 

It is easy to show that (A1.78) can be written in the form 

^ = r"(Ci,GS,-G!n,G' 1 ). (A1.81) 

Comparing this expression with the RTG Lagrangian (8.26), we find that 

(A1.82) 

In conclusion we note that since D p g™ vanishes in RTG, we have G = 0, 
G m = 0, and G mn =0, and for the Ricci tensor and scalar curvature we have 
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in this case the following representations: 




<°) 4 


(A1.83) 


(0) 4 , 

R mn - y - G m y 


(A1.84) 


(0) 

/?=-a(u y- g )+K. 


(A1.85) 



On Ihe basis of (A1.84) and (A1.85) we can easily derive an explicit expression 
for the Hilbert tensor: 

10) 4 (0) i 4 

R nn - y g mn fl - \ 1 a 

(A1.86) 

Note that the tensors (A1.83)-(A1.86) depend essentially on the metric tensor 
of the Minkowski space-time. They assume an especially simple form if Galilean 
coordinates are used in the Minkowski space-time. 



Appendix 2 

The postulated system of equations (8.3) for the gravitational held is not a corol- 
lary of the principle of least action. Being universal, therefore, these equations 
must be token as “additional” conditions in the principle of least action. In other 
words, the variation of action 

(A2.f) 

over the fields 5>” n or, in view of (8.1), over the g"" 1 must be carried out on a 
manifold defined by the system of equations (8.3), D m g™" = 0. 

It is well known that such a variational problem is solved by Lagrange's method 
of multipliers. A standard approach here is to add a term to the La- 

grangian L in the integrand of (A2.1), where the t| m are Lagrange’s multipliers, 
and to apply the principle of least action to the integral 

J + (A2.2) 

Since variation of (A2.2) means that we must vary the q m and the components of 
the tensor density g mn independently, we find that 

£-?(*>**+ D m t|«) = 0, (A2.3) 

D~p" = 0. (A2.4) 

Further analysis will be carried out using the example of the Lagrangian L = 
L e + Lit, where L, is given by (8.22) and /-m is the matter Lagrangian. If for 
L + q ra D„ g”” 1 we calculate the total energy-momentum tensor f ran using for- 
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mula (6.17), we get 

r * _ /"«+ D^y +?"v nl - P'YOnd 

+2 V~y ( Y-V*— r v"V* ) [ ? Am -y An,] . 

We see that if Eq. (A2.3) holds true, then 

- J m " + A In, (? V' -r?"Y"'- g m V') I ■ ( A2. 5) 

In addition to Eqs. (A2.3) and (A2.4), the following matter equations must hold 
true; D m t mn = 0. Combining (A2.5) with (A2.4), we find that 

?“D„AV = 0. 

which implies that Lagrange's multipliers can be taken equal to zero. 



Appendix 3 

Let us consider the gravitational-field Lagrangian density of general form, quad- 
ratic in the first-order derivatives D/g”". 

Relativistic invariance implies that the total Lagrangian density can be repre- 
sented in the form 

A = 51 ®f A + 51 Ai* 

where 

A - L x - ?’’D l r’'D p g mn , 

A » g^<g"D l ?"'D p Zr, L, = gi lm D p g kt 'D n g mn , 

A=LnA?‘A?" n ; 

A. = Yam?.,?’ IMJJ* 1 *""’ + *,<«<->] • 

A. = gam?-,?" (6, Air™ 1 + 

As - Y-aYn,?’ + e J Aft- X ” , |. 

At - Ym,?.,?’ |i t Air"" > +c l Al* p ”»’"»I. 

As = Ym»Y.,?’ MS*-» + cAir^il, 

A. = f>.Yma Ag*” A?"" + c,y m „D~g^D~g-\ 

Here the coefficients a,, by, and c, are arbitrary numbers and 

Note that the most general form, quadratic in the derivatives D m g'\ of the grav- 
itational-field Lagrangian density can be set up if we take convolutions by employ- 
ing expressions of the type Ypag p, Yin. gapY^gfn- and the like. This, however, 
would not lead us to anything essentially new. Hence, we restrict our discussion to 
the Lagrangians (A3.2) and (A3.3). 



(A3.1) 

(A3.2) 



(A3. 3) 



(A3.4) 
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Under a gauge transformation (10.5) an infinitesimal variation in the Lagrangian 
densities (A3.2) assumes the form 

= O»@J,)+e?,,|a» > -!-pi i| + 0 » > |, '=».2 5, (A3. 5) 

where 

<?(*) = g m <D + e'rO^,oi^ 

- 2 eV’D p (?„,D m ?») - 2e" Qn q D„? k D^ + ?’Dj nq Dj"'<) 

-2 eV'f.ADrT. 

<?(!» = 2?*D,L A?” 1 - 2e-r*O p (?>’D 1 L„) + 2eV„,D, (g'-O,,?") (A3.6) 

+ 2eV»fi p r n O,i m „ + t k g nn D p 

-I'gnenD, (g"0,g™") - e*?”O p ?’"0,g m „, 

$» = 80 m eV>'Gi,-8e‘0, (?'G^.)-4e*?»G^G| , n . 

Since we have no need for the expressions for 0f 4) and , they arc not given 
here. Also 

- 2 ?'g,„O,0„D p ?'\ <#> - - 2ai"- |ai»>. 

«i 31 Ag‘>’g mn D ll D p D l g"”', a** 1 -ai' > . ai 5 > - - |ai 3, -20,0,D„gK (A3.7) 

Of the various pi" and o,’ we will give only the expressions of those needed for 
our analysis: 

Pi 1 > = 2 g„0, (Oj^Op?-) - 2g„,0, {Dp?'D,r) 

- 2 (O p ?'Oj«) + 20, (g"£„) O p O m ^ 

+ 2?„,D,?"»O p O m ?« + g n ,D, (O r ?-"D m g"), (A3.8) 

Pi 2) = 20, (? m *? p ) 0,D p r- - 40, (£,,?>>) D,O p r" 

+«"’ , « ,p O* (?, J.,> OpDrf^— 4g m ,0„ (D,?'D p g"") 

+ 2 tt a ~g nr Dp (D k lr*D3n - Zg' r tv.gn,DH (Opg-O,?') 

+ 4?'W„0, + 2g mn 0, (O^’O, (A3.9) 

tf * - - 2g p ~g„£'D, (0,^0,?’) + 40, (Li'”) 0,0 P J"" 

- 4g m „0, (0p?»0,g-) - 2p‘ 5 0, D p D,r- 

+ / ‘?, n |mr?’’0, (O p g ,r O,g m ’') -f ’g„,„g q ,'g‘ p D k (Op^O.g’""), (A3. 10) 
pi 4 ’ = 20 m <g„?”") O„D,?r + 2L,O„^"O,0 p ? p 

-2? r g, m g, p O,g , ’O r D n ?-»'; (A3.ll) 

ai*> = 2 D,g„,D + 2D~g™D~g tq D m ~g” 

- 2g"'g n ,0,g r? 0pg”'0 m g r v— 2g"‘ l g 0 ,O,g„,O P g nr O^g PI , 



(A3. 12) 
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oi*’ = -4Dng m M*Djr'- 4D,g‘>'D 1 f m *D p P-" 

+ IDi^DfrDar + W&DS m .Djr a 

- 4 ? p g n4 0 p g nr 0*?'"0 1 ?' + ig ,T gn^ n g kr D,pD p ? m 

+ W’gi.D^Dtgr D p g™ , (A3. 13) 

oi, 51 = - 4 D^D&Dar + a 7 i i v J>H m ,D^'DSr 

-4 D^D p g M D,g m , (A3. 14) 

’ - 4 D~r n D~g u D& - & , gi v Dj kn D,r*D$'. (A3. 1 5) 

Similarly, under a gauge transformation (10.5) an infinitesimal variation of the 
Lagrangian densities (A3.3) assumes the form 

6.£«/-0*e? J) +£,[*, (£/!"+ vl? , +w^ > )+c,(AV > + y^+zi,")). (A3.i6) 

/= 1 , 2 6 , 

where the l/ k and Xn" contain covariant third-order derivatives of g”"‘ and are 
given by the following formulas: 

W = 2\W ,P 

W = 2?- (2 ~g mK D p D p D,g”" - g m .D k D,D~g~'). 

W “ 2v-. n f"'? p (2 y kq D r D p D^ - y q ,D„D p D^), 

^‘ , "2?'(v m J"’ r i»,D r D p O ( g^ + Y» n O„O p Z)i""-V mn O t O p D 1 ?-"), 
f/i 5> - 2?«?« .?*■ (2y„ q D r D p D~g~> - y^D^D^ , 

V[ >) = 2y k J‘”D p D q D~ g ^-, 

XV> =?’ +~^f’~gn„D k D l D~g’">)^ 1 ?> 

Xi»= -4 y" r g mn D k D t pSr, 

Ai 3 ' = 2? rra ? V" {2y kn D q D p Drf" - y k ,D„D p D~D, 

Xi‘> = _ y- (2 y mn D k D p D,g™ - 2y„~f"~g nq D,D,D^'> + y^gn^Dfi^) , 

W = 2^,?"?"' (2 y^DrD.D^-y^DnDfiX'), 

X V 6> = (2y mh D n D p D~g» - y^D^g* + y M D k D m D n ^) . 

Since we have no need for the expressions for the V k \ W\p, Y*’, Ztf\ and 6( fl , 
/ = 1. 2, . . 6, they are not given here. The only property of these quantities 

that will be used in our discussion is the fact that the K^’and Y\’’ contain in 
each term both the first- and second-order derivatives of g m ", while the W\P and 
Zj 1 contain only first-order derivatives. 
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Combining (A3.5) and (A3.16) with (A3.1) yields 

6 t L g = D k [ 2 + 2 6fj>] 

+ «V) {2 («4" + P»°+ol‘ > ) 

+ 2 (4, (Dp + Pi" + IPi") + c s (X? + n* 4- 4")]} • (A3. 18) 

We see that L s satisfies the gauge principle if and only if 

2 «, (<*»" 4- P»" + ok*’) + J, Ibj (W+W + Wp)+e, <Xj"+ }*»"+ 4")) ■ 0. 

(A3. 19) 

Since (a) the a* 11 , lf£\ and Afi" contain third-order derivatives of g mn , (b) the 
Pi". Vi", and Vi" contain second-order derivatives, and, finally, (c) the oi", 
W'i". and Zj," contain only first-order derivatives, condition (A3.19) splits into 
separate identities: 

2 a i“»’+ 2 (*M J> + c,X V’) = 0, (A3. 20) 

<•1 /■=! 

2 aiPi"+ 2 (bjV^+c,^ = 0, (A3.21) 

2 ai°i" + 2 (^M" + e,Zi") - 0. (A3.22) 

*■1 )■ 1 

Both f/i' 1 and Xk 1 contain the metric tensor of the Minkowski space-time, but 
“i" does not, in view of which (A3.20) splits into two independent identities: 

J 

2 = 0, (A3.23) 

i«l 

2 {b l tA l) +C)Xi i> ) e 0. (A3.24) 

j=i 

Combining (A3.7) with (A3. 23) yields 

“I" ( a i — 2a, 4- o t ) -f af ( a, — -j a, ) + aj,*'a 5 eej 0. 

Since oj «J?’, and alf 1 are independent of each other, we have 

a i — 2n,+ a, = 0, a, — |-a ! = 0, a 5 = 0. (A3.25) 

Equations (A3. 17) demonstrate that the (/<£ and X<j> are independent of each 
other, whereby (A3.24) implies 

b/ = c/ = 0 , / = 1 , 2 , . . 6 . 



(A3.26) 
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Allowing for (A3.25) and (A3.26) in identities (A3.21) and (A3.22), we get 



«! ( r + y W'' + T ft*' ) + (t ^ ’ + T P‘ ’ + »*’ ) ( A3 - 2? ) 

ai (rt' + ±rt' + ±& k ’‘) + a t (±or+±.o? + rt‘) = 0. (A3. 28) 

On the basis of (A3.8)-(A3.14) one can establish (through somewhat laborious 
manipulations) that 

+ (A3. 29) 

«4" + -r<tf , + (A3. 30) 



Hence, as (A3.27) and (A3.28) clearly show, the coefficient a, is not determined 
by the two. Its value is determined by the correspondence principle. 

If we substitute (A3.30) into (A3.28), we get 

«.(or — °n = 0. (A3.31) 

Since the difference a*’ — a J,” is not identically zero (see (A3. 12) and (A3. 15)), 
we conclude that 

a i 0. (A3.32) 



The final formulas for tho coefficients a, (i = 1,2,..., 5) are 

a, = yo„ aj = -J-o„ a t = o s =0. (A3. 33) 



Thus, it the gauge principle formulated in Chapter 10 is taken as tho starting 
point of our discussion, then, in view of (A3.26) and (A3.33), the general form 
(A3.1) of the Lagrangian density leads unambiguously to the following expression 
for the Lagrangian density: 

L,~a l [s hq D m g”D p ?”+±g<>D l l„ n D l }”" + . (A3.34) 

If we select the value of a, according to the correspondence principle, 



a i — 



t 

32n ’ 



(A3.35) 



and carry out certain transformations in (A3.34), L„ can be written in the form 
(8.26). 

In conclusion let us find the explicit form of 6 t L„. Substituting into (A3.18) 
the values of the coefficients given by (A3.26), (A3.33), and (A3.35), wo obtain 

6 t /., = D t <?*(x), 

where 

C*(x)= — -35j[$i>+y#n+T$a>] • 

If we now allow for the formulas for <? ( * >, Q ( », and <?*,, (A3.6), we get 

<?*(*)= -f. h L t --^ r [D m e'(x)D^'' + e-(x)D m D„} mn -D l (e* (*) O m ?" ft )] , 

(A3. 30) 



with L t given by (A3.34). 
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Appendix 4 

In this Appendix we present the calculations omitted in Chapter 18 when we pro- 
ceeded from the general formulas (18.63), (18.75), (18.93), and (18.111) to the res- 
pective approximate expressions. 

A4.1 Deflection of Light and Radio Signals in the 
Gravitational Field of the Sun 

In Chapter 18 we arrived at the general formula (18.63) for A<p. Let us expand the 
right-hand side of this formula for Y^ v o »2 GMq in powers of 2GM®/YW 0 
up to second order inclusive. If for the value of in (18.63) we take 



j _ (V 
0 (KH' 0 -2CJtf @ )V* ’ 

then for factor in front of F(\, q) we get 




Since for large values of Y H"o (see (18.57) and (18.58)) 





w,~-vw,-2gm 0 +o ((^gy\rnr) 


(A4.2) 


and 


w,a*MM & +o{&y V w;). 


(A4.3) 


(18.61) and (18.62) yield, respectively. 








(A4.4) 


and 




(A4.5) 



Now let us employ the well-known series expansion of elliptic integrals of the 
first kind (Abraraowitz and Stegun, 1964, and Brdelyi, 1955): 



F < v - 9>“ 2 ^.-(v), (A4.6) 

naO 

where 

(AM) 



This combined with (A4.4 ) and (A4.5) yields the following expansion of F (v, q) 
in powers of GMqI V W„ up to second order inclusive: 



F(v, q)~±- 1 - 



Vw. 




(A4.8) 



15-029 7 
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Substitution of (A4.1) and (A4.8) into (18.63) yields 
* Gil* . / e«g) \t i 15» 






Vw, ■ 



(A4.9) 



A4.2 The Mercury Perihelion Shift 

Let us find the scries expansion of the right-hand side of (18.75) in powers of GMq 
up to second order inclusive. Allowing for the fact that Y 3> 2GMq in the 
given problem, we find that (18.74) yields 

W 0 ^2GM o [i + 2GM Q (-— + y- r )] + 0((GA/ G )’). (A4.10) 

and for the expression standing in (18.75) in front of F (n/2, q) we obtain 
r 2 W„ Vw. r 1 | 2C ‘ . 6 < CiW pJ’ 

L CA/pll/in-tP,) J L Vw. ' VW- pn'.w. 

< A411 > 

If in (18.76) we allow for (A4.10), it is easy to establish that 

„ f 2CM(* ■USMf. 4 , , CAT- ,z G Af m >2, 

<* -(~v£— FW+TiS: +4 (vi£) ) +0((GA/(?) >' 

(A4.12) 

Then, using the well-known series expansion of complete elliptic integrals of the 
first kind (Abramowitz and Slegun, 1964, and Erddlyi, 1955), 

Mt. ? )-t[‘+(4)V + (^)V + ... + (^)V + ...], 

(A4.13) 

we obtain 



M-M -H’+wfc 



GM e 

TpW 



I (CMp) 1 25 ( CA/p v; 

8 KWVP- 16 ' VwZ I 






(A4.14) 



Substituting (A4.ll) and (A4.14) into (18.75), we find the sought expansion of 
<P <P (r-): 

<P(r>)-<p(r-)^« [ 4 +~J^ ( 7 = + 7 ^ ) 

+ < A415 > 



A4.3 Time Delay of Radio Signals in the Gravitational Field of the Sun 

In experiments conducted by I. I. Shapiro and his group (Shapiro, 1964, and Sha- 
piro, 1979) the first measurements of the time delay of radio signals in the grav- 
itational field of the Sun were performed. In these experiments the reflector was 
the surface of Mercury in the superior conjunction. Hence, the experimental con- 
ditions were such that 



r, > r 0 , r„ » r„. 



(A4.16) 




Appendix 4 



219 



where r 0 is a distance of the order of the Sun’s radius, and r„ and are distances 
from the center of the Sun to the Earth and Mercury, respectively. Since because 
of (A4.16) we must put 

W'-W (r,) » W„ (r„) > W„ (A4.17) 

and W„ n> W(r ,) >GM e , (A4.18) 



in formulas (18.88)-(18.91) we can use expansions in powers of GMq. 

On the basis of (A4.2) and (A4.3) combined with (18.92) we can find the following 
approximate expressions for 



v *n — -J-+ 



3GM v i 

2yTv, 2 



Vw.., 




(A4.19) 



while for q *, which enters into (18.88)-(18.91), we already have the approximate 
expression (A4.5). Note that the denominator of (18.88) contains the difference 
W, — 2GMq, which vanishes if for W, we take expansion (A4.3). Hence, to cal- 
culate the asymptotic value of I , (r, „), we must take an expansion of W, 
containing the next higher-order term. Equation (18.58) yields 

W, ss 2GM e +8 . ( . C : V‘ + O ((GAf Q )«). (A4.20) 



If for F (v, q) we use representation (A4.6), for n (v, a, q) with | o | < 1 an 
expansion of the form (Abramowilz and Stegun, 1964, and Erdelyi, 1955) 

OQ 

n(v, a. 9)=2 (- 0 )" (A4.21) 

n=0 

with S 7H (v) specified by (A4.7). and 

n 

Sl-W«(Z)=2 ( (A4.22) 

">*»0 



and employ (A4.2) and (A4.20), then, after relatively simple but somewhat cum- 
bersome calculations, we arrive at the following asymptotic expression for /, (r e u ), 
l = 0, 1, 2, 3: 

. »/... . in . . nxt . ... 

(A4.23) 
(A4.24) 
(A4.25) 






(A4.26) 

In deriving (A4.23) and (A4.24) we have employed a relation (Abramowitz and 
Stegun, 1964, and Erdelyi, 1955) expressing the elliptic integral of the third kind, 
H (v, o, q), with o > 1 in terms of n (v, * < 1, q), F (v, q), and other known 
functions: 

n(v, a, V )=-^{[Ji^>i] ,/2 n(v, k, ti+T&rFfi, g) 

+ u^[4.(rt ) v. 7 -g^ 5r ]}, 



(A4.27) 
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with k = (o + <?“)/(! + a). Substituting (A4.23)-(A4.26) into (18.93), we arrive 
at a senes expansion for t (r„ r„) = t (r„, r,) + t (r 0 , r„) in the first order in 
inclusive: 



‘Y.. r v ) = yw.-w,+ yw f - H' 0 + GM 0 [2 In - Vw _*T 

L ViK-Vw.-w. 

+ 1 y*~ f -v*. -■ / vw.-yw, i./1-i 

' V^+VW, I + \VW'+VwJ J- (A4 "“> 

A4.4 Period of Revolution of a Test Body in Orbit 



In Chapter 18 we established a general formula, (18.111), for the period of revo- 
lution of a te9t body in orbit^ Let us find the expansion of the right-hand side of 
this formula in powers of Y Gm up to first order inclusive for 



Cm, yn’ 1 »cyif. (A4.29) 

Allowing for the expansions (A4.6), (A4.7), (A4.13), (A4.21), (A4.22), and (A4.27) 
and the representation of complete elliptic integrals of the third kind in the form 
of the series expansion 



“(t- «• (-»" 3.-'” (-§-)* (A4.30) 



for | o | < 1 and | q | < 1, and calculating 11 (n/2, o, q) for o > 1 according to 
formula (A4.27) with v = n/2, we arrive at the following expressions for /| (r + , r.) 



and /, (r„ /•_), l = 0, 1, 2, 3: 

r -) — t(V ^ r * + V W_) + Gm, (A4.31) 

7,(r„ r.)~a + Cm - |/ ^_ )ifl , (A4.32) 

7 t (r- r -) a* (ytf^ji/1 +0(Gm). (A4.33) 

7,(r.. r.)~ -f 0 (Gm), - (A4.34) 

7.(r„ r.)ix -\(YW.-YW l )WW,-\W.)\ w -\- ±-\YW,+ YW.+ 2 Gm\ 

*»— -(*- <«*> 

',<r„ .in-'(l-2^af^-)] + 0(C«). (A4.36) 



(A4.37) 



+ 



7 <r r\~ — I'Tvi) (/H'l — y 'BQl 172 

3 " V'R'.tr.H', 

yiy.+i/iFl r n 



+<><«• <«■ 



38 ) 
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Substituting these expressions into (18.111), bearing in mind that 
i (yw.+vm(vw:-Km)(vw:-2Gm) vt« r ywi+yw: yn , A4 o q > 

\ 2Cm (v'W.W_-2Gm V H'.-2Cm I'Wl) ) \ 2Gm I ' 

and retaining terms whose order is no higher than the first in Y Gm, we arrive 

at the following approximate expression for T: 






Wwl+VW-f* 



{ 1 + 6 - 



Gm 



Ww.-VwJWWt-Vw.)]'* 

yw, + yW_ 



ylGm V ~ r “ ywi+VUT. 

~ ’ST [~T ~ si "- ( * 2 )]}+0<e m) . (A4.40) 



Appendix 5 

In RTG the gravitational field is a physical field and acts on test particles and 
light. Hence, just like any other field, it does not take the world lines of particles 
and light outside the causality cone in the Minkowski space-time. In other words, 
only those gravitational fields, that is, solutions of the equations of motion for 
the gravitational field, are physical that do not accelerate particles to velocities 
greater than that of light in an inertial reference frame. This means that for cau- 
sally related events to take place in the effective Riemann space-time (<is a > 0), 
da* must be always nonnegative. This requirement leads to a situation in which 
the metric coefficients g lk (r) in Galilean coordinates in any inertial reference 
frame must satisfy the following inequality: 

ffoo (*) + 2g 0 « (*) + gai (*) < 0, (A5.0 

with e a =* u°/|v | (a = 1, 2, 3) the unit velocity vector in three-dimensional 
Euclidean space in Cartesian coordinates. It is easy to notice that in this case 
the world lines of particles and light lying in the region ds l > 0 of the effective 
Riemann space-time are sure to lie inside the light cone of the Minkowski space- 
time. 

In Chapter 16, when studying a homogeneous and isotropic universe, we ignored 
the question of whether the obtained solutions are physical, that is, whether 
or not they obey the general requirement (A5.1). In this Appendix we discuss 
this and other related questions. 

On the basis of the RTG equations (8.37), in Chapter 16 we established that 
the line element for a homogeneous and isotropic universe (the Friedmann uni- 
verse), (16.1), can be reduced to (16.53) if represented in terms of spherical coor- 
dinates of the Minkowski space-time. In terms of Cartesian coordinates it can 
be written thus 

ds- = U (t) dO - £/*/» (I) (<&> + dy' + dz>). (A5.2) 

When deriving formula (16.53) in Chapter 16, we selected the solution to the 
RTG equations (8.37) in the form 

V (I) = If*/* (0 (A5.3) 

(see (16.33), (16.34), and (16.52)). However, one can easily notice that the func- 
tion 



V (t) = aU 1 '” (1), 



(A5.4) 
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with a a positive constant, also satisfies Eqs, (8.37). For solution (A5.4) the line 
element of the Friedmann universe assumes the form 

<&=U (t) dt’ - aU'P (t) (dx* + dp’ + da*-). (A5.5) 

This readily leads us to condition (A5.1). Combining the standard notation U (J) = 
(t) with condition (A5.1), we get 

R‘- ( t ) (fl* (f) - <x)< 0. (A5.6) 

Since in the case of massless graviton the scale factor R ( 1 ) changes from 0 
to oo (see Chapter 16), for every finite positive a there are always values of R (/) 
for which inequality (A5.6) ceases to be valid. This means that in RTG there 
can be no homogeneous and isotropic universes in the Minkowski space-time 
with a massless graviton, since all such universes lead to nonphysical gravita- 
tional fields for ft* (*) > a. 

The situation changes drastically when the graviton has a nonzero rest mass. 
It was shown* that for solution (A5.4) the range within which the scale factor 
R (t) may change is also finite: 

^ R (f) ^ Ran. (A5.7) 

with 7f min 0 and R m , x < oo. Since R ( t ) ^ fl m „, by selecting an appropriate 

value for a, say /fj,,, + 1. we can easily guarantee that inequality (A5.6) is 
valid. As we see, the essential thing here is that there exists a finite R' max , which, 
in turn, follows from the assumption that the graviton has a nonzero rest mass. 

Thus, according to RTG, a homogeneous 'and isotropic universe in the Minkow- 
ski space-time exists only if the graviton has a nonzero rest mass. 

It must be emphasized that in RTG the solutions for g px (x) have physical 
meaning only if they satisfy condition (A5.1). 

Let us check the validity of (A5.1) for several important solutions of RTG 
equations. 

A5.1. In Chapter 12 we found the solution (12.71) to the RTG equations for 
the metric coefficients of the effective Riemann space-time outside a spherically 
symmetric and static source. Following Fock, 1959, let us write these coefficients 
in terms of Galilean coordinates: 



*oo(*) 

**(*)-(!+■ 



r—mC 
“ r+mC 
mG 



*»«(*) - 0 . 



-mG 



V|. 



(A5.8) 



where r — V x| + xj + xj, and m is the mass of the source of gravitational field. 
Substituting (A5.8) into (A5.1), we obtain 



Since 



r~mC /, mG r+mG (mC)’ 

r+mG V ’ r I r — mG r* 



r—mG /. ■ mG 2mG 2 mG 

r+mG \ ' r I r+mG r 



(x a e°)’<0. 



('"O’ 



< 0 , 



(A5.9) 



inequality (A5.9) for solution (A5.8) outside the source is always valid. Hence, 
the gravitational field found from (A5.8) on the basis of (8.2) is a physical field 
outside matter if the radius of the source, r, is greater than mG. 



•Mcstvirishvili, M. A., and Yu. V. Chugreev, 1988, The Friedmann Model 0 / the Evolu- 
tion of the Universe (Moscow: Moscow Univ. Press) (in Russian). 
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A5.2. Using the solution (15.42) found in the weak-field approximation, we 
can write the g pk (z) in Cartesian coordinates as follows: 

gp* = Yp* + ftp*. (A5.10) 

where 

V - -®,» + 4 Yp^ (A5.ll) 

Since in TT gauge = 0 and O ta = 0, for the h pk we have 

*o. = fto« = 0, Y“^oe = 0, (A5.12) 

«“ft«fi = 0, (A5.13) 

5“ft oP = 0. (A5.14) 

Here «“ = z“/| r |. 

Substituting (A5.10) into (A5.1) yields 

< 0. (A5.15) 

Let us show that if wo adhere to the degree of accuracy accepted in Chapter 15, 
the left-hand side of (A5.15) vanishes. Indeed, since 

we have 

«*-t (4r'+*-jr)- < A516) 



Substituting this into the left-hand side of inequality (A5.15) and allowing for 
(A5.13), we obtain 



c“e»ft„ 



r* <fc® 



— ft«a=--p-- 3r '°- 3? £ 



(A5.17 ) 



But to within terms of the order of r~ l and higher we have 
> i 5f-=?' -%*- (‘ +^«v) at (i +^«.) 



If we now allow for (A5.14), wo find that e° {dh at ,!dt) = 0. Hence e°e e ft a |j = 0, 
that is what we set out to prove. 

A5.3. In Chapter 17, in Cartesian coordinates we arrived at formulas (17.72)- 
(17.75) for the metric coefficients g pk (x) in the post-Newtonian approximation. 
Substituting these expressions into (A5.1), we find that 

-6U + 2 U' - 4(1), - 4(1), - 2d), - 60), - G $ p (x\ t) | x — x' | <Px' 

+ 8y« p VS«» < 0. 

Since on the left-hand side of this inequality only the first term is of the order 
of e* while the rest are of the order of £ s and higher, the sign of the left-hand 
side is determined by the sign of potential U. But U is positive, since p (x, t) > 0 
(see (17.56)). Hence, inequality (A5.1) is satisfied for solution (17.72)-(17 .75) 
and the respective gravitational field is physical. 
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